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1 Introduction
If 0 <

∫ ∞
0 f 2(x) dx < ∞ and 0 <

∫ ∞
0 g2(y) dy < ∞, then we have the following well-known

Hilbert integral inequality (see [1]):

∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dx dy < π

(∫ ∞

0
f 2(x) dx

∫ ∞

0
g2(y) dy

) 1
2

, (1)

where the constant factor π is the best possible. In 1925, by introducing the pair of con-
jugate exponents (p, q) (p > 1, 1

p + 1
q = 1), Hardy et al. gave an extension of (1) (see [1],

Theorem 316). Recently, by means of weight functions, some new extensions of (1) and
the Hardy’s work were given by Yang [2, 3] and in [4–9]. Most of them are built in the
quarter plane of the first quadrant.

In 2007, Yang [10] provided a Hilbert-type integral inequality in the whole plane with
the exponent function and intermediate variables as follows:

∫ ∞

–∞

∫ ∞

–∞
f (x)g(y)

(1 + ex+y)λ
dx dy < B

(
λ

2
,
λ

2

)(∫ ∞

–∞
e–λxf 2(x) dx

∫ ∞

–∞
e–λyg2(y) dy

) 1
2

, (2)

where the constant factor B( λ
2 , λ

2 ) is the best possible (λ > 0, B(u, v) is the beta function).
He et al. [11–19] proved some new Hilbert-type integral inequalities in the whole plane
with the best possible constant factors.
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In 2017, Hong [20] gave two equivalent statements between Hilbert-type inequalities
with general homogenous kernel and a few parameters. A few authors continue to study
this topic (see [21–25]).

In this paper, by using real analysis and weight functions we obtain a few equivalent
statements of a Hilbert-type integral inequality in the whole plane related to the exponent
function with intermediate variables. The constant factor related to the gamma function
is proved to be the best possible. We also consider some particular cases and operator
expressions.

2 Some lemmas
For γ ,ρ,σ > 0, setting h(u) := e–ρuγ (u > 0), we find

k(γ )
ρ (σ ) :=

∫ ∞

0
h(u)uσ–1 du =

∫ ∞

0
e–ρuγ

uσ–1 du
(
v = ρuγ

)

=
1

γρσ /γ

∫ ∞

0
e–vv(σ /γ )–1 dv =

�(σ /γ )
γρσ /γ ∈R+ = (0,∞), (3)

where �(s) :=
∫ ∞

0 e–vvs–1 dv (Re s > 0) is the gamma function (see [26]).
For δ ∈ {–1, 1}, α,β ∈ (–1, 1), we set

xα := |x| + αx, yβ := |y| + βy
(
x, y ∈R = (–∞,∞)

)
,

Eδ :=
{

t ∈ R; |t|δ ≥ 1
}

, E–δ =
{

t ∈R; |t|δ ≤ 1
}

.

Lemma 1 For c > 0, θ = α,β ∈ (–1, 1), we have

∫

Eδ

t–cδ–1
θ dt =

1
c

[
1

(1 + θ )cδ+1 +
1

(1 – θ )cδ+1

]

, (4)

∫

E–δ

tcδ–1
θ dt =

1
c

[
1

(1 + θ )–cδ+1 +
1

(1 – θ )–cδ+1

]

; (5)

and for c ≤ 0, we have

∫

Eδ

t–cδ–1
θ dt =

∫

E–δ

tcδ–1
θ dt = ∞.

Proof Setting E+
δ := {t ∈R+; tδ ≥ 1}, E–

δ := {–t ∈ R+; (–t)δ ≥ 1}, we find Eδ = E+
δ ∪ E–

δ and

∫

Eδ

t–cδ–1
θ dt =

∫

E+
δ

[
(1 + θ )t

]–cδ–1 dt +
∫

E–
δ

[
(1 – θ )(–t)

]–cδ–1 dt

=
[

1
(1 + θ )cδ+1 +

1
(1 – θ )cδ+1

]∫

E+
δ

t–cδ–1 dt.

Setting t = u
1
δ , we find

∫

E+
δ

t–cδ–1 dt =
1
|δ|

∫ ∞

1
u

1
δ

(–cδ–1)u
1
δ

–1 du =
∫ ∞

1
u–c–1 du.
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Hence, for c > 0, (4) follows, and for c ≤ 0,
∫

Eδ
t–cδ–1
θ dt = ∞. Since, for c > 0,

∫

E–δ

tcδ–1
θ dt =

∫

E(–δ )
t–c(–δ)–1
θ dt =

[
1

(1 + θ )–cδ+1 +
1

(1 – θ )–cδ+1

]∫ 1

0
uc–1 du,

we have (5), and for c ≤ 0,
∫

E–δ
tcδ–1
θ dt = ∞.

