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1 Introduction and preliminaries
Throughout the paper, let I := [a, b] ⊆R with 0 ≤ a < b be an interval, I◦ be the interior of
I and let 0 < q < 1 be a constant.

Let f : I →R be convex on I , then the Hermite–Hadamard inequality holds:

f
(

a + b
2

)
≤ 1

b – a

∫ b

a
f (x) dx ≤ f (a) + f (b)

2
. (1.1)

If f : I → R is four times continuously differentiable on I◦ and ‖f (4)‖∞ =
supx∈(a,b) |f (4)(x)| < ∞, then the Simpson inequality holds:

∣∣∣∣1
3

[
f (a) + f (b)

2
+ 2f

(
a + b

2

)]
–

1
b – a

∫ b

a
f (x) dx

∣∣∣∣ ≤ 1
2880

∥∥f (4)∥∥∞(b – a)4. (1.2)

Many researchers generalized the inequalities (1.1) and (1.2). For more details on these
inequalities, see [5–8, 10–14, 16, 17, 22, 24, 25].

In 2014, Tariboon and Ntouyas defined the q-derivative and q-integral as follows.

Definition 1.1 ([28]) Let f : I → R be a continuous function and let x ∈ I . Then the q-
derivative on I of f at x is defined as

aDqf (x) =
f (x) – f (qx + (1 – q)a)

(1 – q)(x – a)
, x 	= a, aDqf (a) = lim

x→aaDqf (x).
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Definition 1.2 ([28]) Let f : I → R be a continuous function. Then the q-integral on I is
defined as

∫ x

a
f (t) adqt = (1 – q)(x – a)

∞∑
n=0

qnf
(
qnx +

(
1 – qn)a)

for x ∈ I . Moreover, if c ∈ (a, x), then the q-integral on I is defined as

∫ x

c
f (t) adqt =

∫ x

a
f (t) adqt –

∫ c

a
f (t) adqt.

In the same paper, they also proved the following q-Hölder inequality.

Theorem 1.1 ([28]) Let f , g : I →R be two continuous functions. Then the inequality

∫ x

a

∣∣f (t)
∣∣∣∣g(t)

∣∣ adqt ≤
(∫ x

a

∣∣f (t)
∣∣r1

adqt
) 1

r1
(∫ x

a

∣∣g(t)
∣∣r2

adqt
) 1

r2

holds for all x ∈ I and r1, r2 > 1 with r–1
1 + r–1

2 = 1.

In 2018, Alp et al. generalized the Hermite–Hadamard inequality to the form of q-
integrals as follows.

Theorem 1.2 ([2]) Let f : I →R be convex and differentiable on I with 0 < q < 1. Then we
have

f
(

qa + b
1 + q

)
≤ 1

b – a

∫ b

a
f (x) adqx ≤ qf (a) + f (b)

1 + q
. (1.3)

For more details on the inequality (1.3), see [15, 18, 20, 21, 23]. For other type quantum
integral inequalities, the interested reader can refer to [3, 4, 27, 29, 31].

In 1993, Miheşan gave the definition of (α, m)-convex functions as follows.

Definition 1.3 ([19]) For b∗ > 0, the function f : [0, b∗] →R is named (α, m)-convex with
α, m ∈ (0, 1] if the inequality

f
(
tx + m(1 – t)y

) ≤ tαf (x) + m
(
1 – tα

)
f (y)

holds for all x, y ∈ [0, b∗] and t ∈ [0, 1].

This paper aims to establish different types of quantum integral inequalities via (α, m)-
convexity. Some relevant connections of the results obtained in this paper with previous
ones are also pointed out.

2 Auxiliary results
For proving main results, we need the following lemma.
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Lemma 2.1 Let f : I → R be a continuous and q-differentiable function on I◦ with
0 < q < 1. Then the identity

λ
[
μf (b) + (1 – μ)f (a)

]
+ (1 – λ)f

(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

= (b – a)
{∫ μ

0
(qt + λμ – λ)aDqf

(
tb + (1 – t)a

)
0dqt

+
∫ 1

μ

(qt + λμ – 1)aDqf
(
tb + (1 – t)a

)
0dqt

}

holds for all λ,μ ∈ [0, 1] if aDqf is integrable on I .

Proof By an identical transformation, we get

(b – a)
{∫ μ

0
(qt + λμ – λ)aDqf

(
tb + (1 – t)a

)
0dqt

+
∫ 1

μ

(qt + λμ – 1)aDqf
(
tb + (1 – t)a

)
0dqt

}

= (b – a)
{∫ 1

0
(qt + λμ – 1)aDqf

(
tb + (1 – t)a

)
0dqt

+
∫ μ

0
(1 – λ)aDqf

(
tb + (1 – t)a

)
0dqt

}
. (2.1)

From Definition 1.1, we get

aDqf
(
tb + (1 – t)a

)
=

f (tb + (1 – t)a) – f (q[tb + (1 – t)a] + (1 – q)a)
(1 – q)(tb + (1 – t)a – a)

=
f (tb + (1 – t)a) – f (qtb + (1 – qt)a)

t(1 – q)(b – a)
.

Utilizing the above calculation and Definition 1.2, we have

∫ 1

0
taDqf

(
tb + (1 – t)a

)
0dqt

=
∫ 1

0

f (tb + (1 – t)a) – f (qtb + (1 – qt)a)
(1 – q)(b – a) 0dqt

=
1

b – a

{ ∞∑
n=0

qnf
(
qnb +

(
1 – qn)a)

–
∞∑

n=0

qnf
(
qn+1b +

(
1 – qn+1)a)

}

=
1

b – a

{ ∞∑
n=0

qnf
(
qnb +

(
1 – qn)a)

–
1
q

∞∑
n=0

qn+1f
(
qn+1b +

(
1 – qn+1)a)

}
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=
1

b – a

{
f (b) +

(
1 –

1
q

) ∞∑
n=1

qnf
(
qnb +

(
1 – qn)a)

}

=
1

b – a

{
1
q

f (b) –
1 – q

q

∞∑
n=0

qnf
(
qnb +

(
1 – qn)a)

}

=
f (b)

q(b – a)
–

1
q(b – a)2

∫ b

a
f (x) adqx, (2.2)

∫ 1

0
aDqf

(
tb + (1 – t)a

)
0dqt

=
∫ 1

0

f (tb + (1 – t)a) – f (qtb + (1 – qt)a)
t(1 – q)(b – a) 0dqt

=
1

b – a

{ ∞∑
n=0

f
(
qnb +

(
1 – qn)a) –

∞∑
n=0

f
(
qn+1b +

(
1 – qn+1)a)

}

=
f (b) – f (a)

b – a
(2.3)

and

∫ μ

0
aDqf

(
tb + (1 – t)a

)
0dqt

=
∫ μ

0

f (tb + (1 – t)a) – f (qtb + (1 – qt)a)
t(1 – q)(b – a) 0dqt

=
1

b – a

{ ∞∑
n=0

f
(
qnμb +

(
1 – qnμ

)
a
)

–
∞∑

n=0

f
(
qn+1μb +

(
1 – qn+1μ

)
a
)}

=
f (μb + (1 – μ)a) – f (a)

b – a
. (2.4)

Substituting (2.2), (2.3) and (2.4) into (2.1), we can obtain the desired result. This ends the
proof. �

Remark 2.1 In Lemma 2.1, if one takes q → 1–, one has [9, Lemma 2].

