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Riemann-Liouville fractional integrals

1 Introduction

Let R be the set of real numbers, I C R, I° be the interior of /. The following is the definition
of convex functions which is well-known knowledge in mathematical literature: f : / — R
is said to be convex if the inequality

S+ (1=2)y) <Af() + (1= 1) (9) (1.1)

holds for all x,y € I and X € [0, 1]. We say that f is concave if —f is convex.

For a convex function, many equalities or inequalities have been established, but
Hermite—Hadamard’s integral inequality is one of the most important ones, which is
stated as follows [1]:

If f: I — Risa convex function on / and a, b € I with a < b, then

f(“;b)_—/f(x)d <f()+f() (12)

holds. Both the inequalities hold in the reversed direction if f is concave.

Inequality (1.2) has been a subject of extensive research since its discovery, and a num-
ber of papers have been written providing noteworthy extensions, generalizations, and
refinements for some new class of convex functions.

For example, Orlicz [2] introduced the definition for s-convexity of real-valued map-
pings.

In [3], Hudzik and Maligranda showed the class of mappings which are s-convex in the
second sense in the following way: A mapping f : I € R* = [0,00) — R is said to be s-
convex in the second sense on [ if the inequality

flte+ (1 -t)y) < £f(x) + (1 -2)°f () (1.3)
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holds for all x,y € I and for some fixed s € (0, 1].

Inequality (1.3) holds in the reversed direction if f is s-concave in the second sense.

In [4], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality for functions
which are s-convex in the second sense.

Theorem 1.1 ([4]) Suppose that f:I C R* — R s s-convex in the second sense on I, where
s€(0,1], and let a,b € I with a < b. Iff is in L([a, b)), then the following double inequality
holds:

251f<a+b)_b_ /fx)d a)+f(b) (14)

Both inequalities (1.4) hold in the reversed direction if f is s-concave in the second sense.

In a recent paper, Eftekhari [5] defined the class of (s, m)-convex functions in the second
sense as follows: A mapping f : I € R* = [0,00) — R is said to be (s, m)-convex in the

second sense on [ if the inequality

f(tx +m(1 - t)y) <t'f(x) + m(1 - £)°’f(y)

holds for all x,y € I and for some fixed (s, m) € (0,1]2.

It is easy to observe that for m = 1, the class of (s, m)-convex in the second sense is merely
the class of s-convex mappings in the second sense defined on [0, 00).

Our results generalize the following results which are connected with the left-hand side
of (1.2).

Lemma 1.1 ([4]) Let f be defined on I and differentiable on I° such that a,b € I with a < b,
f' € Lla, b), then the following equality holds:

a+b 1 b
f( . >—mﬁf(t)dt
:b;a[/olgf/(ta+b+(1—t)a)dt+/01(t—1)f/<tﬂ+b

Theorem 1.2 ([5]) Let f be defined on I and differentiable on I° such that a,b € I with
a<b,f €Lla,bl.If|f'| is (s,m)-convex in the second sense on [a, b] for (s, m) € (0,112, then
the following inequality holds:

(252)-5% [0
LGy RGN TE)) N

In [6], in terms of (s, m)-convex functions in the second sense, Sarikaya et al. estab-

+(1- t)b) dt:|. (1.5)

lished Hermite—Hadamard’s inequalities for Riemann—Liouville fractional integral. Fur-
thermore, some results connected with the right-hand side of (1.2) were obtained for
Riemann-Liouville fractional integral.
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Different from [6], our aim of this work is to establish some upper bounds to the left-
hand side of (1.2) for Riemann-Liouville fractional integral. When we take appropriate
parameters, we can get (1.5) and (1.6).

To get our main results, we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus theory which are used further in this paper. For more
details, one can consult [7-9].

Definition 1.1 ([7]) Let f € L,[a,b]. The Riemann—Liouville integrals /% f and J;"f of
order a > 0 with a > 0 are defined by

Jof(x) = ﬁ /:(x -0)*f @) dt, x>a,
1 b
0= 5 / (-2 O dt, x<b

respectively. Here, I' () is the gamma function and ]2+ fx) = ]l?, f(x) =f(x).

2 Main results
For establishing some new fractional integral inequalities of Hermite—Hadamard type for
m-convex or (s, m)-convex functions, we need the fractional integral identity below.

