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1 Introduction
In this article, we discuss the following new Hadamard fractional differential system with
four-point boundary conditions:

HD"u(t) + f(&,v() = 1;, te(le),

ADPy(t) + g(t,u(t)) =1, te(Le),
u(1)=v(1)=0, 0<j<n-2,

u(e) = av(§), v(e) = bu(n), &,ne€(le),

(1.1)

where a, b are two parameters with 0 < ab(logn)**(log&)#~1 < 1, &, B € (n — 1, ] are two
real numbers and # > 3, f,g € C([1,e] x (—00, +00), (-00, +00)), I, I, are constants, and
Hpe HDP are the Hadamard fractional derivatives of fractional order. A pair of functions
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(u,v) € C[1,€] x C[1,¢] is called a solution of system (1.1) if it satisfies (1.1). We will con-
sider system (1.1) under the case [, [, > 0. We use a recent fixed point theorem for ¢-(/, r)-
concave operators to study system (1.1).

The study of fractional differential equations has made fast development and it has many
applications in some fields such as physics, chemistry, engineering, and biological science;
see [1-18] and the references therein. We can see that the topic of the work are most
Riemann-Liouville and Caputo-type fractional equations. As we know, there is another
kind of fractional derivative which can be seen in the literature due to Hadamard intro-
duced in 1892 (see [19]). This kind of derivative includes a logarithmic function of arbi-
trary exponent in the kernel of the integral appearing in its definition. Recently, there have
been some papers reported on boundary value problems of Hadamard fractional differen-
tial equations, see [20—34]. Ahmad and Ntouyas [20, 21] discussed some fractional integral
boundary value problems involving Hadamard fractional differential equations/systems
and obtained the existence and uniqueness of solutions by applying the Banach fixed point
theorem and Leray—Schauder alternative, respectively.

In [22], the authors studied the boundary value problem of Hadamard fractional differ-
ential inclusions

Hpex(t) e F(t,x(t), 1<t<el<a<2,

(1.2)
x(1) =0, x(e) ="IPx(n), l<n<e,

where F: [1, e] x (00, +00) = 9(—00, +00) is a multivalued map, o(—00, +00) is the family
of all nonempty subsets of (—o0o, +00). By using standard fixed point theorems for multi-
valued maps, the existence of solutions was established.

In [24], the authors applied Leggett—Williams and Guo—Krasnoselskii’s fixed point the-
orems to get multiple positive solutions for Hadamard fractional differential equations on
the infinite interval

Hpeyt) + at)f (u(@®) =0, 1<a<2,te(l,00),

(1.3)
u(1) =0, D lu(o0) = Y1 A IPiu(n),

where n € (1,00),1; >0,8;>0(i=1,2,...,m) are constants.
In [35], the author considered positive solutions for the Hadamard fractional differential
system

Hpey() + Af (¢, u(t),v(t)) =0, te(l,e),
HDBy(t) + Ag(t, u(t),v(t)) =0, te(l,e),
u(1)=v(1)=0, 0<j<n-2,

u(e) = av(§), v(e) =bu(n), &,ne(lye),

(1.4)

where A, a,b are three parameters, o, 8 € (n — 1, n] are two real numbers, and # > 3. By
applying Guo—Krasnoselskii’s fixed point theorem, at least one positive solution was given.

From the papers mentioned above, we can see that system (1.1) is different from (1.2)—
(1.4), and it is a new type of Hadamard fractional differential equations. Motivated by
the recent papers [34, 36], we study the uniqueness of solutions for Hadamard fractional
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differential system (1.1). By using a fixed point theorem of increasing ¢-(/, r)-concave op-
erators, we establish the existence and uniqueness of solutions for system (1.1) dependent

on two constants.

2 Preliminaries
For the convenience of the reader, we present some concepts of Hadamard type fractional
calculus to facilitate the analysis of system (1.1).

Definition 2.1 (see [6]) For a function g: [1,00) — R, the Hadamard fractional integral
of order y is

H _ 1 ! ¢ yilg(s)
Il/g(t) = Wy)/l‘ (10g ;) Tds, V4 >0

provided the integral exists.

Definition 2.2 (see [6]) For a function g: [1,00) — R, the Hadamard fractional derivative
of fractional order y is

1 no ot n-y-1
HD”g(t): m(t%) f <log§> <?afs, n-l<y<mn=[y]l+1,
- 1

where [y] denotes the integer part of the real number y and log(-) = log,(-).

