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1 Introduction

A very common problem in different areas of mathematics and physical sciences consists
of finding a point in the intersection of convex sets and is formulated as finding a point
z € H satisfying the property

M

ZEﬂC,‘,

i=1

where C;,i=1,..., M, are nonempty, closed, and convex subsets of a Hilbert space H. This
problem is called the convex feasibility problem (CFP). There are various applications of
CFP in many applied disciplines as diverse as applied mathematics, approximation theory,
image recovery and signal processing, control theory, biomedical engineering, communi-
cations, and geophysics (see [1-7] and the references therein).

The problem of finding z € H; such that z € C and Lz € D is called the split feasi-
bility problem (SFP), where C and D are nonempty, closed, and convex subsets of real
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Hilbert spaces H; and H,, respectively, and L : H; — H, is a bounded linear operator. Let
L™Y(D) = {x : Lx € D}, then the SFP can be viewed as a special case of the CFP since it
can be rewritten as z € C N L™!D. However, the methodologies for studying the SFP are
actually different from those for the CFP; see [8—14].

The theory of monotone operators has appeared as a powerful and effective tool for
studying a wide class of problems arising in different branches of social, engineering, and
pure sciences in a unified and general framework. There is a notion about monotone op-
erators and it is one of generalized sums of two monotone operators; see [15, 16] and the
references therein. In recent years, monotone operators have received a lot of attention for
treating zero points of monotone operators and fixed point of mappings which are Lips-
chitz continuous; see [17-22] and the references therein. The first algorithm for approx-
imating the zero points of the maximal monotone operator was introduced by Martinet
[23]. He considered the proximal point algorithm for finding zero points of a maximal
monotone operator. Then, Passty [24] introduced a forward-backward algorithm method
for finding zero points of the sum of two operators. There are various applications of the
problem of finding zero points of the sum of two operators; see [25-29] for example and
the references therein.

Therefore, there are some generalizations of the CFP, which can be formulated in various
ways such as: finding a common fixed point of nonexpansive operators, finding a common
minimum of convex functionals, finding a common zero of maximal monotone operators,
solving a system of variational inequalities, and solving a system of convex inequalities.
Surveys of methods for solving such problems can be found in [2, 4].

Recently, some authors introduced and studied algorithms to get a common solution
to inclusion problems and fixed point problems in the framework of Hilbert spaces; see
[30-32]. Cho et al. [30] considered the problem of finding a common solution to the zero
point problems involving two monotone operators and fixed point problems involving
asymptotically strictly pseudocontractive mappings based on a one-step iterative method
and proved the weak convergence theorems in the framework of Hilbert spaces.

In this paper, motivated and inspired by the above literature, we consider an iterative al-
gorithm for finding a solution of split feasibility problem for a point in zeros of a finite sum
of a-inverse strongly monotone operators and maximal monotone operators and fixed
points of nonexpansive mappings. That is, we are going to consider the following prob-
lem: Let H; and H, be real Hilbert spaces. Let A; : H; — H;, i =1,...,M, be «;-inverse
strongly monotone operators and B; : H; — 21, i =1,..., M, be maximal monotone op-
erators, T;: Hy — H»,j=1,...,N, be nonexpansive mappings, L : H; — H> be a bounded
linear operator. We are interested in considering the problem of finding a solution p € H;
such that

M N
pe (ﬂ(Ai - B,-)-l(0)> nL (ﬂ F(T,-)) = F, (1.1)
i=1 j=1
where F # (). Weak and strong convergence theorems will be provided under some mild
conditions.

The paper is organized as follows. Section 2 gathers some definitions and lemmas of
geometry of Hilbert spaces and monotone operators, which will be needed in the remain-

ing sections. In Sect. 3, we prepare an iterative algorithm and prove the weak and strong
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convergence theorems. Finally, in Sect. 4, the results of Sect. 3 are applied to solve CFP,
multiple-set null point problems, variational inequality problems, fixed point problems,
and equilibrium problems.