Remark 2.2 Consider Lemma 2.1.
(i) Putting μ = 0, we have

f (a) –
1

b – a

∫ b

a
f (x) adqx

= (b – a)
∫ 1

0
(qt – 1)aDqf

(
tb + (1 – t)a

)
0dqt. (2.5)

(ii) Putting μ = 1, we have

f (b) –
1

b – a

∫ b

a
f (x) adqx = (b – a)

∫ 1

0
qtaDqf

(
tb + (1 – t)a

)
0dqt. (2.6)
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(iii) Putting μ = 1
1+q , we have

λ
qf (a) + f (b)

1 + q
+ (1 – λ)f

(
qa + b
1 + q

)
–

1
b – a

∫ b

a
f (x) adqx

= (b – a)
{∫ 1

1+q

0

(
qt –

λq
1 + q

)
aDqf

(
tb + (1 – t)a

)
0dqt

+
∫ 1

1
1+q

(
qt +

λ

1 + q
– 1

)
aDqf

(
tb + (1 – t)a

)
0dqt

}
. (2.7)

Remark 2.3 Consider Lemma 2.1.
(i) Putting λ = 0, we get

f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

= (b – a)
{∫ μ

0
qtaDqf

(
tb + (1 – t)a

)
0dqt

+
∫ 1

μ

(qt – 1)aDqf
(
tb + (1 – t)a

)
0dqt

}
. (2.8)

Specially, taking μ = 1
1+q , we obtain the midpoint-like integral identity

f
(

qa + b
1 + q

)
–

1
b – a

∫ b

a
f (x) adqx

= (b – a)
{∫ 1

1+q

0
qtaDqf

(
tb + (1 – t)a

)
0dqt

+
∫ 1

1
1+q

(qt – 1)aDqf
(
tb + (1 – t)a

)
0dqt

}
,

which is presented by Alp et al. in [2, Lemma 11].
(ii) Putting λ = 1

3 , we get

1
3
[
μf (b) + (1 – μ)f (a) + 2f

(
μb + (1 – μ)a

)]
–

1
b – a

∫ b

a
f (x) adqx

= (b – a)
{∫ μ

0

(
qt +

1
3
μ –

1
3

)
aDqf

(
tb + (1 – t)a

)
0dqt

+
∫ 1

μ

(
qt +

1
3
μ – 1

)
aDqf

(
tb + (1 – t)a

)
0dqt

}
. (2.9)

Specially, taking μ = 1
1+q , we obtain the Simpson-like integral identity

1
3

[
qf (a) + f (b)

1 + q
+ 2f

(
qa + b
1 + q

)]
–

1
b – a

∫ b

a
f (x) adqx

= (b – a)
{∫ 1

1+q

0

(
qt –

q
3 + 3q

)
aDqf

(
tb + (1 – t)a

)
0dqt

+
∫ 1

1
1+q

(
qt +

1
3 + 3q

– 1
)

aDqf
(
tb + (1 – t)a

)
0dqt

}
. (2.10)
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(iii) Putting λ = 1
2 , we get

1
2
[
μf (b) + (1 – μ)f (a) + f

(
μb + (1 – μ)a

)]
–

1
b – a

∫ b

a
f (x) adqx

= (b – a)
{∫ μ

0

(
qt +

1
2
μ –

1
2

)
aDqf

(
tb + (1 – t)a

)
0dqt

+
∫ 1

μ

(
qt +

1
2
μ – 1

)
aDqf

(
tb + (1 – t)a

)
0dqt

}
. (2.11)

Specially, taking μ = 1
1+q , we obtain the averaged midpoint-trapezoid-like integral identity

1
2

[
qf (a) + f (b)

1 + q
+ f

(
qa + b
1 + q

)]
–

1
b – a

∫ b

a
f (x) adqx

= (b – a)
{∫ 1

1+q

0

(
qt –

q
2 + 2q

)
aDqf

(
tb + (1 – t)a

)
0dqt

+
∫ 1

1
1+q

(
qt +

1
2 + 2q

– 1
)

aDqf
(
tb + (1 – t)a

)
0dqt

}
. (2.12)

(iv) Putting λ = 1, we get

μf (b) + (1 – μ)f (a) –
1

b – a

∫ b

a
f (x) adqx

= (b – a)
∫ 1

0
(qt + μ – 1)aDqf

(
tb + (1 – t)a

)
0dqt. (2.13)

Specially, taking μ = 1
1+q , we obtain the trapezoid-like integral identity

qf (a) + f (b)
1 + q

–
1

b – a

∫ b

a
f (x) adqx

= (b – a)
∫ 1

0

(
qt +

1
1 + q

– 1
)

aDqf
(
tb + (1 – t)a

)
0dqt,

which is presented by Sudsutad et al. in [26, Lemma 3.1].

It is worth to mention here that to the best of our knowledge the obtained identities
(2.5)–(2.13) are new in the literature.

Next we provide some calculations which will be used in this paper.

Lemma 2.2 Let μ ∈ [0, 1] and τ ∈ [0,∞). From Definition 1.2, we have

∫ μ

0
tτ

0dqt = (1 – q)
∞∑

n=0

μτ+1q(τ+1)n =
μτ+1(1 – q)

1 – qτ+1

and

∫ μ

0
(1 – t)τ 0dqt = (1 – q)μ

∞∑
n=0

qn(1 – qnμ
)τ .
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Lemma 2.3 Let λ,μ ∈ [0, 1] and τ ∈ [0,∞). Then we have

∫ μ

0
tτ
∣∣qt – (λ – λμ)

∣∣ 0dqt

=

⎧⎨
⎩

μτ+1(1–q)(λ–λμ)
1–qτ+1 – qμτ+2(1–q)

1–qτ+2 , (λ + q)μ ≤ λ,
2(1–q)2(λ–λμ)τ+2

(1–qτ+1)(1–qτ+2) + qμτ+2(1–q)
1–qτ+2 – μτ+1(1–q)(λ–λμ)

1–qτ+1 , (λ + q)μ > λ,

and
∫ μ

0
(1 – t)τ

∣∣qt – (λ – λμ)
∣∣ 0dqt

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 – q)μ
∑∞

n=0 qn(λ – λμ – qn+1μ)(1 – qnμ)τ , (λ + q)μ ≤ λ,⎡
⎣2(1 – q)(λ – λμ)2 ∑∞

n=0 qn–1(1 – qn)[1 – qn–1(λ – λμ)]τ

– (1 – q)μ
∑∞

n=0 qn(λ – λμ – qn+1μ)(1 – qnμ)τ

⎤
⎦ , (λ + q)μ > λ.

