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Abstract

In this paper, we introduce a new family of generalized Bernstein operators based on
q integers, called (o, g)-Bernstein operators, denoted by T, 4« (f). We investigate a
Kovovkin-type approximation theorem, and obtain the rate of convergence of T, 44 (f)
to any continuous functions f. The main results are the identification of several
shape-preserving properties of these operators, including their monotonicity- and
convexity-preserving properties with respect to f(x). We also obtain the monotonicity
with nand g of T, g4 (f).
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1 Introduction

A generalization of Bernstein polynomials based on g-integers was proposed by Lupas
in 1987 in [1]. However, the Lupas g-Bernstein operators are rational functions rather
than polynomials. In 1997, Phillips [2] proposed the Phillips g-Bernstein polynomials,
and for decades thereafter the application of g integers in positive linear operators be-
came a hot topic in approximation theory, such as generalized g-Bernstein polynomials
[3-6], Durrmeyer-type g-Bernstein operators [7—9], Kantorovich-type g-Bernstein oper-
ators [10-13], etc. As we know, ¢ integers play important roles not only in approxima-
tion theory, but also in CAGD. Based on the Phillips g-Bernstein polynomials [2], which
are generalizations of Bernstein polynomials, generalized Bézier curves and surfaces were
introduced in [14-16]. In [14], Orug and Phillips constructed g-Bézier curves using the
basis functions of Phillips g-Bernstein polynomials. Digibityiik and Orug [15, 16] defined
the g generalization of rational Bernstein—Bézier curves and tensor product g-Bernstein—
Bézier surfaces. Moreover, Simeonov et al. [17] introduced a new variant of the blossom,
the g blossom, which is specifically adapted to developing identities and algorithms for g-
Bernstein bases and g-Bézier curves. In 2014, Han et al. [18] proposed a generalization of
g-analog Bézier curves with one shape parameter, and established degree evaluation and
de Casteljau algorithms and some other properties. In 2016, Han et al. [19] introduced a
new generalization of weighted rational Bernstein—Bézier curves based on g integers, and
investigated the generalized rational Bézier curve from a geometric point of view, obtain-
ing degree evaluation and de Casteljau algorithms, etc.
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Recently, Chen et al. [20] introduced a new family of «-Bernstein operators, and investi-
gated some approximation properties, such as the rate of convergence, Voronovskaja-type
asymptotic formulas, etc. They also obtained the monotonic and convex properties. For
f(x) € [0,1], n € N, and any fixed real «, the o-Bernstein operators they introduced are
defined as

n
Tua =Y _fips) (), 1)
i=0

where f; =f(£)~ Fori=0,1,...,n the a-Bernstein polynomial pj, ;(x) of degree # is defined
by p\%(x) = 1 - x, p\)(x) = x and

P = [(”'.2) (L-a)+ (’? - 2) (L-a)(1-2)+ (”) ax(l —x)}
’ i i—-2 i

x 2711 — %) (2)

where n > 2.
Motivated by above research, in this paper we propose the g analogue of a-Bernstein

operators, called («, g)-Bernstein operators, which are defined as

Togalfsx)= Y fipl (), 3)

i=0

where g € (0,11, fi = f(122), = 0,1,2,..., 1, p\y(x) = 1 ~x, p\*) () = x, and

[n]q

Pizo,t;,i(x) = |:”l : 2:| (1-a)x+ |:}:__22:| 1- Ol)q”_i_z(l _ qn—i—lx)
1 q

+ |:n:| ax(l—g""'x) | &1 (1 - x)Z""1 (n>2). (4)
i
q

By simple computations, we can also express the («, q) operators (3) as

Tn,q,oz (f; x)
n-1 n
-(1-a) Z(; g {” ; 1] -2 e ZO: fi m X1 -2 (5)
= q i= q
where
O G (P Wl
a=(1- - 1], )“ b1, 7 ©

Here, we mention some definitions based on g integers, the details of which can be found
in [21, 22]. For any fixed real number 0 < g < 1 and each non-negative integer k, we denote
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g-integers by [k],, where

1-gk
qu; 117/1,

k], :=
! k, q=1.