2 Preliminaries
Throughout this paper, H will be a Hilbert space with norm || - || and inner product (-, ),
respectively. We now provide some basic concepts, definitions, and lemmas which will be
used in the sequel. We write x, — x to indicate that the sequence {x,} converges strongly
to x and x,, — x to indicate that {x,} converges weakly to x.

Let T': H — H be a mapping. We say that T is a Lipschitz mapping if there exists L > 0
such that

||Tx—TJ’||§L||9C—J’||» Vx»J’EHo

The number L, associated with T, is called a Lipschitz constant. If L = 1, we say that 7 is
a nonexpansive mapping, that is,

Tx - Tyl < llx—yll,  Vax,y€H.
We will say that T is firmly nonexpansive if
(Tx — Ty, x—y) > | Tx — Ty|?, Vx,y€H.
The set of fixed points of T will be denoted by F(T), thatis, F(T) = {x € H: Tx = x}. It

is well known that if T is nonexpansive, then F(T) is closed and convex. Moreover, every
nonexpansive operator T : H — H satisfies the following inequality:

1
(6= Tx) = (y— Ty), Ty - Tx) < EH(Tx—x) —(Ty-y)|°, VxyeH.
Therefore, for all x € H and y € F(T),
1 2
(- Toy-To) < S| Te—al, VayeH, (21)

see [33, 34].

Lemma 2.1 ([35]) Let H be a real Hilbert space and T : H — H be a nonexpansive map-
pingwith F(T) # 0. Then the mapping I - T is demiclosed at zero, that is, if {x,} is a sequence
in H such that x,, — x and ||x, — Tx,,|| — 0, then x € F(T).

A mapping T : H — H is called «-averaged if there exists o € (0,1) such that 7= (1 -

a)l + oS, where S is a nonexpansive mapping of H into H. It should be observed that
1

1
We now recall the concepts and facts on the class of monotone operators, for both single

firmly nonexpansive mappings are - -averaged mappings.

and multi-valued operators.
An operator A : H — H is called a-inverse strongly monotone («-ism) for a positive
number « if

(Ax — Ay,x —y) > a|Ax — Ay||*>, Vx,yeH.
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Lemma 2.2 ([21]) Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let the mapping A : C — H be «-inverse strongly monotone and r > 0 be a constant. Then

we have
[ = rA)e = (1 = rAYy|)” < = yI1> + r(r = 200) | Ax - Ay
forall x,y € C. In particular, if 0 < r < 2«, then I — rA is nonexpansive.
We have the following properties from [36, 37].

Lemma 2.3 We have
(a) The composite of finitely many averaged mappings is averaged. In particular, if T; is
o;-averaged, where a; € (0,1) for i = 1,2, then the composite T1 T, is a-averaged,
where o = a1 + ay — 10ty
(b) IfA is B-ism and r € (0, B], then T := I — rA is firmly nonexpansive.

A multifunction B: H — 2 is called a monotone operator if, for every x,y € H,
(x" —y*x—y) =0, Va* €B(x),Vy" €B(y).

A monotone operator B: H — 2/ is said to be maximal monotone, when its graph is not
properly included in the graph of any other monotone operators on the same space. For
a maximal monotone operator B on H, and A > 0, we define the single-valued resolvent
]f : H — D(B) by ]f = (I + AB)"L. It is well known that ],\B is firmly nonexpansive, and
E(P) = B7(0).

Next, we collect some useful facts on monotone operators that will be used in our proof.

Lemma 2.4 ([38]) Let C be a nonempty, closed, and convex subset of a real Hilbert space
H and A : C — H be an operator. If B: H — 2H is a maximal monotone operator, then
F(B(I-2A)) = (A +B)™(0).

Lemma 2.5 ([39]) Let B: H — 2 be a maximal monotone operator. For A >0, i1 > 0, and
x€H,

JEx =]f<%x+ (1 - %)]fx).

For each sequence {x,} C H, we put
Wy (x,) = {x* € H : there is a subsequence {x,,} C {x,} such that Ky — x*}.
The following lemma plays an important role in concluding our results.