Proof When (λ + q)μ ≤ λ, making use of Lemma 2.2, we get

∫ μ

0
tτ
∣∣qt – (λ – λμ)

∣∣ 0dqt =
∫ μ

0

[
(λ – λμ)tτ – qtτ+1]

0dqt

=
μτ+1(1 – q)(λ – λμ)

1 – qτ+1 –
qμτ+2(1 – q)

1 – qτ+2 .

When (λ + q)μ > λ, making use of Lemma 2.2 again, we get

∫ μ

0
tτ
∣∣qt – (λ – λμ)

∣∣ 0dqt

=
∫ λ–λμ

q

0

[
(λ – λμ)tτ – qtτ+1]

0dqt +
∫ μ

λ–λμ
q

[
qtτ+1 – (λ – λμ)tτ

]
0dqt

= 2
∫ λ–λμ

q

0

[
(λ – λμ)tτ – qtτ+1]

0dqt +
∫ μ

0

[
qtτ+1 – (λ – λμ)tτ

]
0dqt

=
2(1 – q)2(λ – λμ)τ+2

(1 – qτ+1)(1 – qτ+2)
+

qμτ+2(1 – q)
1 – qτ+2 –

μτ+1(1 – q)(λ – λμ)
1 – qτ+1 .

Similarly, we also get

∫ μ

0
(1 – t)τ

∣∣qt – (λ – λμ)
∣∣ 0dqt

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 – q)μ
∑∞

n=0 qn(λ – λμ – qn+1μ)(1 – qnμ)τ , (λ + q)μ ≤ λ,⎡
⎣2(1 – q)(λ – λμ)2 ∑∞

n=0 qn–1(1 – qn)[1 – qn–1(λ – λμ)]τ

– (1 – q)μ
∑∞

n=0 qn(λ – λμ – qn+1μ)(1 – qnμ)τ

⎤
⎦ , (λ + q)μ > λ.

This completes the proof. �

The following results of Lemma 2.4, Lemma 2.5 and Lemma 2.6 are stated without proof.
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Lemma 2.4 Let λ,μ ∈ [0, 1] and τ ∈ [0,∞). Then we have

∫ 1

0
tτ
∣∣qt – (1 – λμ)

∣∣ 0dqt

=

⎧⎨
⎩

(1–q)(1–λμ)
1–qτ+1 – q(1–q)

1–qτ+2 , λμ + q ≤ 1,
2(1–q)2(1–λμ)τ+2

(1–qτ+1)(1–qτ+2) + q(1–q)
1–qτ+2 – (1–q)(1–λμ)

1–qτ+1 , λμ + q > 1,

and

∫ 1

0
(1 – t)τ

∣∣qt – (1 – λμ)
∣∣ 0dqt

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 – q)
∑∞

n=0 qn(1 – λμ – qn+1)(1 – qn)τ , λμ + q ≤ 1,⎡
⎣2(1 – q)(1 – λμ)2 ∑∞

n=0 qn–1(1 – qn)[1 – qn–1(1 – λμ)]τ

– (1 – q)
∑∞

n=0 qn(1 – λμ – qn+1)(1 – qn)τ

⎤
⎦ , λμ + q > 1.

Lemma 2.5 Let λ,μ ∈ [0, 1] and τ ∈ [0,∞). Then we have

∫ μ

0
tτ
∣∣qt – (1 – λμ)

∣∣ 0dqt

=

⎧⎨
⎩

μτ+1(1–λμ)(1–q)
1–qτ+1 – qμτ+2(1–q)

1–qτ+2 , (λ + q)μ ≤ 1,
2(1–q)2(1–λμ)τ+2

(1–qτ+1)(1–qτ+2) + qμτ+2(1–q)
1–qτ+2 – μτ+1(1–λμ)(1–q)

1–qτ+1 , (λ + q)μ > 1,

and

∫ μ

0
(1 – t)τ

∣∣qt – (1 – λμ)
∣∣ 0dqt

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 – q)μ
∑∞

n=0 qn(1 – λμ – qn+1μ)(1 – qnμ)τ , (λ + q)μ ≤ 1,⎡
⎣2(1 – q)(1 – λμ)2 ∑∞

n=0 qn–1(1 – qn)[1 – qn–1(1 – λμ)]τ

– (1 – q)μ
∑∞

n=0 qn(1 – λμ – qn+1μ)(1 – qnμ)τ

⎤
⎦ , (λ + q)μ > 1.

Lemma 2.6 Let λ,μ ∈ [0, 1] and θ ∈ [1,∞). Then we have

∫ 1

0

∣∣qt – (1 – λμ)
∣∣θ 0dqt

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(1 – q)
∑∞

n=0 qn(1 – λμ – qn+1)θ , 0 ≤ λμ ≤ 1 – q,⎡
⎢⎢⎣

(1 – q)(1 – λμ)θ+1 ∑∞
n=0 qn–1(1 – qn)θ

+ (1 – q)
∑∞

n=0 qn(qn+1 – 1 + λμ)θ

– (1 – q)(1 – λμ)θ+1 ∑∞
n=0 qn–1(qn – 1)θ

⎤
⎥⎥⎦ , 1 – q < λμ ≤ 1.

3 Main results
In 2018, Alp et al. established the q-Hermite–Hadamard inequality in [2]. Here we give a
new proof, which is more concise.
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Theorem 3.1 Let f : I →R be a convex function on [a, b] with 0 < q < 1. Then we have

f
(

qa + b
1 + q

)
≤ 1

b – a

∫ b

a
f (x) adqx ≤ qf (a) + f (b)

1 + q
.

Proof It is obvious that
∑∞

n=0(1 – q)qn = 1, 0 < q < 1. Since Jensen’s inequality defined on
convex sets for infinite sums still remains true, utilizing this fact and Definition 1.2, we
have

f
(

qa + b
1 + q

)
= f

( ∞∑
n=0

(1 – q)qn(qnb +
(
1 – qn)a)

)

≤
∞∑

n=0

(1 – q)qnf
(
qnb +

(
1 – qn)a)

=
1

b – a

∫ b

a
f (x) adqx.

Using Definition 1.2 and the convexity of f , we get

1
b – a

∫ b

a
f (x) adqx =

∞∑
n=0

(1 – q)qnf
(
qnb +

(
1 – qn)a)

≤
∞∑

n=0

(1 – q)qn[qnf (b) +
(
1 – qn)f (a)

]

=
qf (a) + f (b)

1 + q
.

The proof is completed. �

Using Lemma 2.1, we can obtain the following theorem.