Set 0,4(t) = (log )77 (1 —log ¢) and p,(¢) = (1 —log )7 logt for g > 2, t € [1,e], and

1 logt)71(1 —logs)?! — (log(t/s))?™!, 1<s<t<e,
Go(t,5) = (log£)7~( gs) (log(t/s)) <s<t=< @.1)
T'@) | (loge)r1(1 - logs)i, l<t<s<e.

Lemma 2.1 (see [35]) The function G,(t,s) in (2.1) has the following properties:
() Gy(t,s) is continuous on (t,s) € [1,e]? and Gy(t,5) >0 for t,s € (1,e);
(ii) 04(t)p4(s) < T(q)Gy(t,s) < (q—1)py(s) for t,s € [1,e];
(iil) 04(2)pq(s) < T(q)Gy(t,s) < (g —1)og4(s) for t,s € [1,e].
Next we also need some properties of the Green’s function to study system (1.1).

Lemma 2.2 (see [35]) Let x,y € C[0,1]. Then the following system

HDYu(t) +x(t) =0, te(l,e),
HpBy(t) +y(t) =0, te(l,e),

) , (2.2)
u(1)=v(1)=0, 0<j<n-2,
M(e) = ﬂV(%'), V(e) = blfi(ﬂ); Sr ne (1,6),
has an integral representation
u(t) :flel(l(t,s)@ ds+f1eH1(t,s)@ ds, 23)

We) = [{ Kot )" ds+ [} Hae,9)" ds,
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where

abllogg)"HQoge) !
1—ab(logn)*1(log&)p-?
1 Zi?ig)n)l(}?ig;;l )
T1- ab(lzg(:jﬁ:;g AR
s
1- ab(ligoyﬁole(llogg)ﬁ_l Gu(n,s

Ki(t,s) = Gu(t,s) +

Ks(t,s) = Ggl(t,s) +

Hl(t,S)

Hy(t,s) = ).
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(2.4)

(2.5)

(2.6)

Lemma 2.3 (see [35]) Fort,s € [1,e], the functions Ki(t,s) and Hi(t,s) in (2.4) and (2.6)

satisfy

ab(log )P~ 04 (n)
(1 —ab(logn)*~(log&)A-1)I'(a)

f I(l(t, S)
ab(log&)#~1(1 - (logn)*™1)
~ (1-ab(logn)*~t(log&)P1)I'(a —1)

aop(€)
(1 - ab(logn)*-1(log&)F-1)I'(B)

= Hl(t’s)

(log )"~ py (s)

P (8),

(log)*~* pg(s)

a
= (1= ab(log n)*(log&)P I ( — 1)
ab(log&)P(1 - (log 1))
(1 ab(log )" (log&)P ) (e — 1)
a
(1 ab(log )™ (log&)P )I'(B - 1)

LB (S):

1<1 (t’ S) =<

Hl(t’s) =

(log£)* ™!,

(log)*~L.

Lemma 2.4 (see [35]) Fort,s € [1,e], the functions K(t,s) and H,(t,s) in (2.5) and (2.6)

satisfy

ab(logn)?~0p(£)
(1 - ab(logn)*-t(log&)F-1)I'(B)

< I(Q(f,s)
ab(logn)*1(1 - (log&)#1)
~ (1 -ab(logn)*-(log&)P-H)I'(B - 1)

boa (1)
(1 - ab(logn)*-1(log&)?~1)I ()

< H2(t7 S)

(log )’ pg(s)

0p(s),

(log )’ pe(s)

b
= (1= ab(log n)*(log€)P DI — 1)

ab(log n)*~'(1 - (log&)" )
(1 -ab(logn)*~'(log&)?~)I'a — 1)

P (),

Ky(t,s) < (logt)f™
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HZ(t’ S) =

(1 -ab(logn)*~'(log&)#)I'(e — 1)

Remark 2.1 (see [35]) Fort,se[1,e],

v(log£)* ™ pu(s) < Ki(t,s) < ppa(s),
v(logt)* " ps(s) < Hi(t,s) < ppp(s),
v(log t)ﬂ_lpﬂ(s) = 1(2(t,5) = /,L)Oﬂ(s),

v(log £)? 71 py(s) < Ha(t,s) < 11pa(s),

(logt)f1.