Lemma 2.6 ([37]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{x,} be a sequence in H satisfying the properties:

() limy— oo |l%, — ul| exists for each u € C;

(ii) wy(x,) C C.
Then {x,} converges weakly to a point in C.
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3 Parallel algorithm

Let H; and H, be real Hilbert spaces. Let A; : H; — Hy,i=1,...,M, be a;-inverse strongly
monotone operators and B; : H; — oM ;= 1,...,M, be maximal monotone operators,
T;:Hy — H,, j=1,...,N, be nonexpansive mappings, L : H; — H, be a bounded linear
operator. We will denote by L* the adjoint operator of L. Let {8,} and {},} be sequences

of positive real numbers. For x; € Hy, we introduce the following parallel algorithm:

Yim =%n + A L*(Tj = DLx,, j=1,...,N,

choose  jy, : 19,1 — %all = maxj—1, N 190 — %ull,

Y = Vi (3.1)
Zin :]ﬁ:,(l_,BnAi)ym i= 1;--~;M:
choose iy : ||zi,n — %ull = max;-1, . l1Zin = %n >
Xn+l = Ziyne
We start by some lemmas.
Lemma 3.1 Let o = min{ay,..., o). If
(i) {Bn}C(0,20) and
(ii) {A,) C(a, W)for some a >0,
then the sequences {x,} and {y,} generated by (3.1) are bounded.
Proof Let u € . We have
2
1y = ll® = [0 + X L*(T5, = DLy —
= llotn — ull® + 22u{x — 10, L* (T}, — ) Lix,,)
+ 22| LX(T;, - DLx, |, (3.2)
By (2.1), we get
(xn —u,L*(T;, —I)Lx,,)
=(Lx, - Tj,Lx, + T;,Lx, — Lu, T;, Lx,, — Lx,)
= —||T},Lxy — Lay||* + (Tj, Ly, — Lu, Tj, Lx, — Lix,,)
2 1 2
< =T}, Lxy — Lxull” + 3 I 7}, Lxy — Ly ||
1 2
== I T, Loy, — Loy || °. (3.3)

It follows from (3.2) and (3.3) that

Iy = well® < Nl = 21> = Rl T, L = Lt |> + A5 IL NP1 T, Lt = L)
= [l — ul® = X (1 = AnILI) T, Lt — Ly ||

< oty — ull. (3.4)
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Hence, from Lemma 2.2, Lemma 2.4, and the control conditions on {,} and {A,}, we have

%1 = ll® = 112y — u?
= V5 = Bati yn — T4 (I = Bui
< U= Budi, )y = - Bus,u]”
= o =l + BNl A Yn = Aiystll* = 2B (9 = 1, A, 90 = Aiu)
< llyw — ull?® + BoI A 0 — Ai 1> = 2B, | Ai, y — A, ull®
< Ny = wl® + BuBu — 203, ) 1A, Y — As, ul|?
< llyn —ul®
< lloeu — ul>.
This means that ||x, — || is a nonincreasing sequence of nonnegative real numbers, so it
follows that it is a convergent sequence. Also, from the above inequality, we have ||x, — u||

and ||y, — u|| converge to the same limit point. These imply that the sequences {x,} and
{y,.} are bounded, and the proof is completed. d
Lemma 3.2 I[f0<a<h, <b< 51y, then w,(Lx,) C ﬂf\il F(T)).

2|IL)12?

Proof By (3.4) we have

don (L= RallLIP) N T, Ltn = Ltnl* < 1% = ull® = lyn — | > 0, 11— o0,
and hence,

I T}, Lxy — Lxy|l = 0, n— oo.