Theorem 3.2 For 0 ≤ a < b and some fixed m ∈ (0, 1], let f : [a, b
m ] → R be a continuous

and q-differentiable function on (a, b
m ), and let aDqf be integrable on [a, b

m ] with 0 < q < 1.
Then the inequality

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ min

{
H1(λ,μ,α, m),H2(λ,μ,α, m)

}

holds for all λ,μ ∈ [0, 1] if |aDqf | is (α, m)-convex on [a, b
m ] with α, m ∈ (0, 1]2, where

H1(λ,μ,α, m) = (b – a)
{[

�1(λ,μ,α) + �2(λ,μ,α) – �3(λ,μ,α)
]∣∣aDqf (b)

∣∣
+ m

[
�4(λ,μ) + �5(λ,μ) – �6(λ,μ) – �1(λ,μ,α)

– �2(λ,μ,α) + �3(λ,μ,α)
]∣∣∣∣aDqf

(
a
m

)∣∣∣∣
}

,
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H2(λ,μ,α, m) = (b – a)
{[

�7(λ,μ,α) + �8(λ,μ,α) – �9(λ,μ,α)
]∣∣aDqf (a)

∣∣
+ m

[
�4(λ,μ) + �5(λ,μ) – �6(λ,μ) – �7(λ,μ,α)

– �8(λ,μ,α) + �9(λ,μ,α)
]∣∣∣∣aDqf

(
b
m

)∣∣∣∣
}

,

�1(λ,μ,α) =
∫ μ

0
tα
∣∣qt – (λ – λμ)

∣∣ 0dqt

=

⎧⎨
⎩

μα+1(1–q)(λ–λμ)
1–qα+1 – qμα+2(1–q)

1–qα+2 , (λ + q)μ ≤ λ,
2(1–q)2(λ–λμ)α+2

(1–qα+1)(1–qα+2) + qμα+2(1–q)
1–qα+2 – μα+1(1–q)(λ–λμ)

1–qα+1 , (λ + q)μ > λ,

�2(λ,μ,α) =
∫ 1

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt

=

⎧⎨
⎩

(1–q)(1–λμ)
1–qα+1 – q(1–q)

1–qα+2 , λμ + q ≤ 1,
2(1–q)2(1–λμ)α+2

(1–qα+1)(1–qα+2) + q(1–q)
1–qα+2 – (1–q)(1–λμ)

1–qα+1 , λμ + q > 1,
(3.1)

�3(λ,μ,α) =
∫ μ

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt

=

⎧⎨
⎩

μα+1(1–λμ)(1–q)
1–qα+1 – qμα+2(1–q)

1–qα+2 , (λ + q)μ ≤ 1,
2(1–q)2(1–λμ)α+2

(1–qα+1)(1–qα+2) + qμα+2(1–q)
1–qα+2 – μα+1(1–λμ)(1–q)

1–qα+1 , (λ + q)μ > 1,

�4(λ,μ) =
∫ μ

0

∣∣qt – (λ – λμ)
∣∣ 0dqt

=

⎧⎨
⎩

λμ(1 – μ) – qμ2

1+q , (λ + q)μ ≤ λ,
2(λ–λμ)2

1+q + qμ2

1+q – λμ(1 – μ), (λ + q)μ > λ,

�5(λ,μ) =
∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt

=

⎧⎨
⎩

1
1+q – λμ, λμ + q ≤ 1,
2(1–λμ)2

1+q + λμ – 1
1+q , λμ + q > 1,

(3.2)

�6(λ,μ) =
∫ μ

0

∣∣qt – (1 – λμ)
∣∣ 0dqt

=

⎧⎨
⎩

μ(1 – λμ) – qμ2

1+q , (λ + q)μ ≤ 1,
2(1–λμ)2

1+q + qμ2

1+q – μ(1 – λμ), (λ + q)μ > 1,

�7(λ,μ,α)

=
∫ μ

0
(1 – t)α

∣∣qt – (λ – λμ)
∣∣ 0dqt

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 – q)μ
∑∞

n=0 qn(λ – λμ – qn+1μ)(1 – qnμ)α , (λ + q)μ ≤ λ,⎡
⎣2(1 – q)(λ – λμ)2 ∑∞

n=0 qn–1(1 – qn)[1 – qn–1(λ – λμ)]α

– (1 – q)μ
∑∞

n=0 qn(λ – λμ – qn+1μ)(1 – qnμ)α

⎤
⎦ , (λ + q)μ > λ,
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�8(λ,μ,α)

=
∫ 1

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 – q)
∑∞

n=0 qn(1 – λμ – qn+1)(1 – qn)α , λμ + q ≤ 1,⎡
⎣2(1 – q)(1 – λμ)2 ∑∞

n=0 qn–1(1 – qn)[1 – qn–1(1 – λμ)]α

– (1 – q)
∑∞

n=0 qn(1 – λμ – qn+1)(1 – qn)α

⎤
⎦ , λμ + q > 1,

(3.3)

and

�9(λ,μ,α)

=
∫ μ

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 – q)μ
∑∞

n=0 qn(1 – λμ – qn+1μ)(1 – qnμ)α , (λ + q)μ ≤ 1,⎡
⎣2(1 – q)(1 – λμ)2 ∑∞

n=0 qn–1(1 – qn)[1 – qn–1(1 – λμ)]α

– (1 – q)μ
∑∞

n=0 qn(1 – λμ – qn+1μ)(1 – qnμ)α

⎤
⎦ , (λ + q)μ > 1.

Proof From Lemma 2.1, utilizing the property of the modulus and the (α, m)-convexity of
|aDqf |, we have

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ (b – a)

{∫ μ

0
|qt + λμ – λ|∣∣aDqf

(
tb + (1 – t)a

)∣∣ 0dqt

+
∫ 1

μ

|qt + λμ – 1|∣∣aDqf
(
tb + (1 – t)a

)∣∣ 0dqt
}

≤ (b – a)
{∫ μ

0

∣∣qt – (λ – λμ)
∣∣[tα

∣∣aDqf (b)
∣∣ + m

(
1 – tα

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
]

0dqt

+
∫ 1

μ

∣∣qt – (1 – λμ)
∣∣[tα

∣∣aDqf (b)
∣∣ + m

(
1 – tα

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
]

0dqt
}

= (b – a)
{∫ μ

0

∣∣qt – (λ – λμ)
∣∣[tα

∣∣aDqf (b)
∣∣ + m

(
1 – tα

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
]

0dqt

+
∫ 1

0

∣∣qt – (1 – λμ)
∣∣[tα

∣∣aDqf (b)
∣∣ + m

(
1 – tα

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
]

0dqt

–
∫ μ

0

∣∣qt – (1 – λμ)
∣∣[tα

∣∣aDqf (b)
∣∣ + m

(
1 – tα

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
]

0dqt
}

= (b – a)
{[∫ μ

0
tα
∣∣qt – (λ – λμ)

∣∣ 0dqt +
∫ 1

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt

–
∫ μ

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt
]∣∣aDqf (b)

∣∣

+ m
[∫ μ

0

∣∣qt – (λ – λμ)
∣∣ 0dqt +

∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt
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–
∫ μ

0

∣∣qt – (1 – λμ)
∣∣ 0dqt –

∫ μ

0
tα
∣∣qt – (λ – λμ)

∣∣ 0dqt

–
∫ 1

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt +
∫ μ

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt
]∣∣∣∣aDqf

(
a
m

)∣∣∣∣
}

.