Lemma 2.1 Let f be defined on I and differentiable on I° such that a,b € I with a < b,
f' € Lla, D), then the following equality holds:

a+b\ T(x+1) 2 \*! 9 \o-!
f( 2 >+ b—a |:< —b) (a+b+f() (j) mb +f(b)]
b-al (! p a+b s a+b
“ T [/ f( +(1- )) / f( (1—t)b>dt]. (2.1)

Proof First of all, let
v o (a+b
+(1-2t)a dt—/ tf'l ¢t +(1=¢t)b ) dt
0

b-a s
(e
(I - L). (2.2)

b a
4

By integration by parts and making use of the substitution u = t# + (1 - f)a, we have

Ilzfot"‘f( b:(l—t)a)dt
()L |

( ) ()55 [ o
=i
=1

(u—a)* ' f'(u)du

®

o+l
: — i >+a<a b) / (@ —w)*"'f (u) du

a

+

b o+l
f 5 >+Fa+1)< —b) ]7#)hf(a). (2.3)
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Analogously, by using the partial integral method and variable substitution, the follow-

ing equality holds:
v o [a+b
12:/ f'( ¢ +(1-t)b)dt
o 2
2 a+b 2\
=— r 1l —— o . 2.4
b—af( 2 >+ (or+ )<b—a> (#)*‘f(b) @4)

Thus, using (2.3) and (2.4) in (2.2), we get the required inequality (2.1).
This completes the proof of the lemma. O

ath axo
2

+ = fab f(£)dt hold. So in this case, we can see that equality (2.1) is a general-
s (b) = [ f(2) dt hold. So in thi h lity (2.1) i I

(25
ization of equality (1.5) of Lemma 1.1.

Remark 1 If in Lemma 2.1 we let « = 1, it is clear that ]E’ )+f(a) = f,ibf(t) dt and
2

It is worth noting that Lemma 2.1 plays a key role in proving our main results.

Theorem 2.1 Let f be defined on I and differentiable on I° such that a,b € I with a < b,
f' € Lla,b). If |f'| is (s, m)-convex in the second sense on [a, b] for (s,m) € (0,112, then the
following inequality holds:

a+b\ T(x+1) 2 \*", 2\
p( 2 )+ b-a [(a—b) (”ﬁbff(ﬂ)_(m) (anrb)*f(b)iH
b-a 2 a+b a b

ol 2 () ([ (2) [ (2))] e
4 |s+a+1 2 - p

where B(x,y) is the classical beta function, which may be defined for Re(x) > 0 and Re(y) > 0
by

1
B(x,y) = / Y1 - tde
0

Proof By equality (2.1), it follows that

a+b\ T@+1D[/ 2 \*", 2 \*"

e52)- 2] ) - (52 ]
1
< b;a[/o t“P’(ta+b +(1—t)a>
1
+/0 £ p <t“ ; bia- t)b) ‘ dt]. (2.6)
Since |f’| is (s, m)-convex in the second sense on [a, b], for any ¢ € [0, 1], we obtain
‘f’(t# F(1- t)a) < fL/’(“ ; b) +m(1 - t)P(%)
P’(tﬂ F(1- t)b> < fP(ﬂ) Fm(l— t)sp/@) ‘ (2.8)
2 2 m

dt

) (2.7)




Lian et al. Journal of Inequalities and Applications (2018) 2018:240 Page 5 of 11

Using (2.6), (2.7), and (2.8), we have

(57) e l(as) - (2) i)
<t e (57 e oo Gl o))
e o AT

Remark 2 If we take o = 1 in Theorem 2.1, we get inequality (1.6) of Theorem 1.1 which

was proved in [5].

Theorem 2.2 Let f be defined on I and differentiable on I° such that a,b € I with a < b,
f' € Lla,b). If |f'| is m-convex in the second sense on a, b] for m € (0, 1], then the following
inequality holds:

a+b\ T(a+1) 2\, 2 \“!
(258) 2 -2 ]
b- 1 , ,
<2 e @l o)
m(a + 3) [ a e
T 1)<a+2)<|/ (ZN ' P <E>m )
Proof By equality (2.1), it follows that
a+b\ T(a+1) 2 \*" 2 \*"
P( 2 )+ b-a [(a—b) <%*f(“)_(m) (st f(b)]‘
1 1
gb;a[/o tap/<ta;b+(1—t)a> dt+/0 tap/<ta;b+(1—t)b>‘dt]
b—al (' |.(¢t t
1
+/0 tap/(gm (l—g)b)‘dt]. (2.10)
Since |f’| is m-convex in the second sense on [a, b], for any ¢ € [0, 1], we obtain
St t t t\|,,
P(Eb+(1—§)a> §§[f(b)|+m<1—§>‘/<%)}, (2.11)
[t t t t\| ., (b

