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In this paper, we study a class of critical elliptic problems of Kirchhoff type:
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where a,b>0, u €[0,1/4), o, B € [0,2),and g € (1, 2) are constants and 2*(«t) = 6 — 2«
is the Hardy-Sobolev exponent in R3. For a suitable function f(x), we establish the
existence of multiple solutions by using the Nehari manifold and fibering maps.
Moreover, we regard b > 0 as a parameter to obtain the convergence property of
solutions for the given problem as b N\ 0 by the mountain pass theorem and
Ekeland’s variational principle.
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1 Introduction and main results

In the present paper, we consider the following Schrédinger equation:

2—a

2 2
a+b / |Vu|2—uu—dx —Au—ui
R3 || |x|2

2% (ar)=2 q-2
_ ul u @ (1.1)
Joe|* |x|#

where a,b > 0, u € [0,1/4), «, B € [0,2), and g € (1,2) are constants and 2*(«) = 6 — 2« is
the critical Hardy—Sobolev exponent.

We call (1.1) a Schrodinger equation of Kirchhoff type because of the appearance of the
term b( [ |Vul? — puus®|x|7* dx)®*/2 which makes the study of (1.1) interesting. Indeed, if
we choose it = o = 0and let |u|*u + f (x)|u|92u|x| P = k(x, u) — V (x)u, then (1.1) transforms
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to the following classical Kirchhoff type equation:

—<a+bf |Vu|2dx>Au+ V(x)u = k(x, u) (1.2)
R3

which is degenerate if » = 0 and non-degenerate otherwise. Equation (1.2) arises in a mean-
ingful physical context. In fact, if we set V(x) = 0 and replace R3 by a bounded domain

Q C IR?, then we get the following Dirichlet problem:

—(a + b/ |Vu|2dx)Au =k(x, u)
Q

which is related to the stationary analogue of the equation

2 2

0“u
dx)|— =0

x)axz

proposed by Kirchhoff in [16] as an extension of the classical D’Alembert’s wave equation

ou
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for free vibrations of elastic strings. This model takes the changes in length of the string
produced by transverse vibrations into account. After J. L. Lions in his pioneer work [21]
presented an abstract functional analysis framework to (1.2), this problem has been widely
studied in extensive literature such as [8, 11, 12, 19, 20, 24, 25].

In their celebrated paper, Ambrosetti et al. [2] studied the following semilinear elliptic

equation with concave-convex nonlinearities:

—Au=|ulP?u+&u|7%u, inQ,

I,[:O, on BQ,

where Q isabounded domainin RN, £ >0and1<g<2<p < 2" =2N/(N — 2) with N > 3.
By the variational method, they obtained the existence and multiplicity of positive solu-
tions to the above problem. Subsequently, an increasing number of researchers have paid
attention to semilinear elliptic equations with critical exponent and concave-convex non-
linearities; for example, see [1, 5, 13, 14, 27, 29] and the references therein.

Using the Nehari manifold and fibering maps, Chen et al. [6] extended the above analysis

to the subcritical semilinear elliptic problem of Kirchhoff type:

—M([o, |Vul* dx) Au = g(x)|ulPu + Ah(x)|u|"?u  in ,
u=0 ona,

where M is the so-called Kirchhoff function depending on 1 <g<2<p <2 Qis a
bounded domain with a smooth boundary in RY and the weight functions &,g € C(R)

satisfy some specified conditions

fjE =max{£f,0} #0 and gi =max{£g,0} #0,
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they proved the existence of multiple solutions of it. In the critical case, Lei et al. [19]
considered the following Kirchhoff problem in three dimensions:

—(a+e [o|VulPdx)Au=u + \ut™ inQ,

u=0 onad,

where € > 0 is a sufficiently small constant, and they employed the mountain pass theo-
rem to show that the problem admits at least two different positive solutions. Some other
related and important results can be found in [18, 23] and the references therein.

Before stating our main results, we introduce some function spaces. Throughout the
paper, L(R?) (1 < p < +00) is the usual Lebesgue space with the standard norm |u|,, and
we consider the Hilbert space D?(R3) equipped with its usual inner product and norm

1

3

(M,V)DI,Z(RS)Z‘/. VuVvdx and ||u||D1,2(R3):</ |Vu|2dx>.
R3 R3

By the well-known Hardy inequality [17]

2
/ ——dx<4 | |Vudx,
R

3 |x|? R3

we derive that the induced inner product and norm

1
u? 2
(uv)—f VuVy - uﬁdx and || = (/ |Vu|? —,u| |2d>

are equivalent to the usual inner product and norm on D**(R3) for any pu € [0,1/4). As a
special case of [15, Lemma 2.3], for any u € [0,1/4) and s € [0, 2), we can define

2%(s)
Sus = {/ |Vul? - ,u,—dx u € D"*(R%) and Jul dle}. (1.3)

r3 |

We also know that S, ; can be attained by a positive function U € D"*(R?) satisfying

L2 UZ*(S) 3-s
/|VU|2—u—dx=/ ] dx=S8%:. (1.4)
R3 |2 R |x[°

Motivated by all the works mentioned above, we are interested in the multiplicity and
asymptotic behavior of solutions of (1.1) whose natural variational functional is

b
4 —

a
J() = = llue])* + e * - / |t x| dx — —/ S @)|u||x] 7 dx.