Similarly, we get

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ (b – a)

{[∫ μ

0
(1 – t)α

∣∣qt – (λ – λμ)
∣∣ 0dqt +

∫ 1

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt

–
∫ μ

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt

]∣∣aDqf (a)
∣∣

+ m
[∫ μ

0

∣∣qt – (λ – λμ)
∣∣ 0dqt +

∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt

–
∫ μ

0

∣∣qt – (1 – λμ)
∣∣ 0dqt –

∫ μ

0
(1 – t)α

∣∣qt – (λ – λμ)
∣∣ 0dqt

–
∫ 1

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt +

∫ μ

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt

]∣∣∣∣aDqf
(

b
m

)∣∣∣∣
}

.

Using Lemma 2.3, Lemma 2.4 and Lemma 2.5, we get the desired result. This completes
the proof. �

Corollary 3.1 In Theorem 3.2, putting μ = 1
1+q , we have

∣∣∣∣λqf (a) + f (b)
1 + q

+ (1 – λ)f
(

qa + b
1 + q

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ min

{
H1

(
λ,

1
1 + q

,α, m
)

,H2

(
λ,

1
1 + q

,α, m
)}

.

Remark 3.1 Consider Corollary 3.1.
(i) Putting λ = 0, we get the midpoint-like integral inequality

∣∣∣∣f
(

qa + b
1 + q

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ min

{
H1

(
0,

1
1 + q

,α, m
)

,H2

(
0,

1
1 + q

,α, m
)}

,

where

H1

(
0,

1
1 + q

,α, m
)

= (b – a)
{

[(1 + q)α+2 – (1 + qα+2)](1 – q)2

(1 + q)α+2(1 – qα+1)(1 – qα+2)
∣∣aDqf (b)

∣∣

+ m
[

2q
(1 + q)3 –

[(1 + q)α+2 – (1 + qα+2)](1 – q)2

(1 + q)α+2(1 – qα+1)(1 – qα+2)

]∣∣∣∣aDqf
(

a
m

)∣∣∣∣
}
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and

H2

(
0,

1
1 + q

,α, m
)

= (b – a)
{[

�7

(
0,

1
1 + q

,α
)

+ �8

(
0,

1
1 + q

,α
)

– �9

(
0,

1
1 + q

,α
)]∣∣aDqf (a)

∣∣

+ m
[

2q
(1 + q)3 – �7

(
0,

1
1 + q

,α
)

– �8

(
0,

1
1 + q

,α
)

+ �9

(
0,

1
1 + q

,α
)]∣∣∣∣aDqf

(
b
m

)∣∣∣∣
}

.

Specially, taking α = 1 = m, we obtain

∣∣∣∣f
(

qa + b
1 + q

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ (b – a)

{
3q

(1 + q)3(1 + q + q2)
∣∣aDqf (b)

∣∣ +
–q + 2q2 + 2q3

(1 + q)3(1 + q + q2)
∣∣aDqf (a)

∣∣},

which is established by Alp et al. in [2, Theorem 13].
(ii) Putting λ = 1

3 and α = 1 = m, we get the Simpson-like integral inequality

∣∣∣∣1
3

[
qf (a) + f (b)

1 + q
+ 2f

(
qa + b
1 + q

)]
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ min

{
H1

(
1
3

,
1

1 + q
, 1, 1

)
,H2

(
1
3

,
1

1 + q
, 1, 1

)}
.

Specially, if q → 1–, then we obtain

∣∣∣∣1
3

[
f (a) + f (b)

2
+ 2f

(
a + b

2

)]
–

1
b – a

∫ b

a
f (x) dx

∣∣∣∣ ≤ 5(b – a)
72

[∣∣f ′(b)
∣∣ +

∣∣f ′(a)
∣∣],

which is established by Alomari et al. in [1, Corollary 1].
(iii) Putting λ = 1

2 and α = 1 = m, we get the averaged midpoint-trapezoid-like integral
inequality

∣∣∣∣1
2

[
qf (a) + f (b)

1 + q
+ f

(
qa + b
1 + q

)]
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ min

{
H1

(
1
2

,
1

1 + q
, 1, 1

)
,H2

(
1
2

,
1

1 + q
, 1, 1

)}
.

Specially, if q → 1–, then we obtain

∣∣∣∣1
2

[
f (a) + f (b)

2
+ f

(
a + b

2

)]
–

1
b – a

∫ b

a
f (x)dx

∣∣∣∣ ≤ b – a
16

[∣∣f ′(b)
∣∣ +

∣∣f ′(a)
∣∣],

which is established by Xi and Qi in [30, Corollary 3.4].
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(iv) Putting λ = 1, we get the trapezoid-like integral inequality

∣∣∣∣qf (a) + f (b)
1 + q

–
1

b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ min

{
H1

(
1,

1
1 + q

,α, m
)

,H2

(
1,

1
1 + q

,α, m
)}

,

where

H1

(
1,

1
1 + q

,α, m
)

= (b – a)
{

2qα+2(1 – q)2 + q2(1 + q)α+1(1 – q)(1 – qα)
(1 + q)α+2(1 – qα+1)(1 – qα+2)

∣∣aDqf (b)
∣∣

+ m
[

2q2

(1 + q)3 –
2qα+2(1 – q)2 + q2(1 + q)α+1(1 – q)(1 – qα)

(1 + q)α+2(1 – qα+1)(1 – qα+2)

]∣∣∣∣aDqf
(

a
m

)∣∣∣∣
}

and

H2

(
1,

1
1 + q

,α, m
)

= (b – a)
{[

�7

(
1,

1
1 + q

,α
)

+ �8

(
1,

1
1 + q

,α
)

– �9

(
1,

1
1 + q

,α
)]∣∣aDqf (a)

∣∣

+ m
[

2q2

(1 + q)3 – �7

(
1,

1
1 + q

,α
)

– �8

(
1,

1
1 + q

,α
)

+ �9

(
1,

1
1 + q

,α
)]∣∣∣∣aDqf

(
b
m

)∣∣∣∣
}

.

Specially, taking α = 1 = m, we obtain

∣∣∣∣qf (a) + f (b)
1 + q

–
1

b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ (b – a)

{
q2(1 + 4q + q2)

(1 + q)4(1 + q + q2)
∣∣aDqf (b)

∣∣ +
q2(1 + 3q2 + 2q3)

(1 + q)4(1 + q + q2)
∣∣aDqf (a)

∣∣},

which is established by Sudsutad et al. in [26, Theorem 4.1].

If |aDqf |r for r ≥ 1 is (α, m)-convex, then the following theorem can be obtained.