Therefore, from (3.1), we get

1
|L*(T;Lxy — L) | = - 19 — %l
n

1
= )L_n”yn _xn”

|17 L, - L)

< LI}, Lxp = Lxyll > 0, 1 — 00, (3.5)
for eachj=1,...,N, which implies that
||L*(T/Lx,, —Lx,,)” -0, n— oco. (3.6)
From (2.1), we have

(AnL*(TjLxn — L) + % — thy =2 L*(TjLx, — Lx,))

= A2\ LH(TiLoy — L) |* = (L% — Lty TiLty, — L)
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= A2 |LX(T;Lxy — Lix,) ||2 — An{Lxy — TiLxy + TiLx, — Lu, T;Lx, — Lx,)
2
= =22 ||L*(TjLaw — Lay) |~ + Aull TiLy — Lull* = A TiLxy — Lus, TyLixy — Lixy,)

1
> =AM LIPNT;L %, = Lty |1® + A | TyLty = Ly || — 5 Anll TiLn = Ly |

1 2 2
=n 3" AnllLI® NI TjLxy = LxylI” = O 3.7)
for eachj=1,...,N. Thus, by (3.6) and the assumption of {1,}, we have
I TiLxy — Lxull = 0, n— oo, (3.8)

for each j = 1,...,N. From Lemma 2.1, we obtain w,(Lx,) C F(T}) for each j = 1,...,N.
This completes the proof. O

Lemma 3.3 Let o = min{ey,...,aum}. If {Bu} C (0,2a). Then, for each i=1,...,M, we have

1%, = zin ll = O.

Proof Since ]gi and I - B,A; are firmly nonexpansive, they are both 2 5-averaged and hence
Tin .—]ﬁ ‘(I - BLA,;) is ——averaged by Lemma 2.3. Thus, for each n e Nand 1 <i <M, we

can write

1 3
Tin= 11 + ZSi,n;

where S;, is a nonexpansive mapping and F(S; ) = F(T;,) = F(]g’i (I-BLAD) = (A; +B;)1(0)
for each n € Nand 1 <i < M. Then we can rewrite x,,1 as

1 3
Xp+l = Tin,n(yn) = Z_yn + ZSin,n(J/n)' (3.9

Let u € (2 (A; + B;)"1(0), we have

2

”xn+l_u||2 = H n —u) + ( i (V) — )
1 3 3
= 2 lyn — M”2 +— ”Sz’y,,n()/n) - M”2 16 ”yn = Siun(n) ”2
< llyn—ul® - — ||yn Siunlyn)|”
and hence,

3
Te = Siun O <y =l = Nt = .

Then

|9 = Sy @) | = 0, 1= o0.
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3
”yn — X1l = ‘_L ||yn - Si,,,n()’n)” -0, n— oo (310)
By (3.5), we get
%0 = yull = %0 = Yjull = 0, 1 — o0. (3.11)
Now, from (3.1), (3.10), and (3.11), we obtain
”xn - Zi,n” =< ”xn - Zin,n” =< ”xn _yn” + ”yn —Xn+l ” - Or n— o0. (312)
O
Lemma 3.4 Assume that 8, — B for some positive real number . Then, for each i =
1,...,M, we have ||x, —]gi(l— BA)x,|| — 0, n — o0.
Proof Set w;, = (I — ByA:)Yu, SO ziy = ]g’i w; . By Lemma 2.5, we have
Bj B
”]ﬂn (I = BuAi)yn _]ﬂ (I = BuAi)yn ”
= pawin =T win
1 ﬁ ﬂ i i
= ]g (Ewiﬁ’l +|1- E ]gnwi,n _]g Win
B B\, 5
< Ewm +|1- B ],f; Win = Win
B |y s
= 11— | Vg win = win|. (3.13)
Bn

On the other hand, we have

B.
Wi = Win | = 1260 — Wi
= |1Ziw = Y + BuAiyul

< Nzin = Xnll + 1120 = yull + BullAiynll.