2 o 2*( )
Note that we can adopt the idea used in [28] to prove that /(u) is well-defined on D2(RR?)
and of class C!. Furthermore, any solution of (1.1) is a critical point of J(«). Hence we
obtain the solutions of it by finding the critical points of the functional J(z). To this aim,

we assume the following condition:
) 05 f(x) € L(R3) and there exists Ry > 0 such that suppf € Bg,(0).
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Since suppf C Bg,(0), using Holder’s inequality and (1.3), we have

2%(8)-q * _q
x)|u|? 1 @) ul¥#) @
S )|ﬂ| dxilfloo(/ ﬂdx> (/ | |/5 dx)
r3 | By (0) %] Br.(0) ||

0

25(B) 45
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For the convenience of narration, we set

J2ab 1 @ 6-a-2q
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Aq & max{ii.Az),

Ay 2 max{q)»l/\/Z(lL - a),qkz/Z},

and
Ay 2 min{A1,As, Ag}, A = min{Ay, A3, Ag), Ay = min{is, Ag, As),
where Cp > 0 is given by Lemma 3.3 and #; € (0,1) only depends on A3.

Remark 1.1 ltis easy to see that the constants A; for i € {3,4,5} are independent of b, and

then A, is also independent of b.
We are ready to state our first result.

Theorem 1.2 Assume (F), u € [0,1/4), o, B € [0,2), and q € (1,2), then for any a,b > 0
problem (1.1) admits at least one positive solution for A € (0, A) and two positive solutions
for & € (0, Ayy).

Remark 1.3 If the whole space R? is replaced by a bounded domain Q and f(x) = 1 with
B =0, Theorem 1.2 can be seen as an improvement of the main results in [3, 7]. On the

other hand, Theorem 1.2 extends the results of [6] to a more general case.
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Inspired by the works in [8, 24, 25], we prefer to study the asymptotic behavior of mul-
tiple solutions to (1.1) because the solutions depend on the parameter b. By analyzing the
convergence property, we establish the following result in this paper.

Theorem 1.4 Assume (F), u € [0,1/4), o, B € [0,2), and q € (1,2), then (1.1) has at least
two positive solutions u) and u; for any A € (0, Au). Moreover, let ) € (0, y) and a > 0
be fixed constants, then there exist subsequences still denoted by themselves {ull;} and {ui}
such that ul, — u' in D'*(R®) as b\, 0" for i € {1,2}, where u' and u® are two nontrivial

solutions of

2%(ar)-2 ) 2]9-2
a —Au—ui = Jul “ +Af( Il u' (1.6)
|| |x[#

Remark 1.5 A natural question is why we do not study the convergence of solutions ob-
tained in Theorem 1.2. In fact, if we do this step by step, we can only prove that equation
(1.6) has at least one nontrivial solution. The main reason for this phenomenon is that
we cannot prove there exists d; < 0 independent of b such that m* < d; (see Lemma 2.5
for details). To explain this in a little more detail, we assume there exists a sequence
{up} C DYA(R3) of solutions of (1.1) satisfying J(u;) = m~ < 0. By a standard method, we
can show that there exists u € D"*(R3®) such that u;, — u in D"2(R3) as b — 0*. Unfortu-

nately, we fail to prove m* - 0 as b — 0%, which yields u« # 0.

The outline of this paper is as follows. In Sect. 2, we present some preliminary results.
In Sect. 3, we obtain the existence of two local minimax solutions of (1.1). In Sect. 4, we
prove the convergence property on the parameter b > 0.

Notations Throughout this paper we shall denote by C and C; (i = 1,2,...) various pos-
itive constants whose exact value may change from lines to lines but are not essential to
the analysis of problem. We use “—” and “—” to denote the strong and weak convergence
in the related function space, respectively. For any p > 0 and any x € R?, B,(x) denotes the
ball of radius p centered at x, that is, B,(x) := {y € R3:|y—x| <p}.

Let (X, - ||) be a Banach space with its dual space (X*, || - ||.), and W be its functional
on X. The Palais—Smale sequence at level d € R ((PS); sequence in short) corresponding
to W satisfies that ¥ (x,) — d and ¥'(x,) — 0 as n — oo, where {x,} C X.