Also, g-factorial and g-binomial coefficients are defined as follows:

[kl lk=11,--- (1] k=1,2,...,

k)=

e 1 k=0,
ni [n],!

[k]q = Wam—f, "2k=0

The g-analog of (1 + x)" is defined by (1 + x)” = I—[”_l(l + ¢°x). The g derivative and
q derivative of the product are defined as D f (x) := d"f =1 (f; lf @ and D,(f(x)g(x)) :
flgx)D,g(x) + g(x)D,f (x), respectively. We also have qu [m] g™ 1 and D,(1 - x)Z
~ g1 — )i,

The rest of this paper is organized as follows. In the next section, we give some ba-

sic properties of the operators T}, ,(f), such as the moments and central moments for
proving the convergence theorems, the forward difference form of T}, (f) for proving
shape-preserving properties, etc. In Sect. 3, we obtain the convergence property and the
rate of convergence theorem. In Sect. 4, we investigate some shape-preserving properties,
such as monotonicity- and convexity-preserving properties with respect to f(x), and also
we study the monotonicity with # and g of T}, . (f).

2 Auxiliary results
For proving the main results, we require the following lemmas.

Lemma 2.1 We have the following equalities:
Tn,q,a(l;x) =1, Tn,q,a(t; x) =X. (7)

Proof By (5), we have

1=l

n-1 n
TR o R T
q q

=1.
However,

Tn,q,a (t; x)

n-1 n 1-i . n-1-if s :
g\ g g 7'y i+ 1] |n-1] 1
=(1-« Z[( [n-1], )@"’ (n-11, [nl, i||: i j|qx(l—x)q

1=

. [dg |n| i
+a2@|:i:|qx(1—x)q
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n-1 . n .
[7] n-1( ; nelei iy |n| n—i
:(l_a)Z[}’l—ql]q[ . :|qx(l—x)q1 +Otl2():ﬁ|:l:| x(l—x)q

q

=(1-a)x+oax=x
Lemma 2.1 is proved. d

Remark 2.2 From Lemma 2.1, we know that the («, g)-Bernstein operators T}, ;. (f; %) re-
produce linear functions; that is,

Tn,q,oz (at + b;x) =ax + b,
for all real numbers a and b.

We immediately obtain Lemma 2.3 from (5) and Lemma 2.1.

Lemma 2.3 For all functions f and g defined in [0,1], x € [0, 1], real numbers X, | defined
in [0,1], and q € (0,1], the following statements hold true.
(i) Endpoint interpolation: T, q4(f;0) =£(0) and T, 4. (f;1) =f(1).
(ii) Linearity: Ty qo(AM + 1g;%) = A0 (f3%) + 0 Tq0(g %).
(ili) Non-negative: For 0 <o <1and0<q <1, iff is non-negative on [0,1], so is
(or, q)-Bernstein operators Ty qq(f;%).
(iv) Monotone: For fixed 0 <o <1 and 0< g <1, iff > g, then Ty 34(f; %) = T 44(g %).

Lemma 2.4

(i) The (o, q)-Bernstein operators may be expressed in the form

Togalfi%) = | (1= [”;1] A;gowm arfo | (8)
q q

r=0

where [" 1y = 0, Arfi= A7 i = g LAY = 1, with A% = £ = f(50).
(i) The higher-order forward difference of g; may be expressed in the form

_— qn—i—l [l]q ‘e qn—i—l—r[i_'_r]q rr
o= (1= Gy oot Eg e ®)

where A)g; = gi, which is defined in (6).