Since A; is inverse strongly monotone, {y,} is bounded, (3.11) and (3.12) we know that
{||]B}i Win — Wi} is bounded. It follows from B, — B and (3.13) that

5 = BuAi)yn —T5 (I~ BuAi)yu]| = 0, 11— o0. (3.14)
We also have

15 = BuAi)yu —T5 (I~ BAD |
< H (I - ,BnAl')yn - (1 - ,BAi)xn ”
< 1lyn = Zull + Bull Ay = Al + || BuAistn — BA, |

Page 8 of 24
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B
< yn —xall + ;" I9n = %ull + 1Bn = BlllAixa |l

B
(1 + —) lyn = xull + 1B = BlllAixyll = 0, 1 — o0. (3.15)
It follows form (3.12), (3.14), and (3.15) that

“xn _]Bi (1 - ﬁAi)xn H
< 1% = Zinll + H],sl (I = BrAD)Yn _]51‘(1_ BuAi)yn H

”]ﬂl I IBrl l —]ﬂi(l—,BA,-)x,, ” —-0, n— oo,
foreach i =1,..., M. This completes the proof of the lemma. N

Now, the weak convergence of algorithm (3.1) is given by the following theorem.

Theorem 3.5 Let H, and H, be real Hilbert spaces. Let T; : Hy — H,, j=1,...,N, be
nonexpansive mappings, L : Hi — Hy be a bounded linear operator, A; : HL — Hi, i =
1,...,M, be a;-inverse strongly monotone operators, and B; : Hy — oM i =1,...,M, be
maximal monotone operators such that F = (ﬂMl (A; + B)~L(0) ﬂL’l(ﬂle F(T})) #9. Let
a = min{as,...,ou}, By € (0,2a) foreachn e Nand 0 <a <X, <b< 2HLH2’ then the se-
quence {x,} generated by (3.1) converges weakly to a point p € F.

Proof In Lemma 3.1, we show that lim,_,  ||x, — u|| exists for each u € F. From Lem-
mas 3.2 and 3.4 we imply that w,(x,) C F. Then it follows from Lemma 2.6 that {x,}
converges weakly to a point p € F. g

Recall that for a subset C of H, a mapping T : C — C is said to be semi-compact if
for any bounded sequence {x,} C C such that |, — Tx,| — 0 (n — 00), there exists a
subsequence {x,,i} of {x,} such that {%n;} converges strongly to x € C.

Strong convergence of algorithm (3.1), under the concept of semi-compact assumption,

is given by the following theorem.

Theorem 3.6 Let H, and H, be real Hilbert spaces. Let T; : Hy — H,, j=1,...,N, be
nonexpansive mappings, L : Hi — H, be a bounded linear operator, A; : Hi — Hy, i =
1,...,M, be a;-inverse strongly monotone operators, and B; : H; — oM i =1,...,M, be
maximal monotone operators such that F = (ﬂf\fl (A; +B)HO) N L’l(ﬂ}N1 F(T;) # 0. Let
2”L”2 If at least one of
the maps T; is semi-compact, then the sequence {x,} generated by (3.1) converges strongly

a =min{as,...,au}, By € (0,2e) foreachn e Nand 0 <a <A, <b<
to a pointp € F.

Proof Let T; be semi-compact for some fixed j € {1,...,N}. Since lim,,_, o || TiLx,, — LX, || =
0by (4.7), there exists a subsequence {x,, } of {x,} such that it converges strongly to . Since
{x,} converges weakly to p, we get p = g. On the other hand, lim,_, », ||, — p|| exists and
lim,_, o %, — pll = 0, which show that {x,} converges strongly to p € F. This completes
the proof of the theorem. O
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3.1 Deduced results of parallel algorithm
One can obtain some results from Theorem 3.5. We give some of them in the following.

If we take M = N = 1, we have the following corollary.

Corollary 3.7 Let H, and H, be real Hilbert spaces. Let T : Hy — H, be a nonexpan-
sive mapping, L : Hi — Hj be a bounded linear operator, A : H, — H, be an a-inverse
strongly monotone operator, and B : Hy — 21 be a maximal monotone operator such that
(A + B)™H(0) N LY(F(T)) # 0. Suppose that the sequence {x,} is defined by the following
algorithm:

Y =%y + Ay L*(T — I)Lx,,
Xn+1 :]g(l_ ﬁnA)ym

where x, € H,0<a <M\, <b< ﬁ, and B, € (0,2a) for each n € N. Then the sequence
{x} converges weakly to a point p € (A + B)™1(0) N LY (F(T)). If T be semi-compact, then

the convergence is strong.