2 Nehari manifold and fibering map
In this section, we study the so-called Nehari manifold because the variational functional
J () is not bounded from below on D?(R?). Let us define
N ={u e DV*(R*)\{0} : {J' (), u) = 0},
and then any nontrivial solution of (1.1) belongs to V. Obviously, # € A if and only if

a||u||2+b||u||4_°‘—/ |u|2*<“>|x|-“dx—A/f(x)|u|q|x|-ﬂdx:o and 1 #0.
R3 R3

The following lemma tells us the behavior of /() on N.
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Lemma 2.1 The functional ] (i) is coercive and bounded from below on N'.

Proof For any u € NV, since a € (0,2) and g € (1,2), we get

1 2-a¢ o, (1 1 g
= - "(u),u) > —— - --— C S Lllull?,
J () =] (u) @) (' (), u) > Ll <q @) ) f oo Cro .45, 5 14l
which yields that /() is coercive and bounded from below on . O

The Nehari manifold AV is closely linked to the functions ¢, (£) = J(¢«) for any ¢ > 0. As
we all know, the above maps were introduced by Drabek and Pohozaev [9] and discussed
in Brown and Zhang [4] (or Chen et al. [6]). For any u € D*%(R3), we have

a b )l
Qu(t) = S llull® + —— £ |ul| ™ — v L 5 dx
2 d-a 2%(at) Jps  |x|* q Jrs x|
2%(a) q
* u x)|u
) =atlul? s o6 ute -t [ 1T ap ey [ SO g
RS [%|* r3 |x|P
/ 2 2 4 2*(a)-2 |u|> @
@L(8) = allul® + b(3 — )2 ] = (2" (@) — 1) 2 / T
R3 X
x)|ul?
~g-ne, [ LD,
r3  |x[f
It is easy to see that for any u € D"2(R?)\{0} and ¢ > 0 we obtain
2*(01) q
* u xX)|u
t(pl;(t) = dt2||u||2 + bt4—a”u”4—a _t2 (ot)/ L dx — 9 f( )| | dx,
R |x]¢ ®3 |x|P

which gives that ¢/ (¢) = 0 if and only if fu € A In particular, ¢/ (1) = 0 ifand only if u € \.
Arguing as Brown and Zhang [4], we split V' into three parts:

Nt ={ueN:¢,Q1)>0},
N ={ueN:¢)1)=0},
N~ ={ueN:¢)1)<0}.

Therefore, for any u € A/, we have

2%(e)
<p;’(1)=a||u||2+b(3—a)||u||4-“—(5—2a)/ " g q— . [ LS 4,
RS |®|® r3 |x|P

2 4 |"‘|2*(a)

- a(2- llul® + bd—a -l - (2'@) ) [ 1)
R3 ||

— 2 4—o * f(x)|u|‘1
=aa —4)||ull” + b(a = 2)||u]|* % + (2 (oz)—q))»‘/]R3 P dx. (2.2)

It is similar to the argument in Brown and Zhang [4, Theorem 2.3] that we can derive

the following result.

Lemma 2.2 Suppose u € DY*(R®) is a local minimizer for J(u) on N and u ¢ N°, then
J'(u) = 0 in (DV*(R3))*.
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Inspired by the above lemma, we will study when A/° = ¢/ is established.
Lemma 2.3 If0 <A < A; 2 max{i;, A}, then N° =

Proof We argue it indirectly and assume that, for any u € N°, using (2.1) and (2.2) we have

2/ab2— q)d—a —q)u] ™
< a2 )lull® + b(d - — g)|lul ™

|2 )

- @@ -a) [ s @ g 1

and by (1.5)
2(2 - a)V2abllu]| 7 < a4 20)|ull® + b2 — ) ul**
- (2"(@) - g1 Rsf(ﬁlz:zqq
< (2°() = Q) Mf 1o Crp S, 5 1017,
which yields that

2*(@)

|:2\/ab(2—0])(4—a—61)5u,§ }— -l < |:(2*(Ol)—61))xlf|ooCRo,ﬁvq:|ﬁ. 03)
2@ -4 L se-ayvEast,

On the other hand, using (2.1) and (2.2) again we have

a2 - lull® < a2 - q)llul® + b4 -« - q)llul*

(2(2) - q) e,
= (2%(@) - / x
VD Jos e

2*(e)

< (2°(0) - q)Spa” Nl

and by (1.5)

a(4 - 20)|u)|* < a4 - 20)|ull® + b(2 - o) |l *™
_ (2 - / F )|

||P

_q
= (2*(06) - q))‘lflooCRo,ﬂ,qSqu ”u”q7
which yields that

1

2@ g
[—4(2 ~ DSy Tza <|lul| < [(2*(“) - q))\lflooCRo,ﬂJIi| e

d (2.4)
2(e)-q ald-20)S? ,

Combining (2.3) and (2.4), we obtain A > A; = max{XAj,A,}, which is a contradiction.
Hence N° = ¢ for any 0 < A < A; = max{A, A2}. The proof is complete. O
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To find solutions of (1.1), it is necessary to consider whether A'* are nonempty.