Theorem 3.3 For 0 ≤ a < b and some fixed m ∈ (0, 1], let f : [a, b
m ] → R be a continuous

and q-differentiable function on (a, b
m ), and let aDqf be integrable on [a, b

m ] with 0 < q < 1.
Then the inequality

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ (b – a) min

{
J1(λ,μ,α, m, r),J2(λ,μ,α, m, r)

}
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holds for all λ,μ ∈ [0, 1] if |aDqf |r for r ≥ 1 is (α, m)-convex on [a, b
m ] with α, m ∈ (0, 1]2,

where

J1(λ,μ,α, m, r)

= �
1– 1

r
5 (λ,μ)

[
�2(λ,μ,α)

∣∣aDqf (b)
∣∣r + m

(
�5(λ,μ) – �2(λ,μ,α)

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r] 1

r

+ (1 – λ)μ1– 1
r

[
ϒ1(μ,α)

∣∣aDqf (b)
∣∣r + mϒ2(μ,α)

∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r] 1

r
,

J2(λ,μ,α, m, r)

= �
1– 1

r
5 (λ,μ)

[
�8(λ,μ,α)

∣∣aDqf (a)
∣∣r + m

(
�5(λ,μ) – �8(λ,μ,α)

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r] 1

r

+ (1 – λ)μ1– 1
r

[
ϒ3(μ,α)

∣∣aDqf (a)
∣∣r + mϒ4(μ,α)

∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r] 1

r
,

ϒ1(μ,α) =
∫ μ

0
tα

0dqt =
μα+1(1 – q)

1 – qα+1 , (3.4)

ϒ2(μ,α) =
∫ μ

0

(
1 – tα

)
0dqt = μ –

μα+1(1 – q)
1 – qα+1 , (3.5)

ϒ3(μ,α) =
∫ μ

0
(1 – t)α 0dqt = (1 – q)μ

∞∑
n=0

qn(1 – qnμ
)α , (3.6)

ϒ4(μ,α) =
∫ μ

0

(
1 – (1 – t)α

)
0dqt = μ – (1 – q)μ

∞∑
n=0

qn(1 – qnμ
)α , (3.7)

and �2(λ,μ,α), �5(λ,μ), �8(λ,μ,α) are defined by (3.1), (3.2) and (3.3), respectively.

Proof Using Lemma 2.1 and the power mean inequality, we have

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣

≤ (b – a)
{(∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt

)1– 1
r

×
(∫ 1

0

∣∣qt – (1 – λμ)
∣∣∣∣aDqf

(
tb + (1 – t)a

)∣∣r
0dqt

) 1
r

+ (1 – λ)
(∫ μ

0
1 0dqt

)1– 1
r
(∫ μ

0

∣∣aDqf
(
tb + (1 – t)a

)∣∣r
0dqt

) 1
r
}

. (3.8)

Utilizing the (α, m)-convexity of |aDqf |r , we get

∫ 1

0

∣∣qt – (1 – λμ)
∣∣∣∣aDqf

(
tb + (1 – t)a

)∣∣r
0dqt

≤
∫ 1

0

∣∣qt – (1 – λμ)
∣∣[tα

∣∣aDqf (b)
∣∣r + m

(
1 – tα

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r]

0dqt
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=
(∫ 1

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt
)∣∣aDqf (b)

∣∣r

+ m
(∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt –

∫ 1

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt
)∣∣∣∣aDqf

(
a
m

)∣∣∣∣
r

(3.9)

and ∫ μ

0

∣∣aDqf
(
tb + (1 – t)a

)∣∣r
0dqt

≤
∫ μ

0

[
tα
∣∣aDqf (b)

∣∣r + m
(
1 – tα

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r]

0dqt

=
(∫ μ

0
tα

0dqt
)∣∣aDqf (b)

∣∣r + m
(∫ μ

0

(
1 – tα

)
0dqt

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r

. (3.10)

Using (3.9) and (3.10) in (3.8), we get
∣∣∣∣λ[μf (b) + (1 – μ)f (a)

]
+ (1 – λ)f

(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣

≤ (b – a)
{[∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt

]1– 1
r

×
[(∫ 1

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt
)∣∣aDqf (b)

∣∣r

+ m
(∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt –

∫ 1

0
tα
∣∣qt – (1 – λμ)

∣∣ 0dqt
)∣∣∣∣aDqf

(
a
m

)∣∣∣∣
r] 1

r

+ (1 – λ)μ1– 1
r

[(∫ μ

0
tα

0dqt
)∣∣aDqf (b)

∣∣r

+ m
(∫ μ

0

(
1 – tα

)
0dqt

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r] 1

r
}

. (3.11)

Similarly, we get
∫ 1

0

∣∣qt – (1 – λμ)
∣∣∣∣aDqf

(
tb + (1 – t)a

)∣∣r
0dqt

≤
∫ 1

0

∣∣qt – (1 – λμ)
∣∣[(1 – t)α

∣∣aDqf (a)
∣∣r + m

(
1 – (1 – t)α

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r]

0dqt

=
(∫ 1

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt

)∣∣aDqf (a)
∣∣r

+ m
(∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt –

∫ 1

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt

)

×
∣∣∣∣aDqf

(
b
m

)∣∣∣∣
r

(3.12)

and
∫ μ

0

∣∣aDqf
(
tb + (1 – t)a

)∣∣r
0dqt

≤
∫ μ

0

[
(1 – t)α

∣∣aDqf (a)
∣∣r + m

(
1 – (1 – t)α

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r]

0dqt
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=
(∫ μ

0
(1 – t)α 0dqt

)∣∣aDqf (a)
∣∣r

+ m
(∫ μ

0

(
1 – (1 – t)α

)
0dqt

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r

. (3.13)

Using (3.12) and (3.13) in (3.8), we get

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣

≤ (b – a)
{[∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt

]1– 1
r

×
[(∫ 1

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt

)∣∣aDqf (a)
∣∣r

+ m
(∫ 1

0

∣∣qt – (1 – λμ)
∣∣ 0dqt –

∫ 1

0
(1 – t)α

∣∣qt – (1 – λμ)
∣∣ 0dqt

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r] 1

r

+ (1 – λ)μ1– 1
r

[(∫ μ

0
(1 – t)α 0dqt

)∣∣aDqf (a)
∣∣r

+ m
(∫ μ

0

(
1 – (1 – t)α

)
0dqt

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r] 1

r
}

. (3.14)

From (3.11) and (3.14), utilizing (3.1), (3.2), (3.3) and Lemma 2.2, we can deduce the de-
sired result. The proof is complete. �

If |aDqf |r for r > 1 is (α, m)-convex, then the following theorem can be obtained.