From Theorem 3.5, we have the following corollary for the problem of finding a com-
mon zero of the sum of «-inverse strongly monotone operators and maximal monotone
operators.

Corollary 3.8 Let H be a real Hilbertspace, A;: H — H,i=1,...,M, be a;-inverse strongly
monotone operators, and B; : H — 2H i =1,...,M, be maximal monotone operators such
that F = ﬂf\fl (A; + B)™Y(0) #@ and a = min{ay, ..., ). Suppose that the sequence {x,} is
defined by the following algorithm:

B; .
Zi,n :Iﬂé(l_ﬂnAi)xm L= 11'--;M1
choose in : ”Zin,n _xn” = max;=1,..M ”Zi,n _xnllr

,,,,,

Xn+l = Ziyn»

where x1 € H and B, € (0,2a) for each n € N. Then the sequence {x,} converges weakly to
a point p € (X, (4; + B)(0).

In the following corollary, we have a result for finding a common zero of a finite family
of maximal monotone operators.

Corollary 3.9 Let H be a real Hilbert space, B;: H — 2, i=1,...,M, be maximal mono-
tone operators such that ﬂf\fl B;1(0) # 0. Suppose that the sequence {x,} is defined by the
following algorithm:

B; ,
Zin=] ;xn, i=1,...,.M,

.....

choose iy : ||zi,n — %nll = max_1, m 2in — %ulls

Xp+l = Zi,,,n)

where x1 € H and B, > 0 for each n € N. Then the sequence {x,} converges weakly to a point
M -1
p < B7H0).
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Corollary 3.10 Let H be a real Hilbert space, A; : H — H, i =1,...,M, be o;-inverse
strongly monotone operators such that ﬂ?flAi‘l(O) # 0 and o = min{oy, ..., ). Suppose
that the sequence {x,} is defined by the following algorithm:

Zin =%Xn _ﬂnAixm i=1,...,M,
choose in : ”Zin,n - xn” = max;=1,..M ”Zi,n _xnllx

Xntl = Ziyl,n;

where x1 € H and B, € (0,2«a) for each n € N. Then the sequence {x,} converges weakly to
a point p € (M, A71(0).

Corollary 3.11 Let H, and H, be real Hilbert spaces and T;: Hy — H,, j =1,...,N,
be nonexpansive mappings and L : Hy — H, be a bounded linear operator such that
F = L’l(ﬂ;\il F(T})) # 0. Suppose that the sequence {x,} is defined by the following algo-
rithm:

Yin =%n + A L*(Tj - DLx,, j=1,...,N,
choose  ji, : |9j,n — %ull = maxj—y, N Yjn — %nlls

Xn+l = yj,,,nx

_1_
2|IL)12

PE ﬂf\il F(T)). If T; is semi-compact for some 1 < j < N, then the convergence is strong.

wherex; e Hand0<a <X, <b< . Then the sequence {x,} converges weakly to a point

4 Parallel hybrid algorithm

Notice that, in order to guarantee the strong convergence theorem of the introduced al-
gorithm (3.1), we proposed an additional assumption to one of the operators T}, as a semi-
compact assumption (see Theorem 3.6). Next, we propose the following hybrid algorithm
to obtain a strong convergence theorem for finding a point in zeros of a finite family of
sums of a-inverse strongly monotone operators and maximal monotone operators and
nonexpansive mappings. Of course, the strong convergence theorems of the following al-
gorithm will be guaranteed without any additional assumptions on the considered opera-
tors. To do this, we recall some necessary concepts and facts: let C be a closed and convex
subset of a Hilbert space H. The operator P is called a metric projection operator if it
assigns to each x € H its nearest point y € C such that

[l = yIl = min{|lx - z|| : z € C}.

An element y is called the metric projection of H onto C and is denoted by Pcx. It exists and
is unique at any point of the Hilbert space. It is known that the metric projection operator
Pc is a firmly nonexpansive mapping. Also, the following characterization is very useful

in our proof.