Lemma 2.4 Assume (F) and for any 0 < A < Ay, then for any u € DV?(R®)\{0} there exist
to > 0 and unique t* and t~ with 0 < t* <ty <t~ such that t*u e N+ and

J(tru) = OSiItlsfm](tu) and ] (¢ u) = sup/(tu).

t>to

Proof Compared with the results in [6], the proof is standard after some simple modifica-
tions and we omit it. O

From Lemma 2.3, we know that A" = N* U N~ forany 0 < A < A; = max{A;,A,}. More-
over, by Lemma 2.4 we have N'* ¢ and by Lemma 2.1 we may define

m = ulgj{/](u), m* = L,g;%f(”)’ m = Mér}\ﬁ_](u).
Then we have the following result.

Lemma 2.5 Under the assumptions of Theorem 1.2, we have
(i) If0< A < Ay =max{Ari.Ay}, then m* <0;
(ii) If0 < A < Ay 2 max{ghr1/+/2(4 — &), gry/2}, then there exists do > 0 independent of b
such that m~ > dy. In particular, we have m* =m <0< m™.

Proof (i) For any u € N'*, by (2.1) we know

|M|2*(a)

a2 = )l + bd—a = g)Jul** > (2*<a)—q)/

RS [x[®

which implies that

_ a-q) o bld-a-q) ., 2%()-¢q | @)
I ==Lt - 2o B e A [
a2-g-2@) ., Mh-a-Qa-2) .,

Dl + D e <o

Thus we obtain that m* < 0.
(ii) To end the proof, we split it into the following two cases.
Case 1: 0 < A < qh1//2(4 - @).

Similar to (2.3), we can derive

2 (@)
2./ab(2 - q)(4—a —q)S, 2
||u||>[ Vab2-a el

2
53
foranyu e N~ (2.5)
2*() —q ] Y

Then, for any u € N~ C A and by (1.5), we have that

_a(2%(e) -2) b(2 - a) A2 () —q) [ f&)[ul?

2 d-a _
0= 0@ " e T 2@ e WP
2(2 — a)v/2ab 62 A2%(x) —q) -1
> ||M||q|:m”u” - Wlﬂoockoﬂ,qsu,ﬂ]' (2.6)
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Combining (2.5) and (2.6), we know that if A < gA1/+/2(4 — «), there exists dy > 0 indepen-
dent of b such that m~ > d.
Case 2: 0 < X < qhy/2.

Similar to (2.4), we can derive

2*(a)

1

2— Slé 4-2a

o] > [%] foranyu e N~. (2.7)
a —

Then, for any u € N~ C A and by (1.5), we have that

a2 (a)-2) b2-a) pea M2 —q) [ fX)[ul?
==y " @™ 2@ Je P
ad—20) 5 AM2*(a)-q) -4
> ||M||q|:T(a) lloell = — Wlf|ooCRo,ﬁ,q5M_,g]~ (2.8)

Combining (2.7) and (2.8), we know that if A < g),/2, there exists dy > 0 independent of b
such that m~ > dj. The proof is complete. O

3 Proof of Theorem 1.2
In this section, we prove Theorem 1.2. Using Ekeland’s variational principle [10] and the

argument in [6, Lemma 5.2], we have the following result.

Lemma 3.1 Under the assumptions of Theorem 1.2, we have
(i) If0 <X < Ay, then J(u) has a (PS),, sequence {u,} C N;
(i) If0 < A < Ay, then J(u) has a (PS),- sequence {u,} C N~.

The following lemma provides the interval where the (PS) condition holds for J(u).

Lemma 3.2 If) € (0, A.), any (PS). sequence of ] (u) contains a strongly convergent subse-

quence whenever ¢ < C;"m — CoA22-9) where

4q
. a2 - a) <bSM,2a + /bZS;“Lj;‘ +4zzS,W)%

Ca = 33 ) 2

4o
b2 - a) 42‘x<bS,ﬁa +,/D2SE e +4aSM,a)‘§;‘§

Y B wE—a) 2

(3.1)

and C, is a positive constant given by Lemma 3.3 below.

Proof Let {u,} C D"*(R3) be a (PS), sequence of J(u), and we conclude that {u,} is
bounded in DV*(R3). In fact

c+1+o)luall = J(u,) - ﬁ(]/(un); un)

od—-q _1
e 1CronaS il

a2 -a) 4
> l[24,]1% —
q(4 -

T 2(4-a)
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which vyields that {u,} is bounded in D*?(R¥) since 1 < g < 2. Up to a subsequence if
necessary, there exists u € D"*(R?) such that u, — u in D"*(R®), u,, - u in L], (R?) for
r€[1,2*()) and u,, — u a.e. in R3. Next we prove that u,, — u in D2(R3).