Proof We can obtain (8) easily by [2]. Next, in order to prove (9), we use induction on r. It
is clear that (9) holds for = 0. Let us assume that (9) holds for somer =k > 0.Forr =k +1,
we have

k
Aq+1gi

= Al,;gm - qkASgi

n—i-2[; n—i-2—-Kky;
q [+15\ & q i+k+1];
=(1-T—2 1) Ak AKf,
( (- l]q qf+1 + (- l]q qf+2
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‘ qnzl nLkl[l+/(] ke
| (1T 1, T “1, =

[ g+ glily) 7 Uilg\ g ks
_[l_ [n—1], }A*ﬂ”( [n—l])“‘*f’

n—i-1 n i—2—k
q i+kly & i+klg &
_7A i+ 7A i+
-1, qf 1+ -1, qu
n—i-1y; n—i—2 n—i-1y
q [l]q k+l q k q [l+k]q k
=({1-——)A P — A i+ -— A i+
( [n—11q> R PR R PESTE '

¢ i+ k+ 1],

on, o

Mg\ ke, itk +1], M ivk+ 1],
=(1-—— A fi-—————Afi, Alfis
( -1, )7 P P L PR T L

q" 1] . g2 i k4 1]
- (1= e g et~

_ Mg\ jjn, 4Tk g
‘(1 TR AEA TE

This shows that (9) holds when & is replaced by k + 1, and this completes the proof of
Lemma 2.4. 0

Since f; ]q, [][:li]{q o [’;ﬁq] = Ml)’fm = L (k,ifg), where & € (%, U[J;,I](iq), the g differ-
ences of the monomial x* of order greaterqfhan k are zero. We see from Lemma 2.4 that,
for all n > k, T,,,q,a(tk ;%) is a polynomial of degree k. Actually, the («, g)-Bernstein oper-
ators are degree-reducing on polynomials; that is, if f is a polynomial of degree m, and
then T}, (f) is a polynomial of degree < min{m, n}. In particular, we have the following

results.
Lemma 2.5 Letting f(t) = t*, n — 1 > k > 2, we have

Ty o (tk;x) = x4+ arx + ag,

k(k=1)

_q % [n2g g _ _ _

where ay = kT, {((1-o)[m—klyln—1+Kkly+alnly(n—1]4).
k(2]+/< 1) M) f
kp_a 2 KgfE)

Proof Indeed, from (9) and Ayf; = s , we have
s b Cony
Akg—Aqfo ]qufl: A/;ﬁ):q E(]zr, A],;fl=q kq

[nly [nly

Thus, we obtain

k(k=1) k(k=1)
Mg - (1 X q”‘l[k]q> gk -1+ k), ¢ K,
q50 =

[n-1], k-1, [n]k

q q



Cai and Xu Journal of Inequalities and Applications (2018) 2018:241 Page 6 of 14

Hence, using (8), we have

Ny [r-1] 14k, [a 7"k,
[l e ]

We then obtain the proof of Lemma 2.5 by simple computations. O
Lemma 2.6 The following equalities hold true:

x(l-x) (1-a)g"'[2]x(1-x)

Thga (tz;x) =x? + ol + [n]; , (10)
2, 2(1-x) (1-o)g" '2]x(1-x)
,,qa((t x)%; ) ol + [”]3 . (11)

Proof For f(t) = wehaveAqﬁ) =fo=0, Aqfo =fi-fo= n]Z,Aqfl f2 fl—
A;ﬁ_qA;ﬁ):ﬁ_[z]qﬂw,g_"[[f]];,anquﬁ_Jg_[zqmqﬁ

, B2y =

0 _
Aggo =0, and
Al Al q"? Al 1 2" +q"
= =+ = — + —_—,
e L P Bl PR PR YR
*3[215, 42, R +q™

0= At T, A T I 11, P

From (8), we have

Tyyo (t2 ; x)

=(1- a)Aggo + aAgﬁ) +[(1-a)n— l]qA;go + a[n]qA;ﬁ)]x

[n—1]4[n-2] [n]q[n 1]

+ [(1 - a)i[g]q qA;go +o op — q Aqfo:|
[a-o)n-1, Q-)2q""+q") i:|
- [ CE )2 T
[(1 —a)gln—-1]4n-2];, (A-a)n-21,(q"+q"") aqln- 1]qi|x2
(n]2 (n]2 (1],
_ [n]q + (]- - a)qn_l[z]q <1 _ i _ (1 - a)qn_l[z]q> 2
(12 U, mz )
2 2(1-x) (1-o)g" 2] (1 —x)'
p [n]3