Using (2.10), (2.11), and (2.12), we have

r 1 2 a-1 2 a-1
e3) B2 - () ]

<2 [ @l ) a
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This completes the proof. O

Corollary 2.1 Suppose that all the assumptions of Theorem 2.2 are satisfied, and if o = 1,
then we have the following inequality:

E52) st o]
e N 10)) B

Corollary 2.2 Suppose that all the assumptions of Theorem 2.2 are satisfied, and if o = 1,

m =1, then inequality (2.9) becomes the following inequality which was obtained in [10]:

J(57) -t [ <o

Theorem 2.3 Let [ be defined on I and differentiable on I° such that a,b € I with a < b,
f' € Lla,bl. If |f'|? is (s,m)-convex in the second sense on [a,b] for (s,m) € (0,1]> and if
q>1,q>r=>0, then the following inequality holds:

a+b\ T(a+1) 2\, 2\,
P( 2 )+ b-a [(a—b) (%—bff(ﬂ)_(b—a) (%*f(b)]'
b-a[ q-1 ]1-%[( 1 )%V(Mb)‘
< 2
T 4 |lalg-n+qg-1 s+ar+1 2
1 1 a b
+miB(ar + 1,s+1)q(}/’(—> +V(—)D], (2.14)
m m

where B(x,y) is the classical beta function.

Proof Since |f’|7 is (s, m)-convex in the second sense on [a, b] for (s, ) € (0,1]2, one can

get the following inequalities:

1
/Ot“‘j'(t¥+(l—t)a)
Vg N/ Y| ath

dt

0\
dt)

1y, 1-1- a 1 a T3
5(/ t;ql)dt> ,,[/ f*“’P’(ﬂ—”?> dt+/ mt‘”(l—t)sp/(i> dt]q
0 0 2 0 m
B g-1 1 1 (a+b\|?
Clalg-r)+q-1 s+ar+1 2
a\|74
+mB(ar+1,s + DV(E) ] , (2.15)
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/la‘f,(a+b
t t
0
Laatrtm] Tl (3)
T lalg-r)+g-1 s+ar+1 2
b
+mB(ar+1,s + 1)}['(—)
m

Therefore, inequalities (2.6), (2.15), (2.16) and the following relation imply (2.14)

+(1 —t)b)‘dt

q

ar
] . (2.16)

n n n
Z(ﬂt +by) < Zﬂil + Zbil
i=1 i=1 i=1
forO<l<1,ay,a,...,a,>0,b1,by,...,b,>0. O

Corollary 2.3 Suppose that all the assumptions of Theorem 2.3 are satisfied, and if r = 0,
then the following inequality for fractional integrals holds:

(5°) -5 [(ﬁzg)m ey (@)~ (ﬁ)alﬁ’%f “”]‘
= b;a<aqq+_ql—1>2<5+ll>q
L) Gl GID) @

Corollary 2.4 Suppose that all the assumptions of Theorem 2.3 are satisfied, and if r = 0,

=

+m

a =1, then we have the following inequality which was obtained in [5]:
a+b 1 ?
—_— - t)dt
(57) 5 [
- b-a\(q-1 T 1 i
- 4 2g-1 s+1
fa+bh 1(|,.,(a (b
L) GGG i
2 m m

Corollary 2.5 Suppose that all the assumptions of Theorem 2.3 are satisfied, and if we let

r =1, then the following inequality for fractional integrals holds:

a+b\ T(x+1) 2 \*", 2\
P( 2 )+ b-a [(a—b) (”ﬁ”ff(ﬂ)_(E) (az+1;)+f(b)]‘
e b )
o4 la+tl sta+1 2
e )




Lian et al. Journal of Inequalities and Applications (2018) 2018:240 Page 8 of 11

Corollary 2.6 Suppose that all the assumptions of Theorem 2.3 are satisfied, and if r = 1,

a =1, then we have the following inequality which is the result in [5]:

(5 2 () ]
2 G ()] o

Theorem 2.4 Let [ be defined on I and differentiable on I° such that a,b € I with a < b,
f € Lla,b). If |f'|1 is s-concave in the second sense on |a, b] for some fixed q > 1 and s € (0,1],