By the concentration compactness principle [22], there exist a countable set I, a set of
different points {x;} C R*\{0}, nonnegative real numbers Wi Vs forj € I', and nonnegative

real numbers g, ¥o, and vy such that
Vatn|* = dii = |Vul® + Y 18y, + 1odo,
jer
uplx| > = dy = u”|x[” + yodo,
> = v = ul” @l ™+ Y 08y + vod,

jer

where §, is the Dirac mass at x € R®. Without loss of generality, we only consider the
possibility of concentration at the singular point 0 € R3. To do it, for any € > 0, we let
x; & B.(0) for allj € I" and choose ¢ to be a smooth cut-off function such that 0 < ¢ <1,
¢ =0 when x € BS(0), ¢ =1 when x € B.5(0) and |V¢€¢| < 4/¢. Then

lim lim/ |Vu,,|2<p€dleimf ¢ dii > o,
R3 e—0 R3

e—~>0n—00

lim lim | ?[x|2¢°dx = lim / @ dy = o,
e—0 R3

e—>0n—00 R3

lim lim / 1|2 @ x| € dix = lim/ € dv =y, (3.2)
R3 e—0 R3

e—>0n—00

lim lim U, Vu,p©dx =0,
e=>0n—>00 [p3

e—>0n—00

lim lim / F0) 1|7 P € dx = 0.
R3
Since {u,} is bounded, using (3.2) we have

0 = lim lim (/' (), ")

e—>0n—00

W2
= lim lim {(a + bllun||2_°‘) (/3 Vi€ + 1, Vi€ — X dx)
R

€—0n—>00 ]

_/ |24 |* @ ¢ gy [ F@ul®
R3

¢ €dx
e ¥ [T }

> alito — 1yo) + b(1o — wyo) 2 — vy

In view of Sobolev inequality (1.3), that is, Siéa)/zvo < (uo - MJ/o)z*("‘) 2 we derive
2-a
Sl:f(?t_a)(luo - MVO)Z_O[ - b(/,Lo - ,LLyO) 2 —a>0,

which gives that

2

4-q
bSue +,/D2SE e +4aS, ) s

(,LL() - :u/VO) = S;L,a(

Page 10 of 19
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Therefore we have

c+o(1)

= ) = — (7 () 1)

=/\Uy _4-—Ol Uy), Uy

_o2=e) o 2-C ua*' @  4-a-gq ()17
T26—a) N 2B o) Jes T T ql-a) Jes P

a2-a) 2 2-«a d-a-q -
22(4_a)(uo 1yo + llul )+2(4_a)(3_a)vo =) 1 CrunaS,p ]
>M( _ )+2_—°‘[a( — uve) + (o — )%‘ﬂ]_cxﬁ
= 24—a) Mo — 1Yo 20— a)3-a) Mo — UYo MHo — 1Yo 0
_al2-a) b2 -a) 4a 2 . 2

" 26w 0TI g o T T T CRTT Z G m G

a contradiction! Hence we have

f |24, @ || dxc — f )2 @ || dix,
R3 R3

which together with (1.5) implies

/ F ) u )% dx — / F)|ul?|x|? dx.
R3 R3
Hence there holds
o(1) = {J' () = J' (), 14, — )
= (a + blluwal ™) Wy s — 1) — (@ + bl|ua]|**) (W4, 4y — 11) + 0(1)

= (@ + bl |*) (s — st — 1) + b(lla 1> = 21>~ (14, — ) + 0(1)

> alluy — ull* + 0(1),
which yields that u,, — u in D*2(R3). The proof is complete.
To apply in Lemma 3.2, we have the following result.

Lemma 3.3 Under the assumptions of Theorem 1.2, there holds

2

2 2 - 2— 4—o — 0C, 2-q

sup/(tl) <}, , — CO)ngq, Co = a2-e)(2-9q) |:( @ - g)|fl /2R°’ﬂ‘q] !
=0 ’ 2q(4-a) a2-a)Syy

2
Jor any & € (0, Ay). In particular, m™ < ¢, , — CoA > for any 1 € (0, A,).
Proof For ¢, > 0 given by (3.1), we have that

2
2—

Cpow—Cor74 >0 forany A € (0,23).
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Let us define
12 @) | u|2*(a)

a. 2 b 4-a 4—a
t) = =t7||U —t u -
gle) = SN+ et - s | S

2+ Gt -G, >0
As a consequence of (1.4), we have
a-%5E, a- LB o oS
By some elementary calculations, we have
&) =2C1t + Cy(d — )™ — C32% ()t~ = 0, £>0,
which is equivalent to
=0, t>0.