Ki(t,8) < u(log)* 7Y,
Hl(t’s) S ,bL(]Og t)a_l:
Ky(t,s) < u(log £)A-1,

Hy(t,s) < n(log ),

where

N { min{ab(log)’~ u(n), bou(n)}
- (1 - ab(logn)*-'(log&)#)I'()’
min{ab(logn)*~'op(€),a0p(&)} }
(1 —ab(logn)*L(log&)f-Hr(B) |’

) max{b,ab(log£)#~1(1 — (logn)*~1)}
e max{ (1 - abllog n)*(log&)P )T (@ - 1)’
max{a, ab(log n)*~'(1 - (log&)#~1)} }

(1 -ab(logn)*'(log&)F-HIr(B-1)J

Now we present a fixed point theorem which can be easily used to study some systems
of differential equations.

Suppose that (E, || - ||) is a real Banach space and it is partially ordered by a cone P C E.
For any x,y € E, x ~ y denotes that there are 1/ > 0 and w > 0 such that Yyx <y < wx. Take
h>0 (i.e.,, h > 0 and h # 0), we consider a set P, = {x € E|x ~ h}. Clearly, P, C P. Take
another element r € P with 6 <r <k, we define P, = {x € E|x + r € Py}.

Definition 2.3 (see [36]) Assume that A : P, — E is an operator which satisfies: for any
x € Py, and A € (0, 1), there exists ¢(A) > A such that A(Ax+ (A —1)r) > @(A)Ax + (p(X) = 1)r.
Then we call A a ¢-(h, r)-concave operator.

Lemma 2.5 (see [36]) Suppose that P is normal and A is an increasing ¢-(h,r)-concave
operator satisfying Ah € Py, .. Then A has a unique fixed point x* in Py, ,. In addition, for any
wo € Py, construct the sequence w, = Aw,_1,n=1,2,..., then ||w, —x*|| - 0 as n — oo.

For hy,hy € P with hy,hy # 6. Let i = (hy,h), then h € P:= P x P. Take 6 < r; < hy,
0 <ry<hy,andlet 0 = (8,0),r = (r1,r2). Then 0 = (6,0) < (r1,r2) < (h1,hy) = h. That is,
0 <r <h.If Pis normal, then P = P x P is normal (see [37]).

Lemma 2.6 (see [38]) P, = Py, X Py,.
Lemma 2.7 (see [39]) Py, = Py ry X Priyry.

3 Existence and uniqueness of solutions
In this section, let E = C[1, e], then E is a Banach space with the norm ||| = max;e[1,¢ [u(2)].
We will consider (1.1) in E x E. For (u,v) € E x E, let ||(&, v)|| = max{||«], ||v|]}. It is clear
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that (E x E, ||(-,-)||) is a Banach space. Let P = {(#,v) € E x E|u(t) > 0,v(t) > 0}, P={u € E |
u(t) > 0,t € [1,e]}, then the cone P C E x E and P = P x P is normal, and the space E x E
has a partial order: (¢, v1) < (ug,v2) & u1(t) < uy(t), vi(t) < wa(t),t € [1,e].

Suppose f(t,x),g(t,x) are continuous, from Lemma 2.2, (u,v) € E x E is a solution of
(1.1) if and only if (4, v) € E x E is a solution of the following equations:

u(t) = [ Ki(t,9)f (s, v(s) L + [ Hy(t,9)g(s, u(s)E — Iy [ (Ki(t,s) + Hi(t,5) %,
v(t) = [ Ka(t, s)g(s,u(s))% + [ Ha(t,5)f (s, V(S))% — Iy [{(Ka(t,s) + Hz(t,s))%.

For (u,v) € E x E, we define three operators A;, Ay, and T by

A= [ K o)+ [ reglont) -y (e e mies) L,

N

¢ ds ¢ ds ¢ ds
Antt) = [ Kato)glsu) S + [ #es 5v0) 5 1 [ (09 + Hule)
1 1 1
and T(u,v)(t) = (A1u(t),Aav(t)). Then A1,Ay : E — Eand T : E x E — E x E. Evidently,
(,v) is the solution of system (1.1) if and only if («, v) is the fixed point of operator T Let

e

r(t) =1 e(Kl (t,s) + Hi(,5)) é, r(t) =l | (Kx(t,s) + Halt,s)) é, (3.1)
1 N 1 s

hi(t) = My (logt)* 2, hy(t) = My(log 81 tellel, (3.2)
where My > 2uly, My > 2ul,.