Theorem 3.4 For 0 ≤ a < b and some fixed m ∈ (0, 1], let f : [a, b
m ] → R be a continuous

and q-differentiable function on (a, b
m ), and let aDqf be integrable on [a, b

m ] with 0 < q < 1.
Then the inequality

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣
≤ (b – a) min

{
K1(λ,μ,α, m),K2(λ,μ,α, m)

}

holds for all λ,μ ∈ [0, 1] if |aDqf |r for r > 1 with r–1 + s–1 = 1 is (α, m)-convex on [a, b
m ] with

α, m ∈ (0, 1]2, where

K1(λ,μ,α, m)

= �
1
s

1 (λ,μ)
[
�2(α)

∣∣aDqf (b)
∣∣r + m

(
1 – �2(α)

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r] 1

r

+ (1 – λ)μ
1
s

[
ϒ1(μ,α)

∣∣aDqf (b)
∣∣r + mϒ2(μ,α)

∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r] 1

r
,



Zhang et al. Journal of Inequalities and Applications  (2018) 2018:264 Page 18 of 24

K2(λ,μ,α, m)

= �
1
s

1 (λ,μ)
[
�3(α)

∣∣aDqf (a)
∣∣r + m

(
1 – �3(α)

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r] 1

r

+ (1 – λ)μ
1
s

[
ϒ3(μ,α)

∣∣aDqf (a)
∣∣r + mϒ4(μ,α)

∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r] 1

r
,

�1(λ,μ) =
∫ 1

0

∣∣qt – (1 – λμ)
∣∣s 0dqt

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(1 – q)
∑∞

n=0 qn(1 – λμ – qn+1)s, 0 ≤ λμ ≤ 1 – q,⎡
⎢⎢⎣

(1 – q)(1 – λμ)s+1 ∑∞
n=0 qn–1(1 – qn)s

+ (1 – q)
∑∞

n=0 qn(qn+1 – 1 + λμ)s

– (1 – q)(1 – λμ)s+1 ∑∞
n=0 qn–1(qn – 1)s

⎤
⎥⎥⎦ , 1 – q < λμ ≤ 1,

�2(α) =
∫ 1

0
tα

0dqt =
1 – q

1 – qα+1 ,

�3(α) =
∫ 1

0
(1 – t)α 0dqt = (1 – q)

∞∑
n=0

qn(1 – qn)α ,

and ϒ1(μ,α), ϒ2(μ,α), ϒ3(μ,α), ϒ4(μ,α) are defined by (3.4), (3.5), (3.6) and (3.7), respec-
tively.

Proof Using Lemma 2.1 and the Hölder inequality, we have

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣

≤ (b – a)
{(∫ 1

0

∣∣qt – (1 – λμ)
∣∣s

0dqt
) 1

s

×
(∫ 1

0

∣∣aDqf
(
tb + (1 – t)a

)∣∣r
0dqt

) 1
r

+ (1 – λ)
(∫ μ

0
1s

0dqt
) 1

s
(∫ μ

0

∣∣aDqf
(
tb + (1 – t)a

)∣∣r
0dqt

) 1
r
}

. (3.15)

Utilizing the (α, m)-convexity of |aDqf |r , we get

∫ 1

0

∣∣aDqf
(
tb + (1 – t)a

)∣∣r
0dqt

≤
∫ 1

0

[
tα
∣∣aDqf (b)

∣∣r + m
(
1 – tα

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r]

0dqt

=
(∫ 1

0
tα

0dqt
)∣∣aDqf (b)

∣∣r + m
(∫ 1

0

(
1 – tα

)
0dqt

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r

(3.16)

and

∫ μ

0

∣∣aDqf
(
tb + (1 – t)a

)∣∣r
0dqt
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≤
∫ μ

0

[
tα
∣∣aDqf (b)

∣∣r + m
(
1 – tα

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r]

0dqt

=
(∫ μ

0
tα

0dqt
)∣∣aDqf (b)

∣∣r + m
(∫ μ

0

(
1 – tα

)
0dqt

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r

. (3.17)

Using (3.16) and (3.17) in (3.15), we get

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣

≤ (b – a)
{(∫ 1

0

∣∣qt – (1 – λμ)
∣∣s

0dqt
) 1

s

×
[(∫ 1

0
tα

0dqt
)∣∣aDqf (b)

∣∣r + m
(∫ 1

0

(
1 – tα

)
0dqt

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r] 1

r

+ (1 – λ)μ
1
s

[(∫ μ

0
tα

0dqt
)∣∣aDqf (b)

∣∣r

+ m
(∫ μ

0

(
1 – tα

)
0dqt

)∣∣∣∣aDqf
(

a
m

)∣∣∣∣
r] 1

r
}

. (3.18)

Similarly, we get

∫ 1

0

∣∣aDqf
(
tb + (1 – t)a

)∣∣r
0dqt

≤
∫ 1

0

[
(1 – t)α

∣∣aDqf (a)
∣∣r + m

(
1 – (1 – t)α

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r]

0dqt

=
(∫ 1

0
(1 – t)α 0dqt

)∣∣aDqf (a)
∣∣r

+ m
(∫ 1

0

(
1 – (1 – t)α

)
0dqt

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r

(3.19)

and
∫ μ

0

∣∣aDqf
(
tb + (1 – t)a

)∣∣r
0dqt

≤
∫ μ

0

[
(1 – t)α

∣∣aDqf (a)
∣∣r + m

(
1 – (1 – t)α

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r]

0dqt

=
(∫ μ

0
(1 – t)α 0dqt

)∣∣aDqf (a)
∣∣r

+ m
(∫ μ

0

(
1 – (1 – t)α

)
0dqt

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r

. (3.20)

Using (3.19) and (3.20) in (3.15), we get

∣∣∣∣λ[μf (b) + (1 – μ)f (a)
]

+ (1 – λ)f
(
μb + (1 – μ)a

)
–

1
b – a

∫ b

a
f (x) adqx

∣∣∣∣

≤ (b – a)
{(∫ 1

0

∣∣qt – (1 – λμ)
∣∣s

0dqt
) 1

s
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×
[(∫ 1

0
(1 – t)α 0dqt

)∣∣aDqf (a)
∣∣r

+ m
(∫ 1

0

(
1 – (1 – t)α

)
0dqt

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r] 1

r

+ (1 – λ)μ
1
s

[(∫ μ

0
(1 – t)α 0dqt

)∣∣aDqf (a)
∣∣r

+ m
(∫ μ

0

(
1 – (1 – t)α

)
0dqt

)∣∣∣∣aDqf
(

b
m

)∣∣∣∣
r] 1

r
}

. (3.21)

From (3.18) and (3.21), utilizing (3.4), (3.5), (3.6), (3.7), Lemma 2.2 and Lemma 2.6, we can
deduce the desired result. The proof is completed. �

Remark 3.2 For μ = 1
1+q , if we put λ = 0, λ = 1

3 , λ = 1
2 and λ = 1 in Theorem 3.3 and The-

orem 3.4, then we can get the midpoint-like integral inequality, the Simpson-like integral
inequality, the averaged midpoint-trapezoid-like integral inequality and the trapezoid-like
integral inequality, respectively.