2C1 + C2(4 - Oé)tz_a - C32*(a)t4‘2"‘

Since 4 — 2« = 2(2 — «), we know that g/(¢) = 0 has a unique root, that is,

4o
+ /szﬁjD‘} +4aS,0\ 7=
) > 0.

1 /bSu
t= S;L,zoz(z_a) ( 2

Therefore we can conclude that
2C, 1% + Cy(d — af*™

_ ) o

maxg(t) = (D) = i7" + Gt )
2—-«a - ~

= Cit Cot*™ =¢* ,

3_a " T3 2 Ciua

which implies that

t1 uj
QI dx foranyt>0.

t1 U\
I(tU)=g(t)——/\/ SO e cer -
q Jrs |xP g Jrs Ix)P

Since J(0) = 0, there exists #; € (0,1) only depending on A3 such that

= for any A € (0, 13).

max J(tU) < ¢, — Cor %4

0<t<ty

On the other hand, by (3.3) we have that

max J(tl) < CZ
t>t

tl ~
o= Do [ enuirt s
q Jr3

which gives
2

max J(tU) <c;,, — CorZ forany 0 <A < Aq.
t>t ’

(3.3)
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Finally, we can deduce that

2
maox](tl,[) <€y~ CorZ1 foranyO<i<A,.
> ?

Since U € D"*(R?)\{0}, by Lemma 2.4 there exists unique ¢ such that t;1/ € N'*. Con-
sequently, we have m~ < J(¢;U) < max,oJ(tU), which completes the proof. O

Now, we establish the existence of a local minimum for /() on .

Proposition 3.4 Assume (F), u € [0,1/4), a, B € [0,2), and q € (1,2), then for any A €
(0, A,) there exists u, € DV2(R?) such that

(i) uy is a positive solution of (1.1) and J(u,) = m =m";

(ii) |leall = O as A — O*.

Proof (i) In view of Proposition 3.1(i), any minimizing sequence {u,} C N of m can be
chosen as a (PS),, sequence of J(u), that is,

J(u,) = m+o(1) and [J(u,)=o0(l) asn— oo.

By Lemma 2.1, we know that {u,} is bounded in D?(R?). Going to a subsequence if nec-
essary, there exists u; € DV?(R3) such that u, — u, in DV*(R3). It follows from the defi-
nitions of m and m™ that m < m™*. Hence u,, — u; in D*(R®) by Lemmas 3.2-3.3, then
J(uy) = mand J'(u;) = 0. Since m < m™* < 0, we can derive u; is a nontrivial solution of (1.1)
by Lemma 2.2. By the fact that /() is translation invariant, we know that J (|u,|) = J(u;) = m
and J'(|u;.|) = J'(u;) = 0. By using Harnack’s inequality [26], it follows that u; (x) > 0 in R3
and then u;, is a positive solution of (1.1). We now claim that u; € N'*. Indeed, we argue it
indirectly and assume u; € N~ by Lemma 2.3. It follows from Lemma 2.4 that there exist
unique ¢ and #; such that ££u; € N* with 0 < £ < £; = 1. By the same idea used in [6,

Lemma 4.2], we know that ¢y, (£) = J(tu,) is strictly increasing on (¢{,¢) and hence
m* <J(tw.) <J(t;up) =J(w,) = m < m*,

a contradiction! So, we can obtain u; € N, which implies that m* < J(u;) = m < m".
Consequently, the proof of (i) is complete.
(ii) Since u; € N'*, then similar to (2.3) and (2.4) we have

1

2
2*(@) = QA lf 1o C 6-a-2 2*(ot) — O A|f |00 C, 7
||uA||<min{|:( () — S| 5045"1] q,[( (o) = g)Alf] d Ro,ﬂ,q:| q},
22 - a)v2abs,, , a(d-2a)S} ,

which yields ||u; || — 0 as A — 0*. The proof is complete. a
Next, we establish the existence of a local minimum for /() on ™.

Proposition 3.5 Assume (F), n € [0,1/4), a, B € [0,2), and q € (1,2), then for any A €
(0, A ) there exists U, € DY*(R®) such that

@) J(U) =m;

(ii) U, is a positive solution of (1.1).
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Proof 1t follows from Proposition 3.1(ii) that there exists a (PS),,- sequence of J(u),
J(u,) — m +0(1) and J'(u,)=o0(l) asn— oo.