Theorem 3.1 Leta, B € (n—1,nl, Iy > 0,1, >0, and ry, 1, h1, hy be given as in (3.1), (3.2).
Assume that f,g € C([1,e] x (=00, +00), (=00, +00)); moreover,
(H1) f:[1,e] x [-r},+00) = (=00, +00) is increasing with respect to the second variable,
where r; = max{r,(t) : t € [1,el}; g: [1,e] x [-r], +00) = (=00, +00) is increasing
with respect to the second variable, where r{ = max{r(¢) : t € [1,e]};
(Ha) for » €(0,1), there exists ¢(A) > A such that

f(t, Ax+ (- l)y) > oA)f(tx), telle]l,xe(-00,+00),y€ [O, r§],
gt rx+ (A =1)y) = e(W)g(t, %), te([l,el,xe(-00,+00),y € [0,r]];
(Hs) f(£,0) = 0,(t,0) = O with f(£,0) % 0,g(t,0) £ 0 for £ € [1, ],
Then:

(1) system (1.1) has a unique solution (u*,v*) in Py,,, where
r(t) = (n (), r2(2)), h(t) = (hi(8), ha(8)),  te[Lel;

(2) for a given point (uo, vo) € Py, construct the following sequences:
U1 () = /leKl(t,s)f(s, v,,(s))% + ﬂeHl(t,s)g(s, un(s))%

e d
" /1 (Kl(t,s)+H1(t,s))?S,
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e d. e d.
Vot (0) = fl (e, ) s () + /1 Fo 6 ) (57a(9) =
e ds
—lg/1 (Kx(t,9) +H2(t,s))?,

n=0,1,2,..., we have u,,1(t) — u*(t), Va1 (t) = v*(t) as n — oo.
Proof By Lemma 2.1, for ¢ € [1,e],

d

ri(t) = lffle(Kl(t,s) +H1(t,s))? >0, ra(t) = Iy fle(l(z(t,s) +H2(t,s))—s > 0.

N

From Remark 2.1, for ¢ € [1, €],
€ ds
n@)=1 [ (K69 + Hi(6.9) T
1

e d

<l / 2u(logt) =

1 S

°d

= 2ulp(logey™ | 2
1

<M (logt)*" = Iy (1),

e d
rat) = I, /1 (Kg(t,s)+H2(t,s))?s

€ d
<1, f 2u(logy 1L
S

1
¢ds
1

< Ms(log )P = hy(8).

=2l (log P!

Thatis, 0 <7, < hy,0<r, <h,.
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In the following, we prove that T : P, — E x E is a ¢-(h, r)-concave operator. For (u,v) €

I_Dh,,, A €(0,1), we obtain

T()L(u, v)+(h- l)r)(t) = T(A(u, V) + (A —1)(r1, rz))(t)
= T(Au +(A=1Dr, Av+ (A - l)rz)(t)

= (A1 (ru + (A= Dr1)), Ay (Av + (A = Dra))(0).
We discuss Ap (i + (. — ry)(¢) and Ay(uv + (o — 1)r2)(8), respectively. From (Hy),
A1 (hu+ (A= 1)ry)(2)
_ /1 “Kut9)f (5, 20(6) + 0. - 1)%))?
+ [ Hue9gs9)+ 0= Dr0) 5 -0

zco(/\)[ /1 1<1(t,sy(s,v<s>)%+ /1 Hl(t,s)g(s,u(s))%]—n(a
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= (p()»)[/ I(l(t,s)f(s, v(s))é + / Hl(t,s)g(s, u(s))é - rl(t)] + [(p(k) - l]rl(t)
1 S 1 S

= p(WA 1) + [9(1) - 1]r(2),
As(Av+ (A= 1)rp)(2)
= /eKz(t,s)g(s, Au(s) + (A — 1)y (s))%
1

ds
s

+ / Hz(t,s)]’(s,kv(s) +(A - l)rz(s)) (t)
1

e ds  [* d
Zgo(k)|: /1 I(Z(t,s)g(s,u(s))?S+ /1 Hz(t,s)f(s,v(s))?s:l—rz(t)

= (p(x)[/l I(z(t,s)g(s,u(s))? + /; Hy(t,5)f (s, V(S))? - rz(t):|

+[o() = 1]ra(®)