The lemma is proved. �

In the following, We further assume that p > 1, 1
p + 1

q = 1, δ ∈ {–1, 1}, α,β ∈ (–1, 1),
γ ,ρ,σ > 0, σ1 ∈R, k(γ )

ρ (σ ) is given by (3), and

K (γ )
α,β (σ ) :=

2k(γ )
ρ (σ )

(1 – α2)1/q(1 – β2)1/p . (6)

For n ∈N = {1, 2, . . .}, E–1 = [–1, 1], x ∈ Eδ , we define:

I(–)(x) :=
∫ 0

–1
e–ρ(xδ

αyβ )γ y
σ+ 1

qn –1
β dy, I(+)(x) :=

∫ 1

0
e–ρ(xδ

αyβ )γ y
σ+ 1

qn –1
β dy,

I(x) := I(–)(x) + I(+)(x) =
∫

E–1

e–ρ(xδ
αyβ )γ y

σ+ 1
qn –1

β dy.

For yβ = (sgn(y) + β)y, where

sgn(y) :=

⎧
⎪⎪⎨

⎪⎪⎩

–1, y < 0,

0, y = 0,

1, y > 0,

xδ
α =

(
1 + α sgn(x)

)δ|x|δ ≥ min
δ∈{–1,1}

{(
1 ± |α|)δ} (x ∈ Eδ),

and 1 – |α| ≤ (1 + |α|)–1 ≤ 1 + |α| ≤ (1 – |α|)–1, we have

(1 ± β)xδ
α ≥ mα,β :=

(
1 – |β|)(1 – |α|) > 0 (x ∈ Eδ). (7)

For fixed x ∈ Eδ , setting u = xδ
αyβ , we find

I(–)(x) =
x

–δ(σ+ 1
qn )

α

1 – β

∫ (1–β)xδ
α

0
e–ρuγ

uσ+ 1
qn –1 du ≥ x

–δ(σ+ 1
qn )

α

1 – β

∫ mα,β

0
e–ρuγ

uσ+ 1
qn –1 du,

I(+)(x) =
x

–δ(σ+ 1
qn )

α

1 + β

∫ (1+β)xδ
α

0
e–ρuγ

uσ+ 1
qn –1 du ≥ x

–δ(σ+ 1
qn )

α

1 + β

∫ mα,β

0
e–ρuγ

uσ+ 1
qn –1 du,

I(x) = x
–δ(σ+ 1

qn )
α

[
1

1 – β

∫ (1–β)xδ
α

0
e–ρuγ

uσ+ 1
qn –1 du +

1
1 + β

∫ (1+β)xδ
α

0
e–ρuγ

uσ+ 1
qn –1 du

]

≥ 2x
–δ(σ+ 1

qn )
α

1 + β

∫ mα,β

0
e–ρuγ

uσ+ 1
qn –1 du. (8)
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For n ∈N = {1, 2, . . .}, x ∈ E–δ , we define:

J (–)(x) :=
∫ –1

–∞
e–ρ(xδ

αyβ )γ y
σ– 1

qn –1
β dy,

J (+)(x) :=
∫ ∞

1
e–ρ(xδ

αyβ )γ y
σ– 1

qn –1
β dy,

J(x) := J (–)(x) + J (+)(x) =
∫

E–1

e–ρ(xδ
αyβ )γ y

σ– 1
qn –1

β dy.

Since, for x ∈ E–δ ,

xδ
α =

(
1 + α sgn(x)

)δ|x|δ ≤ max
δ∈{–1,1}

{(
1 ± |α|)δ} =

(
1 – |α|)–1,

we have

Mα,β :=
(
1 + |β|)(1 – |α|)–1 ≥ (

1 ± |β|)xδ
α (x ∈ E–δ). (9)

For fixed x ∈ E–δ , setting u = xδ
αyβ , we find

J (–)(x) =
x

–δ(σ– 1
qn )

α

1 – β

∫ ∞

(1–β)xδ
α

e–ρuγ
uσ– 1

qn –1 du ≥ x
–δ(σ– 1

qn )
α

1 – β

∫ ∞

Mα,β

e–ρuγ
uσ– 1

qn –1 du,

J (+)(x) =
x

–δ(σ– 1
qn )