Hence, (10) is proved. Finally, using Lemma 2.1, we obtain
Ty g ((t - x)z;x) =Thga (tz;x) = 2xT 0,0 (%) + X% Trga(1;%) = Ty g (tz;x) -2

Then (11) is proved by (10). This completes the proof of Lemma 2.6. O
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3 Convergence properties
We now state the well-known Bohman—Korovkin theorem, followed by a proof based on
that given by Cheney [23].

Theorem 3.1 Let {L,} denote a sequence of monotone linear operators that map a function
f € Cla,b] to a function L,f € Cla,b), and let L,f — f uniformly on [a,D] for f = 1,t and
t2. Then L,f — f uniformly on [a,b] for all f € Cla,b].

Theorem 3.1 leads to the following theorem on the convergence of («, g)-Bernstein op-

erators.

Theorem 3.2 Let q := {q,} denote a sequence such that q, € (0,1) and lim,_, . q, = 1.
Then, for any f € C[0,1] and a € [0,1], Ty 4« (f;%) converges uniformly to f(x) on [0,1].

Proof From Lemma 2.1, we see that T, ,.(f;x) = f(x) for f(t) = 1 and f(¢) = t. Since
lim,_, 5 g» = 1, we see from (10) that T}, (f;*) converges uniformly to f(x) for f(¢) = t* as
n — oo. It also follows that T}, , , is a monotone operator by Lemma 2.3; the proof is then
completed by applying the Bohman—Korovkin theorem 3.1. g

As we know, the space C[0, 1] of all continuous functions on [0,1] is a Banach space
with sup-norm ||f|| := sup, (o) If (x)|. Letting f € C[0, 1], the Peetre K functional is defined
by K (f;8) := infyec2o){Ilf — gll + 8lg” |1}, where & > 0 and C%[0,1]:={geC[0,1]: g,g" €
C[0,1]}. By [24], there exists an absolute constant C > 0, such that

Ky(f;8) < Can(f;V/9), (12)

where w(f;8) := SUPg_j<s SUP, vspvs2nefo] f (* + 2H) = 2f (x + h) + f (x)] is the second-order
modulus of smoothness of f € C[0, 1].

Theorem 3.3 Forf € C[0,1], « € [0,1], g € (0,1), we have

201, + (1 - @)2[2],g" !

where C is a positive constant.

Proof Letting g € C?[0,1], x, £ € [0, 1], by Taylor’s expansion we have
t
o) =¢(0) +g e =)+ [ (t- g
x
Using Lemma 2.1, we obtain

Tn,q,a (g; x) :g(x) + Tn,q,a (/ (t- M)g”(u) du; x>

Thus, we have

| Ty (gx) —gx) | =

Tn,q,ot (/t(t - u)g”(u) du; x)
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< Tn,q,a( / (t - u)|g" ()| du

< Thga(t—%)%2) [
- [nlg + (1 - a)g" (2],

B 4[n]2

)

"]l (13)

However, using Lemma 2.1, we have
| Togalfi6)| < If1 (14)
Now, (13) and (14) imply

|Tn,q,a(f;x) _f(x)| < |Tn,q,a(f_g;x) - (f_g)(x)| + |Tn,q,a(g;x) _g(x)|

[n]q + (1 - a)qn_l[z]q "

<2|f -gll+

Hence, taking the infimum on the right-hand side over all g € C2[0, 1], we obtain

[n]y + (1 -a)g"! [2]q)

| Toqa(f3) - ()] < 2K (f ; 8n2

By (12), we obtain

21, + (1 - a)2[2],q" "

where C is a positive constant. Theorem 3.3 is proved. d

Remark 3.4 Letting q := {g,} denote a sequence such that g, € (0,1) and lim,— oo g, = 1,
we know that, under the conditions of theorem 3.3, the convergence rate of the operators
Tyq0(f) to f is 1/,/[n], as n — oo. This convergence rate can be improved depending on
the choice of g, at least as fast as 1/4/n.