= (W) Av(8) + [0(1) — 1]ra(2).
So we have

T (A, v) + (A= 1)r)(2)
> (p)A1(t) + [0(3) = 1]r1(8), () A2v(0) + [9(3) — 1]r2(8))
= (P A1), () A(B) + ((0(3) = 1)r1(0), (0 (4) = 1)r2(0))
= o (1) (A1u(8), Axv(®)) + (0(1) = 1) (r1(8), r2(2))

= (W) T (u, v)(t) + (9(1) = 1))r(2).
That s,
T(Aw,v) + (A= 1Dr) = ()T (u,v) + [() = D]r,  (4,v) € Py, 2 €(0,1).
Hence, T is a ¢-(h, r)-concave operator.

Next we show that T : P}, — E x E is increasing. For (u,v) € Py, we have (i, v) + r € P,.

From Lemma 2.6, (1 + 11,V + ry) € P, X Pp,. So there are Aq, A5 > 0 such that
u(t) +ri(t) = Aha(2), V(t) + ra(t) = Aaha(t), te[l,e].

Therefore, u(t) > Aihi(t) — ri(t) = —r1(t) = —r}, v(t) = dahy(t) — ra(t) = —ry(t) > —r5. By
(H1) and the definitions of A1, A5, we obtain T : ﬁh,r — E x E is increasing.

Now we prove that Th € Fh,,, so we need to prove Th +r € P,. Forte[l,e],

Th(t) + r(t)
= T(h1, ho)(2) + 7(8) = (Arha (2), Agha(2)) + (r1(2), 72(2))
= (A1l (2) + 11 (2), Ashay(t) + ra(2)).
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We discuss A1 5 (t) + r1(2), Axha(t) + 75(2), respectively. By Remark 2.1 and (H;), (H3),
Arhi(t) +r1(2)
¢ ds ¢ ds
- / K65} (s 12(9) " + / H (6,98 51 )
1 1
‘ a-1 PN
> | v(log)* pa(s)f (s, M2 (logs) );
1
¢ a—1 a—1 dS
+ | v(logt)* " pp (s)g(s,Ml(logs) )?
1

€ d. € d.
> v(log t)o"l‘/1 Pa(S)f (s, O)?S +v(log L‘)“"l/1 0p()g(s, O)?S

v € ds
- /1 (pu(5Y(5,0) + p(5)g(5,0) = - n(0)
Arhi(t) + ri(t)
€ ds € ds
_ / Ki(t,5)f (5, 1(s) 2 + / Hi(t,9)g (511 (9)
1 N 1 S

e

€ d. d.
< / pllog 6% f(s, M) 2 + / plog (s, M) %
1 N 1 K
€ d
=/L(10gt)"’1f (f(s,Mz)+g(s,M1))—S
1 S
€ d.
-2 /1 (1(5.M2) + 205, M) (o)

From (Hy), (Hs), one has [*(f(s, Ma) +g(s, M)~ > [*(0,(s)f(s,0) + ps()g(5, 0))% > 0. Let

b= g [ (6,004 519266.0)
L=t /e(f(s,Mg) +g(s,M1))@
My i s
Note that py(s) < 1, pg(s) <1, so l; < by, and thus l1/1(t) < A1l (8) + ri(t) < Lin(2).
This shows A1/; + 11 € Py,. Similarly, we can also get Axly + 2 € Py,. Consequently, by
Lemma 2.7,

Th+r=(Aihy +r,Axhy + 1) € Py X Py, = Py.

Finally, by using Lemma 2.5, T has a unique fixed point («*,v*) € Py, In addition, for any

given (uo, vo) € Py,,, the sequence
(n, Vi) = (Arttp_1,Agve1), n=1,2,...

converges to (u*,v*) as n — 00. Therefore, system (1.1) has a unique solution (&*,v*) in
ﬁh,r; taking any point (o, vo) € Fh,,, construct the following sequences:

Uy (t) = /1 Kl(t,s)f(s,vy,(s))?+‘/1 Hl(t,s)g(s,un(s))?
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e d
—lf/ (I(l(t,S)'l-Hl(trS))?s’

€ d
i)~ [ Kaltigls) S + [ Hat s (59,6)
-1, /e(Kz(t,s) +H2(t,s))—s,
1 S
n=0,1,2,..., we have u,,1(t) = u*(t), V1 (t) = v¥(t) as n — oo. O