=

+m

then the following inequality holds:

a+b IMNo+1) 2 "“1a 9\l
(57) Tl (55) arro-(572) )]
b—a[ qg-1 i|1% ﬁ”/,(?)a+b>‘ P,<a+3b)
=< EEEE— 214 +
4 [ag+g-1 4 7

where L + 1 =1.
raq

:|, (2.21)

Proof From Lemma 2.1 and by using Hélder’s inequality for g > 1 and p = q%l, it follows

57) T2 Rt (52 ]
G D
([ ) ([ o-) o)
/ p<t— (l—t)b) dt)] (2.22)

Since |f’|? is s-concave on [4, b], so by using inequality (1.4), we obtain
1 q 3 b q
/ V(ta —t)a) dts?‘ﬂ/’( a7 )
0 4
Analogously,

/1"//(;1 b +(1—t)b) th§2s_lv<ﬂ+3b) q
0 4

Using the last two inequalities in (2.22), we get (2.21). This completes the proof of the
O

@‘ I\J+

IA

b—

Q

IA

theorem.
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Corollary 2.7 Suppose all the assumptions of Theorem 2.4 are satisfied, and assume that
If'| is a linear map, then we get the following inequality:

a+b Mo +1) 2 "“1a 9 \o!
M 2 >+ b-a [(a—b) <%b>+f(ﬂ>—(m> Thﬂb)]‘

1
b-a qg-1 P51
—_— ] 2 ' . 2.2
A ) 229

Theorem 2.5 Let [ be defined on I and differentiable on I° such that a,b € I with a < b,
f' €Lla,b).If|f'|1 is concave in the second sense on [a, b] for some fixed q > 1 and s € (0,1],
then the following inequality holds:

a+b Mo +1) 2 "‘*1a 9 \%!
(5) 50 ((G5) rero-(572) e
b-a (o +3)a+(a+1)b ((a+Da+(a+3)b
S4(01+1)Hf( 2(a +2) )‘-F‘f( e +2) >|:| (2.24)

Proof By the concavity of |[f'|? on [a, b] and the power-mean inequality, we have that |f'|

is also concave on [a, b].
Accordingly, using Jensen’s integral inequality, we obtain

/1t“p’<tu+(1—t)u> dt
0 2
5 (/ p dtﬂ/(fo (% 4 (1 —t)a)dt)’
0 ) e dt

_ 1 [ (@+3)a+(a+1)b ' (2.25)
a+1 2 +2)
Analogously,

/ P (t— +(1- t)b)
([ o (B )

_ 1 V((a +1a+ (o +3)b)" (2.26)
a+1 2(a +2)

Using inequalities (2.25) and (2.26) in (2.6), we get (2.24). This completes the proof of
the theorem. O

Corollary 2.8 Suppose that all the assumptions of Theorem 2.5 are satisfied, and assume
that |f'| is a linear map, then we get the following inequality:

a+b Mo +1) 2 "‘*1(1 9 \%!
P( 2 )+ b-a [(a-b) ]@)*f(“)‘(m) be(b)]'

b-—a |,
< o 1)[]’(61+b)’. (2:27)
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Proof It is a direct consequence of Theorem 2.5 and using the linearity of |f’|. O
Remark 3 When |f’|7 is concave in the second sense on [, b] for some fixed g > 1 and |f|
is a linear map, the error bound in (2.27) is easier to calculate as compared to calculating

it in (2.24).

Corollary 2.9 Suppose that all the assumptions of Theorem 2.5 are satisfied, and if o = 1,
then

(5)- i [s W
(TN 5 (5] a2

Corollary 2.10 Suppose that all the assumptions of Theorem 2.5 are satisfied, and assume

that |f'| is a linear map, and if « = 1, then we get the following inequality:

(*5°) -5 o

b—
< (T“) F(a+b)| (2.29)
Proof 1t is from Corollary 2.8. O

Remark 4 The error bound in (2.29) is easier to calculate as compared to calculating it in
(2.28), when |f'|7 is concave in the second sense on [a, b] for some fixed g > 1 and |f’| is a
linear map.

3 Conclusion

In this paper, we have obtained a new fractional integral identity, which played a key role
in proving our main inequalities. Several Hermite—Hadamard type fractional integral in-
equalities presented here, being very general, are pointed out to be specialized to yield
some known results.
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