α

1 + β

∫ ∞

(1+β)xδ
α

e–ρuγ
uσ– 1

qn –1 du ≥ x
–δ(σ– 1

qn )
α

1 + β

∫ ∞

Mα,β

e–ρuγ
uσ– 1

qn –1 du,

J(x) = x
–δ(σ– 1

qn )
α

[
1

1 – β

∫ ∞

(1–β)xδ
α

e–ρuγ
uσ– 1

qn –1 du +
1

1 + β

∫ ∞

(1+β)xδ
α

e–ρuγ
uσ– 1

qn –1 du
]

≥ 2x
–δ(σ– 1

qn )
α

1 + β

∫ ∞

Mα,β

e–ρuγ
uσ– 1

qn –1 du. (10)

In view of (8) and (10), we have the following:

Lemma 2 We have the following inequalities:

I1 :=
∫

Eδ

I(x)x
δ(σ1– 1

pn )–1
α dx

≥ 2
1 – β2

∫

Eδ

x–δ(σ–σ1+ 1
n )–1

α dx
∫ mα,β

0
e–ρuγ

uσ+ 1
qn –1 du, (11)

J1 :=
∫

E–δ

J(x)x
δ(σ1+ 1

pn )–1
α dx

≥ 2
1 – β2

∫

E–δ

xδ(σ1–σ+ 1
n )–1

α dx
∫ ∞

Mα,β

e–ρuγ
uσ– 1

qn –1 du. (12)
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Lemma 3 If there exists a constant M such that, for any nonnegative measurable functions
f (x) and g(y) in R,

I :=
∫ ∞

–∞

∫ ∞

–∞
e–ρ(xδ

αyβ )γ f (x)g(y) dx dy

≤ M
[∫ ∞

–∞
xp(1–δσ1)–1

α f p(x) dx
] 1

p
[∫ ∞

–∞
yq(1–σ )–1
β gq(y) dy

] 1
q

, (13)

then we have σ1 = σ .

Proof If σ1 > σ , then for n ≥ 1
σ1–σ

(n ∈N), we define the functions:

fn(x) :=

⎧
⎨

⎩
x

δ(σ1– 1
pn )–1

α , x ∈ Eδ ,

0, x ∈R\Eδ ,
gn(y) :=

⎧
⎨

⎩
y
σ+ 1

qn –1
β , y ∈ E–1,

0, y ∈R\E–1,

and by (4) and (5) it follows that

J̃1 :=
[∫ ∞

–∞
xp(1–δσ1)–1

α f p
n (x) dx

] 1
p
[∫ ∞

–∞
yq(1–σ )–1
β gq

n(y) dy
] 1

q

=
(∫

Eδ

x– δ
n –1

α dx
) 1

p
(∫

E–1

y
1
n –1
β dy

) 1
q

= n
[

1
(1 + α) δ

n +1
+

1
(1 – α) δ

n +1

] 1
p
[

1
(1 + β) –1

n +1
+

1
(1 – β) –1

n +1

] 1
q

< ∞.

By (11) and (13) (for f = fn, g = gn) we have

2
1 – β2

∫

Eδ

x–δ(σ–σ1+ 1
n )–1

α dx
∫ mα,β

0
e–ρuγ

uσ+ 1
qn –1 du

≤ I1 =
∫ ∞

–∞

∫ ∞

–∞
e–ρ(xδ

αyβ )γ fn(x)gn(y) dx dy ≤ MJ̃1 < ∞.

Since for any n ≥ 1
σ1–σ

, σ – σ1 + 1
n ≤ 0, by Lemma 1 it follows that

∫
Eδ

x–δ(σ–σ1+ 1
n )–1

α dx = ∞.

In view of
∫ mα,β

0 e–ρuγ uσ+ 1
qn –1 du > 0, we find that ∞ ≤ MJ̃1 < ∞, which is a contradic-

tion.
If σ1 < σ , then for n ≥ 1

σ–σ1
(n ∈N), we define the functions:

f̃n(x) :=

⎧
⎨

⎩
x

δ(σ+ 1
pn )–1

α , x ∈ E–δ ,

0, x ∈R\E–δ ,
g̃n(y) :=

⎧
⎨

⎩
y
σ– 1

qn –1
β , y ∈ E1,

0, y ∈R\E1,
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and by (4) and (5) it follows that

J̃2 :=
[∫ ∞

–∞
xp(1–δσ1)–1

α f̃ p
n (x) dx

] 1
p
[∫ ∞

–∞
yq(1–σ )–1
β g̃q

n(y) dy
] 1

q

=
(∫

E–δ

x
δ
n –1
α dx

) 1
p
(∫

E1

y
–1
n –1

β dy
) 1

q

= n
[

1
(1 + α) –δ

n +1
+

1
(1 – α) –δ

n +1

] 1
p
[

1
(1 + β) 1

n +1
+

1
(1 – β) –

n +1

] 1
q

< ∞.