4 Example

We consider the following Hadamard fractional boundary value problem:

HD3 u(t) + (Zka% v(t) + 1)5 (ky — klog )5 (log )0 = 1, te(Le),
1842
HDS () + (25*/—"2 u(t) +1)5 (ky — klogt) (logt)10 =1, te(l,e), 1)
18k 2 :
u(1)=v(1)=u'(1)=v'(1) =0,
u(e) = v(e%), v(e) = 2u(e%),

wherea = 8 = 2,n 3, a L,b=2&=e?,n=es with0<ab(logn)* (log&)f 1 =1x2 x
(logeS)2 X (logez)2 = E <1,and

8V 432V6m + 1447 5421 +6\/371

ki =

157‘[ 21,465 7951
8y 288v2m +1728V3n 126 + 4 PN
+ ) = )
T 21,465 7957 157
3 l
254/15 - k2
ft,x) = (7596 + 1) (ko — klog t) (log t)%
18-k
3 1
254/15 - k2 5
g(t,x) = (75x + 1) (ky — klog t)%(log t)l%,
18-k}

lf = I, = 1. Obviously, k1, k; > k, and

f(£,0) = (k — klog t)%(log t)% >0,

Slw

€(6,0) = (ky — klog )5 (log 1)
with f(£,0) #0,g(£,0) # 0. And @u(n) = (3)% x (1- 1) = B2, 05(6) = (})3 (1 - 1) = 2.

1 (logt)%(l —logs)% - (log(t/s))%, 1<s<t<e
F(%) (logt)%(l—logs)%, 1<t<sc<e,

1 (%)%(l—logs)%—(%—logs)%, 1<s<n<e,
r'(3) (%)%(l—bgs)%, 1<np<s<e,
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G = L (%)3(1—1ogs)§—(§—logs>3, 1ss<és<e
TG | (321 -logs)2, 1<&<sc<e,
1 (logt)%(l—logs)%—(log(t/s))%, 1<s<t<e,
Gﬂ(t’s):—5 3 3
I'(3) | (log#)2(1 —1logs)?, 1<t<s<e
Gl - 15 (1)3(1—logs)%—<§—logs)%, 1<s<&<e,
r'(3) ( ) (l—logs)z 1<&<sc<e
b min min{ab(log)"' 0, (1), bos (1)} min{ab(logn)”‘lgﬂ(é),agﬁ@)}}
(1 - ab(logn)*~'(log&)F1)T' () (1 — ab(logn)*~*(log§)P-1)I'(B)
) min{1><2><(l)%x2£7[,2><2‘[} m1n{1><2><( )2 x‘r lx‘/gi}}
=min 3 3 3
[1-1x2x(3)? x(3)2I0())  [1-1x2x(3)? x(3)7IT(3)
 (min{X8, 23} min{L8, L2}
=mmn 54ﬁzi3¢2—; N 3—63«/% }
72 72
_ J/T(6:/6+2)
N 1597’
B max{b,ab(log§)?~'(1 - (logn)*™")} max{a, ab(logn)* (1 - (log§)”™1)}
=T (W= abllogn)*(log€)P DM« — 1)’ (1 - ab(log n)*~(log &P ) (B - 1) }
max{2,1x 2 x ()7 x (1-(3)?)} max{1,1x2x (1) x (1_(%)%)}}
= max ’ 3 3
[1-1x2x ($)i x (l)%lr(i—l) -1x2x ()i xHArG-1
max{2, 9‘/_ f} max{l, 436 }
= max 18\/—«/5 ’ 18\/_\/671 }
36 36
_12/7(v/6+18)
N 537 '
Further,

ds

I2102) =lf/l (Kl(t,s)+H1(t,s)):

[ ds ab(log )P~ (log t)*~! /e ds
- J 6 e g ), S0

a(logt)*! e ds
" 1—ab(log n)*(log )P /1 Gp(§,8)—

S
€ d
(logt)? | Galn,9)=
1 N

ds 27J2+33
/ Galt, s)—s 27V2+3V3
53
54+3f e ds
logt)? | Gu(g,s)=
P tog / o6
8 43267 + 144 54./27 + 64/3 8
\/_ T + \/_ T+ 7T ~(10gt)%—ﬁ~(10gt)%,
157 21,465 7957 157

e d
ra(t) = 1, /1 (1<2(t,s)+H2(t,s))§
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[ ds ab(logn)*(logt)?~! /‘e ds
- J S T g |, S