Next we establish the q-integral inequalities involving the product of two (α, m)-convex
functions.

Theorem 3.5 For 0 ≤ a < b and some fixed m ∈ (0, 1], let f , g : [a, b
m ] → R be continuous

and nonnegative functions. Then the inequality

1
b – a

∫ b

a
f (x)g(x) adqx ≤ min

{
L1(α1,α2, m),L2(α1,α2, m)

}

holds if f and g are (α1, m)-convex and (α2, m)-convex on [a, b
m ] with α1,α2 ∈ (0, 1]2, re-

spectively, where

L1(α1,α2, m)

=
[

1 – q
1 – qα1+α2+1 –

1 – q
1 – qα1+1 –

1 – q
1 – qα2+1 + 1

]
m2f

(
a
m

)
g
(

a
m

)

+
1 – q

1 – qα1+α2+1 f (b)g(b) +
[

1 – q
1 – qα2+1 –

1 – q
1 – qα1+α2+1

]
mf

(
a
m

)
g(b)

+
[

1 – q
1 – qα1+1 –

1 – q
1 – qα1+α2+1

]
mf (b)g

(
a
m

)
,

L2(α1,α2, m)

=
[
	(α1,α2) – 	(α1) – 	(α2) + 1

]
m2f

(
b
m

)
g
(

b
m

)

+ 	(α1,α2)f (a)g(a) +
[
	(α1) – 	(α1,α2)

]
mf (a)g

(
b
m

)

+
[
	(α2) – 	(α1,α2)

]
mf

(
b
m

)
g(a),

	(α1,α2) =
∫ 1

0
(1 – t)α1+α2 0dqt = (1 – q)

∞∑
n=0

qn(1 – qn)α1+α2 ,
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and

	(αi) =
∫ 1

0
(1 – t)αi 0dqt = (1 – q)

∞∑
n=0

qn(1 – qn)αi , i = 1, 2.

Proof Using the (α1, m)-convexity of f and the (α2, m)-convexity of g , respectively, for all
t ∈ [0, 1], we have

f
(
tb + (1 – t)a

) ≤ tα1 f (b) + m
(
1 – tα1

)
f
(

a
m

)
(3.22)

and

g
(
tb + (1 – t)a

) ≤ tα2 g(b) + m
(
1 – tα2

)
g
(

a
m

)
. (3.23)

Multiplying (3.22) with (3.23), we get

f
(
tb + (1 – t)a

)
g
(
tb + (1 – t)a

)

≤ tα1+α2 f (b)g(b) +
(
1 – tα1

)(
1 – tα2

)
m2f

(
a
m

)
g
(

a
m

)

+ tα2
(
1 – tα1

)
mf

(
a
m

)
g(b) + tα1

(
1 – tα2

)
mf (b)g

(
a
m

)
. (3.24)

Taking the q-integral for (3.24) with respect to t on (0, 1) and using Lemma 2.2, we obtain

∫ 1

0
f
(
tb + (1 – t)a

)
g
(
tb + (1 – t)a

)
0dqt

≤
[

1 – q
1 – qα1+α2+1 –

1 – q
1 – qα1+1 –

1 – q
1 – qα2+1 + 1

]
m2f

(
a
m

)
g
(

a
m

)

+
1 – q

1 – qα1+α2+1 f (b)g(b) +
[

1 – q
1 – qα2+1 –

1 – q
1 – qα1+α2+1

]
mf

(
a
m

)
g(b)

+
[

1 – q
1 – qα1+1 –

1 – q
1 – qα1+α2+1

]
mf (b)g

(
a
m

)
. (3.25)

Similarly, we get

∫ 1

0
f
(
tb + (1 – t)a

)
g
(
tb + (1 – t)a

)
0dqt

≤
(∫ 1

0
(1 – t)α1+α2 0dqt –

∫ 1

0
(1 – t)α1 0dqt

–
∫ 1

0
(1 – t)α2 0dqt + 1

)
m2f

(
b
m

)
g
(

b
m

)

+
(∫ 1

0
(1 – t)α1+α2 0dqt

)
f (a)g(a)
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+
(∫ 1

0
(1 – t)α1 0dqt –

∫ 1

0
(1 – t)α1+α2 0dqt

)
mf (a)g

(
b
m

)

+
(∫ 1

0
(1 – t)α2 0dqt –

∫ 1

0
(1 – t)α1+α2 0dqt

)
mf

(
b
m

)
g(a). (3.26)

A simple calculation shows that

∫ 1

0
f
(
tb + (1 – t)a

)
g
(
tb + (1 – t)a

)
0dqt =

1
b – a

∫ b

a
f (x)g(x) adqx. (3.27)

From (3.25), (3.26) and (3.27), we obtain the desired result. This ends the proof. �

Corollary 3.2 In Theorem 3.5, choosing α1 = α2 = α, we obtain

1
b – a

∫ b

a
f (x)g(x) adqx ≤ min

{
T1(α, m),T2(α, m)

}
,

where

T1(α, m) =
1 – q

1 – q2α+1 f (b)g(b) +
[

1 – q
1 – q2α+1 –

2(1 – q)
1 – qα+1 + 1

]
m2f

(
a
m

)
g
(

a
m

)

+
qα+1(1 – q)(1 – qα)

(1 – qα+1)(1 – q2α+1)
m
[

f
(

a
m

)
g(b) + f (b)g

(
a
m

)]

and

T2(α, m) =

[
(1 – q)

∞∑
n=0

qn(1 – qn)2α – 2(1 – q)
∞∑

n=0

qn(1 – qn)α + 1

]
m2f

(
b
m

)
g
(

b
m

)

+ (1 – q)
∞∑

n=0

qn(1 – qn)2αf (a)g(a)

+

[
(1 – q)

∞∑
n=0

qn(1 – qn)α – (1 – q)
∞∑

n=0

qn(1 – qn)2α

]

×
[

mf (a)g
(

b
m

)
+ mf

(
b
m

)
g(a)

]
.

Further, taking α = 1 = m, we get

1
b – a

∫ b

a
f (x)g(x) adqx

≤ 1
1 + q + q2 f (b)g(b) +

q(1 + q2)
(1 + q)(1 + q + q2)

f (a)g(a)

+
q2

(1 + q)(1 + q + q2)
[
f (a)g(b) + f (b)g(a)

]
,

which is established by Sudsutad et al. in [26, Theorem 4.3].
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4 Conclusions
In the present research, based on a new quantum integral identity with multiple pa-
rameters, we have developed some quantum error estimations of different type inequal-
ities through (α, m)-convexity, such as the midpoint-like inequalities, the Simpson-like
inequalities, the averaged midpoint-trapezoid-like inequalities and the trapezoid-like in-
equalities. The inequalities derived in this work are very helpful in error estimations in-
volved in various approximation processes. We expect that the ideas of this article will
facilitate further study concerning quantum integral inequalities.
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