By (12) and (13) (for f = f̃n, g = g̃n) we have

2
1 – β2

∫

E–δ

xδ(σ1–σ+ 1
n )–1

α dx
∫ ∞

Mα,β

e–ρuγ
uσ– 1

qn –1 du

≤ J1 =
∫ ∞

–∞

∫ ∞

–∞
e–ρ(xδ

αyβ )γ f̃n(x)g̃n(y) dx dy ≤ MJ̃2 < ∞.

Since for any n ≥ 1
σ–σ1

, σ1 – σ + 1
n ≤ 0, by Lemma 1 it follows that

∫
E–δ

xδ(σ1–σ+ 1
n )–1

α dx =

∞. In view of
∫ ∞

Mα,β
e–ρuγ uσ– 1

qn –1 du > 0, we have ∞ ≤ MJ̃2 < ∞, which is a contradic-
tion.

Hence we conclude that σ1 = σ .
The lemma is proved. �

Lemma 4 If there exists a constant M such that, for any nonnegative measurable functions
f (x) and g(y) in R,

∫ ∞

–∞

∫ ∞

–∞
e–ρ(xδ

αyβ )γ f (x)g(y) dx dy

≤ M
[∫ ∞

–∞
xp(1–δσ )–1

α f p(x) dx
] 1

p
[∫ ∞

–∞
yq(1–σ )–1
β gq(y) dy

] 1
q

, (14)

then we have K (γ )
α,β (σ ) ≤ M.

Proof For σ1 = σ , by (8) we have

I1 =
∫

Eδ

I(x)x
δ(σ– 1

pn )–1
α dx = I(–)

1 + I(+)
1 ,

I(–)
1 =

∫

Eδ

I(–)(x)x
δ(σ– 1

pn )–1
α dx, I(+)

1 :=
∫

Eδ

I(+)(x)x
δ(σ– 1

pn )–1
α dx.

In view of the presented results, we find

I(–)
1 =

1
1 – β

∫

Eδ

x– δ
n –1

α

∫ (1–β)xδ
α

0
e–ρuγ

uσ+ 1
qn –1 du dx

=
1

1 – β

∫

Eδ

x– δ
n –1

α

[∫ ∞

0
e–ρuγ

uσ+ 1
qn –1 du –

∫ ∞

(1–β)xδ
α

e–ρuγ
uσ+ 1

qn –1 du
]

dx
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=
n

1 – β

[
1

(1 + α) δ
n +1

+
1

(1 – α) δ
n +1

]

k(γ )
ρ

(

σ +
1

qn

)

–
1

1 – β

∫

Eδ

x– δ
n –1

α

∫ ∞

(1–β)xδ
α

e–ρuγ
uσ+ 1

qn –1 du dx. (15)

Since e–ρuγ u2σ is continuous in (0,∞), and e–ρuγ u2σ → 0 (u → ∞), there exists a positive
constant M1 such that e–ρuγ u2σ ≤ M1 (u ∈ [mα,β ,∞)). By (4) it follows that

0 <
∫

Eδ

x– δ
n –1

α

∫ ∞

(1–β)xδ
α

e–ρuγ
uσ+ 1

qn –1 du dx

≤ M1

∫

Eδ

x– δ
n –1

α

[∫ ∞

(1–β)xδ
α

u–σ+ 1
qn –1 du

]

dx =
M1

∫
Eδ

x
–δ(σ+ 1

pn )–1
α dx

(1 – β)σ– 1
qn

=
(σ + 1

pn )–1M1

(1 – β)σ– 1
qn

[
1

(1 + α)δ(σ+ 1
pn )+1

+
1

(1 – α)δ(σ+ 1
pn )+1

]

,

so that

1
1 – β

∫

Eδ

x– δ
n –1

α

∫ ∞

(1–β)xδ
α

e–ρuγ
uσ+ 1

qn –1 du dx = O(1).