Hence {u,} is bounded in D*?(R3) by Lemma 2.1 and there exists U, € D**(R3) such
that u, — U, in D"?(R®) in the sense of a subsequence. Using Lemmas 3.2-3.3, we ob-
tain u, — U, in D*(R®) and then J(U;) = m~ and J'(1;) = 0. In view of Lemma 2.2 and
Lemma 2.5(ii), we know that U, is a nontrivial solution of (1.1). Similar to Proposition 3.4,
we have that U, is positive. The proof is complete. d

We are now in a position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2 The part (i) is a corollary of Proposition 3.4. If A € (0, A..), we can
obtain two positive solutions u; € N* and U; € N~ of (1.1) by Propositions 3.4-3.5. The
definitions of N'* give us N* NN~ = 03, then we know that u; and U, are two different
positive solutions of (1.1). O

4 Asymptotic behavior as b \ 0*

In this section, we regard b € (0, 1] as a parameter in problem (1.1) and analyze the conver-
gence property. To do it, we have to prove that problem (1.1) admits at least two nontrivial
solutions again. We introduce the following variational functional:

b 1 * A
[Jue] = — / || @ ||~ dx — = / F @) ul?|x| 7 dx
o 2%(r) Jgs q Jr3

= Ziul?
o) = Sl + 2=
to emphasize the independence of b € (0, 1].
Now we will verify that the functional /() exhibits the mountain pass geometry.

Lemma4.1 The functional ],(u) satisfies the mountain pass geometry around 0 € DV?(R3?)
forany X € (0, X5), that is,

(i) there exist 8, p > 0 independent of b such that J,(u) > § > 0 when ||ul|| = p;

(i) there exists e € DV2(R3) with ||e|| > p such that J(e) < 0.

Proof (i) It follows from (1.3) and (1.5) that

a - _2%@) oy A _4
Jo(u) > ||u||q<§||u||2 7 Spa® Nul*@ ‘f—;wmczeo,ﬂ,qsﬂfs)

2% (o)

a2 @)-2) ., A g
> q{ipz q—glflooCRO,ﬂquMYZﬂ f

2(2*(a) - q)
where
2%(@) 1
_ [“2*(@5@_ (2- q)} w2
I 2@ -9 :

Therefore there exists § > 0 such that J,(x) > § > 0 when ||«|| = p > 0 for any A € (0, A5).
(ii) Choosing ug € DV2(R®)\{0}, then since 4 — o < 2*(cr) one has

2%(a) 1)@

@) Je dx — —00 ast— +00.

a b , N
Jo(tug) < §t2||u0||2 + 4_at4 uwo )+ -
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Hence letting e = tyuo € DV2(R3)\ {0} with ¢, sufficiently large, we have ||e| > p and J(e) < 0
The proof is complete.

O

By Lemma 4.1 and the mountain pass theorem in [28], a (PS) sequence of the functional
J(u) at the level

¢p = inf max J,(y(¢)) =6 >0

yel te[0,1] 1)
can be constructed, where the set of paths is defined as
Iy :={y € C([0,1],D"*(R?)) : ¥(0) = 0,]5(¥(1)) < 0}.
In other words, there exists a sequence {u,} C D"*(R?) such that
Tp(t6,) = cp, Jy(uy) — 0 asn—> oo. (4.2)

Remark 4.2 By (4.1), we can conclude that ¢, < ¢, — Cor?®=9 for any A € (0, Ay). In fact,
in view of the proof of Lemma 3.3, we obtain

2
supJ(tU) < ¢}, , — CorZ1
>0

for any A € (0,Ax). As the proof of Lemma 4.1(ii), there exists sufficiently large ¢;; > 0

such that J(f;U) < 0. Hence let yo(¢) = ttyy U € T'p, then ¢, < sup,..,J(tU), which yields
Ch < Cu — Cor? 9 for any A € (0, ).

To obtain a solution with negative energy, we introduce the following lemma.

Lemma 4.3 (Ekeland’s variational principle [10], Theorem 1.1) Let V be a complete metric

space and F : V — R U {+o0} be lower semicontinuous, bounded from below. Then, for any
€ > 0, there exists some point v € V with

F(v) < ir‘}fF +¢€, F(w)>F(v)—ed(v,w) forallweV.

Now, we establish the existence of multiple solutions of (1.1).

Proposition 4.4 Assume (F), u € [0,1/4), o, B € [0,2), and q € (1,2), then equation (1.1)
has at least two positive solutions u, and u satisfying

];,(MZ) <0 <]b(ul1,), VA € (0, ).

Proof Let {u,} C D'?(R3) satisfy (4.2), by Lemma 3.2 and Remark 4.2 we derive there
exists u} € D?(R?) such that J; (u}) = 0 and J,(u}) = c;, > 0.