N b(logt)?1 /eG ( )ds
o rS -
1-ab(logn)*(logé)p1 J, "

- [ B2 gt [(69%

53
108 + 64/6 € d.
+ 1084676 -(logt)%/ Gulm,5) =
53 1 S
sf 28827 + 172831 1267 + 47 N 5
+ ~(log)2 — —— - (log?)2.
157[ 21,465 795w 157
So
3a\? /3k\! 6vi5-k]
i =max{r(¢):te[1,e]} = kl(_1> _k(j) - 7;1,
5k 5k 125 - k2
3 5 5
3ky \ 2 3k \2  64/15-k;}
ry =max{ry(¢):t € [1,e]} = kz(—z) —k(ﬁ) = 722
5k 5k 125 - k2
Take /11 (t) = M, (log t)%, hy(t) = My(log t)%, where
247 (18 + v/6)
My >2oulp= =N 2T
L= Si 537
24 18 6
My > 2l = M
53w
Then
8 432+/6 144 54./2 64/3 8
r() = ﬁ+ T ﬁ+ i id -(logt)%—ﬁ-(logt)%
157 21,465 7951 157
€ 12 18 6 d.
= [ L2ym(18+V6) |\ 345
1 53r s
_24/7(18 +6) f /
ogt)? | —
53
< M (log t)i = h(t),
8 288+/2 1728 12 6 4 8
pote) = (BT 288V2T A 128V | IVOT AV (109 1 - BV (10g 8
157‘[ 21,465 795w 157
€ 12 1
1 53m s
24 18 6 °d
- 247 (18 + V6) ) (logt)%/ as
53w 1 S

< My(logt)? = ha ().
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In addition,

1

(25J_ 5k2x+1>S(k2—klogt)é(logt)36
18- k;
(25\/_ ki +1>§[k2(logt)g—k(logt)g]é
18 k2
25 k* 3 .
( /13- ) [r@)]°
18- k2
(25J_ k_xrz(t)+r2(t)>g
18-k,
g(tx)-(zw_ d ) (ki - Klog#)} (log )
18 - k7
(25J— K +1)5[k1(logt)%—k(logt)g]%
18-k}
(ZSJ— 5k2x+ 1)5[71(t)]%
18- k7
(25\/_ k xrl(t)+r1(t)>
18 k2

For 1 € (0,1), x € (—00,+00), y € [0, 73],

f(tax+ (L - 1)y)

1

{25«/_/(_ (t)[)Lx + (A — l)y] + rz(t)} ’
18k,

- k%{@rz(t)[x+ (1 - 1))’] + l7”2(t)}5
18k g g

Y { 25\/1_55](2 ra(t)x + ( - l) @m(tb’ + l7"2(t)} ’
18k; 18k; g

> A5 { 25\/1—55/(7 ra(t)x + (1 - )rz(t) + Z(t)}s
18k} g

_ é{%*/_"rz(t)mrz(t)r
18k

= M5 £(t,%) = () (%),

g(t, Ax+ (A - l)y)
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- {@rl(t)[kx+ (A =1)y]+ rl(t)}
18k}

25./15k3 1 1 5
2)\% grl(t)[x+ (1 - X)y] + Xrl(t)}
18k}

|
. 1[25V15Kk3 1) 2515k
e

|

2 1
1- =)y Xrl(t)}
18k

e (1= o o)

1
5

————r(t)x + rl(t)}
1
= )\Sg(t’x) = (p()‘-)g(t’x)y
here p(A) = A5, By Theorem 3.1, system (4.1) has a unique solution (&*,v*) in P}, where

r(t) = (r1(8), ra(2))
= (ki(log£)? — k(log#)3, ky(log)? — k(log#)?),

h(t) = (h(6), ha(0)) = (Mi (log )3, My(log#)?), € [1,e].

Taking any point (uo, vo) € Py,,, we construct the following sequences:

d
2 (k(logs)? - k(logt)?),
S

WH®=[KNﬂﬂwMM?+KfMMM@M®)
d 3 5
:S ~ (ky(log#)? — k(log£)?),

e ds e
V() = /1 Ky (t, S)g(s, un(s))? + /1‘ Hz(t,S)_f(S, vn(s))
n=0,1,2,..., we have u,,1(£) — u*(¢), v,;1(t) — v*(¢) as n — oo.
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