By (15) it follows that

1
n

I(–)
1 =

k(γ )
ρ (σ + 1

qn )
1 – β

[
1

(1 + α) δ
n +1

+
1

(1 – α) δ
n +1

]

–
O(1)

n
. (16)

In the same way, we have

1
n

I(+)
1 =

k(γ )
ρ (σ + 1

qn )
1 + β

[
1

(1 + α) δ
n +1

+
1

(1 – α) δ
n +1

]

–
Õ(1)

n
. (17)

By (14) (for f = fn, g = gn), we have

1
n

I1 =
1
n

(
I(–)

1 + I(+)
1

) ≤ 1
n

MJ̃1.

For n → ∞, by Fatou lemma (see [27]), (16), and (17) we find

2
1 – β2

2k(γ )
ρ (σ )

1 – α2 ≤ M
(

2
1 – α2

) 1
p
(

2
1 – β2

) 1
q

,

so that K (γ )
α,β (σ ) = 2k(γ )

ρ (σ )
(1–α2)1/q(1–β2)1/p ≤ M.

The lemma is proved. �

Lemma 5 We define the following weight functions:

ωδ(σ , y) := yσ
β

∫ ∞

–∞
e–ρ(xδ

αyβ )γ xδσ–1
α dx (y ∈R), (18)
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δ(σ , x) := xδσ
α

∫ ∞

–∞
e–ρ(xδ

αyβ )γ yσ–1
β dy (x ∈R). (19)

Then we have

1 – α2

2
ωδ(σ , y) =

1 – β2

2
δ(σ , x) = k(γ )

ρ (σ )
(
x, y ∈R\{0}). (20)

Proof For fixed y ∈R\{0}, setting u = xδ
αyβ , we find

ωδ(σ , y) = yσ
β

∫ 0

–∞
e–ρ(xδ

αyβ )γ [
(1 – α)(–x)

]δσ–1 dx

+ yσ
β

∫ ∞

0
e–ρ(xδ

αyβ )γ [
(1 + α)x

]δσ–1 dx

=
(

1
1 – α

+
1

1 + α

)∫ ∞

0
e–ρuγ

uσ–1 du =
2

1 – α2 k(γ )
ρ (σ );

for fixed x ∈R\{0}, setting u = xδ
αyβ , it follows that

δ(σ , x) = xδσ
α

∫ 0

–∞
e–ρ(xδ

αyβ )γ yσ–1
β dy + xδσ

α

∫ ∞

0
e–ρ(xδ

αyβ )γ yσ–1
β dy

=
2

1 – β2

∫ ∞

0
e–ρuγ

uσ–1 du =
2

1 – β2 k(γ )
ρ (σ ).

Hence we have (20).
The lemma is proved. �

3 Main results
Theorem 1 If M is a constant, then the following statements (i), (ii), and (iii) are equiva-
lent:

(i) For any f (x) ≥ 0, we have:

J :=
{∫ ∞

–∞
ypσ–1
β

[∫ ∞

–∞
e–ρ(xδ

αyβ )γ f (x) dx
]p

dy
} 1

p

≤ M
[∫ ∞

–∞
xp(1–δσ1)–1

α f p(x) dx
] 1

p
. (21)

(ii) For any f (x), g(y) ≥ 0, we have:

I =
∫ ∞

–∞

∫ ∞

–∞
e–ρ(xδ

αyβ )γ f (x)g(y) dx dy

≤ M
[∫ ∞

–∞
xp(1–δσ1)–1

α f p(x) dx
] 1

p
[∫ ∞

–∞
yq(1–σ )–1
β gq(y) dy

] 1
q

. (22)

(iii) σ1 = σ , and K (γ )
α,β (σ ) ≤ M.



Zhong et al. Journal of Inequalities and Applications  (2018) 2018:234 Page 9 of 14

Proof (i)=>(ii). By Hölder’s inequality (see [28]) we have

I =
∫ ∞

–∞

[

y
σ– 1

p
β

∫ ∞

–∞
e–ρ(xδ

αyβ )γ f (x) dx
]
(
y

–σ+ 1
p

β g(y)
)

dy

≤ J
[∫ ∞

–∞
yq(1–σ )–1
β gq(y) dy

] 1
q

. (23)

Then by (21) we have (22).
(ii)=>(iii). By Lemma 1 we have σ1 = σ . Then by Lemma 2 we have K (γ )

α,β (σ ) ≤ M.
(iii)=>(i). For σ1 = σ , by Hölder’s inequality with weight (see [28]) and (18) we have