On the other hand, for p > 0 given by Lemma 4.1(i), we define

B, ={ueD(R%), |ull <p}, 9B, ={ueD"(®)|lul = p},
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clearly B, is a complete metric space with the distance d(u,v) = || — v||. It is obvious that
the functional J,, is lower semicontinuous and bounded from below on B,,. We claim that

Ty = inf{]b(u) ‘U € Ep} <0. (4.3)

Indeed, choosing a nonnegative function ¥ € Cgo(]R3), we have

hitw) _ % [ f@Ivl

lim

dx < 0.
t—0 4 q Jr3 |x|/3

Therefore there exists a sufficiently small ¢, > 0 such that ||z, ¥ || < p and J,(t49) < 0,
which imply that (4.3) holds. By Lemma 4.3, for any # € N, there exists 7, such that

~ ~y o~ 1 ~ ~ =

Cp <Jp(u,) <Cp + P and  J,(v) > Jp(2,) - p %, —vl, VveB,.
Then a standard procedure gives that {x,} is a bounded (PS)z, sequence of J,. Therefore,
by Lemma 3.2 and (4.3), there exists u} € D"*(R?) such that J («3) = 0 and J,(u}) = ¢} < 0.

It is similar to Proposition 3.4 that x; and u} are positive. O

For b € (0, 1], we can obtain two sequences {ull,} and {ui} of solutions of (1.1) by Propo-
sition 4.4, that is,

Jo(up) =0, Ju(up) = cp (4.4)
and
T (3) =0,  Ju(u}) = & (4.5)

The variational functional corresponding to (1.6) is given by

1 @ [ @l

a 2
u)=—I\\u - X
Jow) =31l = 32y Jos T P g S

which is of class of C! due to [28]. For any b € (0, 1], we have

23 - )4 — oz)S“’2

R

2-a) - (S,ﬁa +.,/She +4aS, 0\ 54

where M is independent of b.

Proof of Theorem 1.4 To end the proof clearly, we will split it into several steps.
Step 1: There exist four constants independent of b € (0, 1] such that
2 Zem o [ @l

0<é6<cp<My—CorA?Z?2 and —-Cor21 <(p<-— ——————dx <. (4.6)
2q Jrs  |x|P

S
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In fact, the constant § > 0 given by Lemma 4.1 is independent of any 4 > 0, then by (4.1)
we have that J,(u}) > 8. On the other hand, using (1.5) we have

(0) =1 0) 5= (e} i)

a@-a), 52 2"(@)—¢q
22(4—05) ” b” - q2* ()

_p_

_q
)\lf|ooCR0,ﬁ,qS”_2ﬂ ”ui“q = —CoAra.

11 ,
Let v € C3°(R?) satisty [|[¥oll < (24Co/|f looCro,p,4)4 274, 5 and since

1
2
s
t A 1

i 00 _ & [ f@r

t—0 19 q Jr3 |x|f3
we can let £y > 0 such that ||foy/ || < p, where p > 0 is given by Lemma 4.1(ii). Therefore we
can obtain

A f@)ol?

cb:inf{]h(u)iueBP}S_Z RS |x|B

dx < 0.

So the proof of Step 1 is complete.

Step 2: The sequences {u};} (i € {1,2}) contain strongly convergent subsequences.

By (4.4) and (4.5), we know that {uZ} (i € {1,2}) are (PS) sequences of the functionals
J»(u). We claim that {ué} (i € {1,2}) are bounded. In fact,

M > Jy(uy) =T () - ;(]1;(”57)'”2)

4 -«
a-a), ;2 2%a)-¢q g
= 2wl - W= CrosaSuslisl

which yields that {u}} are bounded in D*(R?) since 1 < g < 2. With (4.4) and (4.5) in hand,
we can see Lemma 3.2 as a special case to show that the sequences {ué} (i € {1,2}) contain
strongly convergent subsequences with ¢; < 2(2 - )(3 - &) (aS,,4)®*/=*). Hence there
exist subsequences still denoted by themselves and u' € D"*(R®) such that u}, — #' in
DY(R3®) as b — 0* for i € {1,2}. Therefore, Yo € C;°(R?) we have

0 = (a + bHufg ”27‘1) ./11;3 Vub Vo — uid plx| ™ dx — A{S |u2‘2*(a)72u2(p|x|’°‘ dx

@)yl uyp

-
R3 |x|P

dx
i i -2 (2" @)-2 ; -«
—>a/ Vu'Vo — nu'o|x| dx—f |u| u'olx|™ dx
R3 R3
—Af f(x)|bt"‘L772Lt"gz>|ac|”5 dx
R3

as b — 0%, which yields that ' € D2(R?) are solutions of (1.6) for i € {1,2}.

Step 3: Jo(u?) < 0 < Jo(uh).

Indeed,

]0(1/!1) — blirgr]b(ui) >6>0
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and

[ f@)olt

- dx < 0.
2q Jps  |x|P

Jo(u?) = lim Jy () <

Summing the above three steps, we obtain that z! and u? are two nontrivial solutions of
(1.6). The proof is complete. d

5 Conclusion

This paper is concerned with the qualitative analysis of solutions of a nonlocal problem
with Sobolev—Hardy exponent of Kirchhoff type. Meanwhile, it seems that the study of
Kirchhoff type equation involving Hardy term and singular nonlinearity via the Nehari
manifold and fibering maps is new.
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