Example 3.5 Letting f(x) = 1 — cos(4e”), the graphs of f(x) and T}, 40.9(f;x) with different
values of # and g are shown in Fig. 1. Figure 2 shows the graphs of f(x) and T10,0.94(f;)
with @ = 0.6 and « = 0.9.

4 Shape-preserving properties
The (o, q)-Bernstein operators T, ,«(f;*) have a monotonicity-preserving property.

Theorem 4.1 Let f € C[0,1]. If f is a monotonically increasing or monotonically de-
creasing function on [0,1], so are all its («, q)-Bernstein operators for fixed q € (0,1) and
o €[0,1].

Proof From (5), we have

n+l

n
n i i n+1 : .
Tn+1,q,a(f;x)=(1—a)2gi[i} HA-xray fi|: ; } (L -2t
i=0 q i=0 q
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i) 7" ] .. .
where f; = [n+1] ,gi=(1- [n]l 9)f; + [n]; 2f,1. Then the g derivative of T},41,40(f3%) is

Dq [Tn+l,q,oz (f; x)]

n+l

— (1 O{) Zgl [ :| x (1 x)n i + o Zf |:}’l + 1:| x (1 x);+1_i]y
q

and we denote the first and second parts of the right-hand side of the last equation by A;
and A,, respectively. We then have

Ay

=(l-0)) & [ﬂ (1% (1 = gy = I = iy’ (1 = qu) ]

q
" n-1 i-1 n—i A n-1 i n—i-1
==y | D || A A—ai =Y e | A g
i-1 =i, i=0 Ly
n-1
n-1 ; n-i-1 A1
:(l—oz)[n]qZ|: ; }x(l—qx)q A8
i=0 q

Using (9), we obtain

n—ifs; n i-1 1
A;gt = <1 _T Y [l]q>A;ﬁ + [l * Aqﬂu

[nlq

Thus, we have

n-1
Av = (=) Y [(Irly = i) Ay + 4l Mg fn] [ : 1]
i=0 1
x (1 —gu)y . 1

Similarly, we can obtain

n

Ay =aln+1], Z |:’::| (- qx)g"A;ﬁ. (16)
q

i=0

Therefore, by using (15) and (16), the derivative of (o, g)-Bernstein operators T, 4 (f;x)
may be expressed in the form

Dy[ Toga(fi)]
n-1

_ (1 B O[) Z[([”]q _ qn_i[l’]q)A};fi + qﬂ—i—l[l’ + 1]qA1 ,'+1] |:}’1 : 1:|
q

i=0

n
< xi(l _ qx)Z—i—l +on+ l]q Z |:l::| xi(l - qx);"'A;fi.
i=0 a
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Since if f is monotonically increasing on [0, 1], the forward differences ALfi and ALfi,, are
non-negative, and so is D,[T},4«(f;%)]. Hence, (@, g)-Bernstein operators T}, (f;x) are
monotonically increasing on [0, 1] for fixed g € (0,1) and « € [0, 1]. On the contrary, if f is
monotonically decreasing on [0, 1], then operators T}, ;. (f;x) are monotonically decreas-
ing on [0, 1] for fixed g € (0,1) and « € [0, 1]. Theorem 4.1 is proved. a

The (a, q)-Bernstein operators T, (f;*) have a convexity-preserving property

Theorem 4.2 Let f € C[0,1]. Iff is convex on [0, 1], so are all of its («, q)-Bernstein oper-
ators Ty, 40 (f; %) for fixed q € (0,1) and o € [0,1].