[∫ ∞

–∞
e–ρ(xδ

αyβ )γ f (x) dx
]p

=
{∫ ∞

–∞
e–ρ(xδ

αyβ )γ
[y(σ–1)/p

β f (x)

x(δσ–1)/q
α

][
x(δσ–1)/q

α

y(σ–1)/p
β

]

dx
}p

≤
∫ ∞

–∞
e–ρ(xδ

αyβ )γ yσ–1
β f p(x)

x(δσ–1)p/q
α

dx
[∫ ∞

–∞
e–ρ(xδ

αyβ )γ xδσ–1
α

y(σ–1)q/p
β

dx
]p/q

=
[
ωδ(σ , y)yq(1–σ )–1

β

]p–1
∫ ∞

–∞
e–ρ(xδ

αyβ )γ yσ–1
β f p(x)

x(δσ–1)p/q
α

dx

=
(

2k(γ )
ρ (σ )

1 – α2

)p–1

y–pσ+1
β

∫ ∞

–∞
e–ρ(xδ

αyβ )γ yσ–1
β f p(x)

x(δσ–1)p/q
α

dx. (24)

By Fubini’s theorem (see [27]), (24), and (19) we have

J ≤
(

2k(γ )
ρ (σ )

1 – α2

) 1
q
[∫ ∞

–∞

∫ ∞

–∞
e–ρ(xδ

αyβ )γ yσ–1
β f p(x)

x(δσ–1)p/q
α

dx dy
] 1

p

=
(

2k(γ )
ρ (σ )

1 – α2

) 1
q
[∫ ∞

–∞
δ(σ , x)xp(1–δσ )–1

δ f p(x) dx
] 1

p

= K (γ )
α,β(σ )

[∫ ∞

–∞
xp(1–δσ )–1

δ f p(x) dx
] 1

p
.

For K (γ )
α,β (σ ) ≤ M, we have (21) (when σ1 = σ ).

Therefore, statements (i), (ii), and (iii) are equivalent.
The theorem is proved. �

Theorem 2 If M is a constant, then the following statements (i), (ii), and (iii) are equiva-
lent:

(i) For any f (x) ≥ 0 satisfying 0 <
∫ ∞

–∞ xp(1–δσ )–1
α f p(x) dx < ∞, we have:

{∫ ∞

–∞
ypσ–1
β

[∫ ∞

–∞
e–ρ(xδ

αyβ )γ f (x) dx
]p

dy
} 1

p

< M
[∫ ∞

–∞
xp(1–δσ )–1

α f p(x) dx
] 1

p
. (25)
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(ii) For any f (x) ≥ 0 satisfying 0 <
∫ ∞

–∞ xp(1–δσ )–1
α f p(x) dx < ∞, and g(x) ≥ 0 satisfying

0 <
∫ ∞

–∞ yq(1–σ )–1
β gq(y) dy < ∞, we have:

∫ ∞

–∞

∫ ∞

–∞
e–ρ(xδ

αyβ )γ f (x)g(y) dx dy

< M
[∫ ∞

–∞
xp(1–δσ )–1

α f p(x) dx
] 1

p
[∫ ∞

–∞
yq(1–σ )–1
β gq(y) dy

] 1
q

. (26)

(iii) K (γ )
α,β (σ ) ≤ M.

Moreover, if statement (iii) holds, then the constant factor M = K (γ )
α,β (σ ) in (25) and (26)

is the best possible.
In particular, (1) for δ = 1, M = K (γ )

α,β (σ ), we have the following equivalent inequalities
with nonhomogeneous kernel:

{∫ ∞

–∞
ypσ–1
β

[∫ ∞

–∞
e–ρ(xαyβ )γ f (x) dx

]p

dy
} 1

p

< K (γ )
α,β (σ )

[∫ ∞

–∞
xp(1–σ )–1

α f p(x) dx
] 1

p
, (27)

∫ ∞

–∞

∫ ∞

–∞
e–ρ(xαyβ )γ f (x)g(y) dx dy

< K (γ )
α,β (σ )

[∫ ∞

–∞
xp(1–σ )–1

α f p(x) dx
] 1

p
[∫ ∞

–∞
yq(1–σ )–1
β gq(y) dy

] 1
q

, (28)

where K (γ )
α,β (σ ) is the best possible constant factor;

(2) for δ = –1, M = K (γ )
α,β (σ ), we have the following equivalent inequalities with homoge-

neous kernel of degree 0:

{∫ ∞

–∞
ypσ–1
β

[∫ ∞

–∞
e–ρ(yβ /xα )γ f (x) dx

]p

dy
} 1

p

< K (γ )
α,β (σ )

[∫ ∞

–∞
xp(1+σ )–1

α f p(x) dx
] 1

p
, (29)

∫ ∞

–∞

∫ ∞

–∞
e–ρ(yβ /xα )γ f (x)g(y) dx dy

< K (γ )
α,β (σ )

[∫ ∞

–∞
xp(1+σ )–1

α f p(x) dx
] 1

p
[∫ ∞

–∞
yq(1–σ )–1
β gq(y) dy

] 1
q

, (30)

where K (γ )
α,β (σ ) is the best possible constant factor.

Proof For σ1 = σ , under and the assumption of statement (i), if (24) takes the form of
equality for y ∈ R\{0}, then there exist constants A and B such that they are not both zero
and (see [28])

A
yσ–1
β

x(δσ–1)p/q
α

f p(x) = B
xδσ–1

α

y(σ–1)q/p
β

a.e. in R.
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We suppose that A �= 0 (otherwise, B = A = 0). Then it follows that

xp(1–δσ )–1
α f p(x) = yq(σ–1)

β

B
Axα

a.e. in R.

Since
∫ ∞

–∞ x–1
α dx = ∞, this contradicts the fact that 0 <

∫ ∞
–∞ xp(1–δσ )–1

α f p(x) dx < ∞. Hence
(24) takes the form of strict inequality, and so does (21). Hence (25) and (26) are valid.

In view of Theorem 1, we still can conclude that statements (i), (ii), and (iii) in Theorem 2
are equivalent.

When statement (iii) holds, namely, K (γ )
α,β (σ ) ≤ M, if there exists a constant M(≤ K (γ )

α,β (σ ))
such that (26) is valid, then M = K (γ )

α,β (σ ), and we can conclude that the constant factor
M = K (γ )

α,β (σ ) in (26) is the best possible.
The constant factor M = K (γ )

α,β (σ ) in (25) is still the best possible. Otherwise, by (23) (for
σ1 = σ ), we would get a contradiction that the constant factor M = K (γ )

α,β (σ ) in (26) is not
the best possible.

The theorem is proved. �

4 Operator expressions
We set the following functions: ϕ(x) := xp(1–δσ )–1

α (x ∈R), and ψ(y) := yq(1–σ )–1
β , where from

ψ1–p(y) := ypσ–1
β (y ∈R). Define the following real normed linear spaces:

Lp,ϕ(R) :=
{

f ;‖f ‖p,ϕ :=
(∫ ∞

–∞
ϕ(x)

∣
∣f (x)

∣
∣p dx

) 1
p

< ∞
}

,

Lq,ψ (R) :=
{

g;‖g‖q,ψ =
(∫ ∞

–∞
ψ(y)

∣
∣g(y)

∣
∣q dy

) 1
q

< ∞
}

,

Lp,ψ1–p (R) :=
{

h;‖h‖p,ψ1–p =
(∫ ∞

–∞
ψ1–p(y)

∣
∣h(y)

∣
∣p dy

) 1
p

< ∞
}

.

In view of Theorem 2, for f ∈ Lp,ϕ(R), setting

h1(y) :=
∫ ∞

–∞
e–ρ(yβ /xα )γ f (x) dx (y ∈R),

by (25) we have

‖h1‖p,ψ1–p =
(∫ ∞

–∞
ψ1–p(y)

∣
∣h1(y)

∣
∣p dy

) 1
p

≤ M‖f ‖p,ϕ < ∞. (31)

Definition 1 Define the Hilbert-type integral operator T : Lp,ϕ(R) → Lp,ψ1–p (R) as fol-
lows: For any f ∈ Lp,ϕ(R), there exists a unique representation Tf = h1 ∈ Lp,ψ1–p (R), satis-
fying for any y ∈R, Tf (y) = h1(y).

In view of (31), it follows that ‖Tf ‖p,ψ1–p = ‖h1‖p,ψ1–p ≤ M‖f ‖p,ϕ , and then the operator
T is bounded and satisfies

‖T‖ = sup
f ( �=θ )∈Lp,ϕ (R)

‖Tf ‖p,ψ1–p

‖f ‖p,ϕ
≤ M.
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If we define the formal inner product of Tf and g as

(Tf , g) :=
∫ ∞

–∞

[∫ ∞

–∞
e–ρ(yβ /xα )γ f (x) dx

]

g(y) dy,

then we can rewrite Theorem 2 as follows.