Proof From (5), we obtain

Tn+2,q,oz (f; x)
wl n+1 w2 n+2
=(1- oz)Zg,|: ) :| X1 - x)y” ”1+aE f|: :| X1 - x)”*Zl
i
i=0 q i=0 q

n—i+l[»] n—i+1 [i] . . .
wheref; = [n+2] gi=1-1 [n+1]:, 4)f; + 1 [n+1]; 2f;.1. The g-derivative of T}y.9,4.«(f; %) can easily

obtained by the proof theorem 4.1, which may be expressed as

Dq[Tmz,q,a(f;x)] =(1-a)n+ 1]’12 |:7] ‘(1 -gx)y” (g —
q

i=0

n+l

1
n+2q2[n+ :| ‘1 - qx)’“+1 1 —f)-
q

Then we have
D;[Tn+2,q,a (f; x)]

=(1-a)n+1lyy m (i1 = gDy [*'(1 - g2)7 7]
q

i=0

n+l

n+2qZ|:n+li| (fis1 = f1)Dg [x(l qx)” . 1]
q

By some easy computations, we obtain

n-1
n-1 1
D2[ n+2qoz(f X ] =(1- O‘)[”"'l]q q |: j| 1 q x)" - A; i
i=0 q
n

+afn+2],n+ l]qz |:n:| (1-¢ x)" lA;fi,
i
q

i=0

ﬂ 1+
where A; c=(1- [ml]mq A qf [mglfz]" A;ﬂ+1. By the connection between the second-

order g differences and convexity, we know that Aﬁfi and Af}ﬂﬂ are all non-negative since
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f is convex on [0,1]. Hence, we obtain D;[Tmz,q,a(f ;x)] > 0, and then the convexity-
preserving property of T, ;. (f;x). Theorem 4.2 is proved. g

Next, if f(x) is convex, the («, q)-Bernstein operators T}, ,«(f;x), for n fixed, are mono-
tonic in g.

Theorem 4.3 For0<q, <q, <1, € [0,1] and forf(x) convexon [0,1], then T, 4, «(f;%) <
Tn,ql,oz (f; x)

Proof In the following main proof of our results, we must introduce a linear polynomial

function:
_ fi+1 _fi [i]q
glx) = Tl 1y X - W +fir (17)
My — Tnlg 1

where % <x< [i[:l]liq Ji=f (%), i=0,...,n—1. Then it is straightforward to check that
gi=g( [n[i]i’]q ). Since f is convex on [0, 1], the intrinsic linear polynomial function g(x) must

be convex on [0, 1] as well. Therefore, by the classical results of g-Bernstein operators (see
[3]), we note that

Tg0(f3%) = (1 — )BL_(g;x) + aBL(f;x). (18)

We have B, (g;x) < B! (g;x) and B2 (f;x) < Bl (f;x), and the desired result is obvious.
Theorem 4.3 is proved. d

Finally, if f(x) is convex, we give the monotonicity of («, g)-Bernstein operators T}, 4« (f’
x) with 7.

Theorem 4.4 Iff(x) is convex on [0, 1], for fixed g € (0,1) and « € [0, 1], we have

Tn—l,q,a (f; x) — Tn,q,a (f; x>0 (n=>2).

Proof Combining (17) and (18), and the fact that if f and g are convex on [0, 1], then

Bl ,(gx) =Bl (g%),  B,(fix) = Bi(f;x)
(see [25]). The desired result is obvious. O

Example 4.5 Letting the convex function f(x) = 1 — sin(wx), x € [0, 1], the graphs of f(x)
and T),09,09(f;x) with different values of n = 10,15,20,30 are shown in Fig. 3. Figure 4
shows the graphs of f(x) = 1 — sin(7x) and T19,4,09(f; %) with g = 0.6,0.7,0.8,0.9.

5 Conclusion

In this paper, we proposed a new family of generalized Bernstein operators, named («, q)-
Bernstein operators, and denoted by T}, ;. (f). We study the rate of convergence of these
operators, investigate their monotonicity-, convexity-preserving properties with respect
to f(x), and also obtain their monotonicity with # and g of T}, 4« (f).
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Figure 4 Monotonicity of Tj 4« (f;X) in the parameter g
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