Theorem 3 If M is a constant, then the following statements (i), (ii), and (iii) are equiva-
lent:

(i) For any f (x) ≥ 0, f ∈ Lp,ϕ(R), ‖f ‖p,ϕ > 0, we have:

‖Tf ‖p,ψ1–p < M‖f ‖p,ϕ . (32)

(ii) For f (x), g(y) ≥ 0, f ∈ Lp,ϕ(R), g ∈ Lq,ψ (R), ‖f ‖p,ϕ ,‖g‖q,ψ > 0, we have:

(Tf , g) < M‖f ‖p,ϕ‖g‖q,ψ . (33)

(iii) K (γ )
α,β (σ ) ≤ M.

Moreover, if statement (iii) holds, then the constant factor M = K (γ )
α,β (σ ) in (32) and (33)

is the best possible, namely, ‖T‖ = K (γ )
α,β(σ ).

Remark 1 (1) In particular, for α = β = 0 in (27) and (28), we have the following equivalent
inequalities:

{∫ ∞

–∞
|y|pσ–1

[∫ ∞

–∞
e–ρ|xy|γ f (x) dx

]p

dy
} 1

p

<
2�(σ /γ )
γρσ /γ

[∫ ∞

–∞
|x|p(1–σ )–1f p(x) dx

] 1
p

, (34)

∫ ∞

–∞

∫ ∞

–∞
e–ρ|xy|γ f (x)g(y) dx dy

<
2�(σ /γ )
γρσ /γ

[∫ ∞

–∞
|x|p(1–σ )–1f p(x) dx

] 1
p
[∫ ∞

–∞
|y|q(1–σ )–1gq(y) dy

] 1
q

, (35)

where 2�(σ /γ )
γρσ /γ is the best possible constant factor.

If f (–x) = f (x), g(–y) = g(y) (x, y ∈ R+), then we have the following equivalent inequali-
ties:

{∫ ∞

0
ypσ–1

[∫ ∞

0
e–ρ(xy)γ f (x) dx

]p

dy
} 1

p

<
�(σ /γ )
γρσ /γ

[∫ ∞

0
xp(1–σ )–1f p(x) dx

] 1
p

, (36)

∫ ∞

0

∫ ∞

0
e–ρ(xy)γ f (x)g(y) dx dy

<
�(σ /γ )
γρσ /γ

[∫ ∞

0
xp(1–σ )–1f p(x) dx

] 1
p
[∫ ∞

0
yq(1–σ )–1gq(y) dy

] 1
q

, (37)

where �(σ /γ )
γρσ /γ is the best possible constant factor.
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(2) For α = β = 0 in (29) and (30), we have the following equivalent inequalities:

{∫ ∞

–∞
|y|pσ–1

[∫ ∞

–∞
e–ρ|y/x|γ f (x) dx

]p

dy
} 1

p

<
2�(σ /γ )
γρσ /γ

[∫ ∞

–∞
|x|p(1+σ )–1f p(x) dx

] 1
p

, (38)

∫ ∞

–∞

∫ ∞

–∞
e–ρ|y/x|γ f (x)g(y) dx dy

<
2�(σ /γ )
γρσ /γ

[∫ ∞

–∞
|x|p(1+σ )–1f p(x) dx

] 1
p
[∫ ∞

–∞
|y|q(1–σ )–1gq(y) dy

] 1
q

, (39)

where 2�(σ /γ )
γρσ /γ is the best possible constant factor.

If f (–x) = f (x), g(–y) = g(y) (x, y ∈ R+), then we have the following equivalent inequali-
ties:

{∫ ∞

0
ypσ–1

[∫ ∞

0
e–ρ(y/x)γ f (x) dx

]p

dy
} 1

p

<
�(σ /γ )
γρσ /γ

[∫ ∞

0
xp(1+σ )–1f p(x) dx

] 1
p

, (40)

∫ ∞

0

∫ ∞

0
e–ρ(y/x)γ f (x)g(y) dx dy

<
�(σ /γ )
γρσ /γ

[∫ ∞

0
xp(1+σ )–1f p(x) dx

] 1
p
[∫ ∞

0
yq(1–σ )–1gq(y) dy

] 1
q

, (41)

where �(σ /γ )
γρσ /γ is the best possible constant factor.

5 Conclusions
In this paper, by using real analysis and weight functions we obtain a few equivalent state-
ments of a Hilbert-type integral inequality in the whole plane related to the kernel of expo-
nent function with the intermediate variables (Theorem 1). The constant factor related to
the gamma function is proved to be the best possible in Theorem 2. We also consider some
particular cases and the operator expressions in Remark 1 and Theorem 3. The lemmas
and theorems provide an extensive account of this type of inequalities.
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