Lemma 4.1 Let H be a Hilbert space and C be a nonempty, closed, and convex subset of
H. Then, for all x € H, the element z = Pcx if and only if

(x—z,z—y)>0, VyeC.
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Now we are in a position to introduce the aforementioned algorithm: Let x; € C; = H;
and {x,} be a sequence generated by the following algorithm:

Y= 2Ty~ DLy =1, N,
choose  ji, : 19,0 — %ull = maxj_y, N 19jn — %nll,
In = Yjpn>

=J5i I = BuAdyns i=1,..,M,

choose iy, : [1zi,n — %l = max;-y,. a1 Zin — %4,

(4.1)

Zy = Zi,,,m

Cu1={z€Cu:llzn =2zl < llyn —2zll < ll%n —2zll},

Xn41 = Pc,,, %1

Theorem 4.2 Let H, and H, be real Hilbert spaces. Let T; : Hy — H,, j=1,...,N, be
nonexpansive mappings, L : Hi — Hy be a bounded linear operator, A; : HL — Hi, i =

.»M, be a;-inverse strongly monotone operators, and B; : Hl — 2 i=1,...,M, be
maximal monotone operators such that F = (ﬂl [(A;+B)™! ﬂl L F(T, ;z’(?J Let
a = min{ay,...,aum}, By € (0,2) for each n e Nand 0 < a < An < b < Then the se-

quence {x,} generated by (4.1) converges strongly to q = Pr(x1).

2HLH2'

Proof We prove that the sequence {x,} generated by (4.1) is well defined. We first show
that C, is closed and convex for each n € N. C; = H; is closed and convex and suppose
that C, is closed and convex for some 7 > 1. Set

C,={zeHi: |z, -zl < llyn—zl},

Cr={z€H : |y, -zl < llx. -zl },
then C,,1 = C, N CL N C2. For each p € C!, we obtain

lzn = pll < llyn - pl
= Nz =9ty —plI* < lyn-pII?
=z =yull® + 190 =PI + 220 = Y90 = D) < llyn =PI
= lzn = yull® + 220 =y, 9u —p) <O.
This implies that C} is closed and convex. In a similar manner, C? is closed and convex
and so is C,1 = C, N C} N C2. By the induction, C, is closed and convex for each n > 1.

We show that F C C, for each n > 1. Let p € F. From Lemmas 2.2 and 2.4 and (4.1), we
have

2w =PIl = |5 (I = Badi,)yn = T4 (I = Bulki, )1
= ”(1 - ﬁnAi,,)yn - (I - ,BnAln)p”

= lyn -pll-

This together with (3.4) implies that p € C,;41. Then {x,} is well defined.

Page 12 of 24
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Since F is nonempty, closed, and convex, there exists a unique element g € 7 C C, such
that g = Prx;. From x,,1 = Pc,, (¥1), we get

11 = %11l < ll%1 —4]l- (4.2)
Since again x,, = P¢, (x1) and x,,.1 = Pc,,,, (1) € Cyy1 C Dy, we get

I =21l < llpe1 — 21|l (4.3)
Thus, the sequence {||x, — x;||} is a bounded above and nondecreasing sequence, so
lim,, o [|%, — 21]| exists, and the sequence {x,} is bounded. By (3.4) the sequence {y,}
is bounded too.

We show that ||x,41 — %] = 0, ||%, — yull = 0, and ||y, — 24|l = 0. From %, = Pc, (x1),

%Xp1 = Pc,,, (%1) € Cyi1 C Cyy and Lemma 4.1, we obtain

(01 = Xy Xy — Xpi1) = 0

Then we get

2
196 — %1l
2

= %0 — %1 + %1 — X ||
— 2 2
= ”xn _x1|| + 2<xn —X1,%1 _xn+l> + ”xl _xn+1||

2 2
= ”xn _xIH + Z(xn —X1,X1 _xn> + 2<xn —X1,Xn _xn+1> + ”xl _xn+1||

2 2
=< ||xn _xlll - 2(xn —X1,%n _xl) + ||x1 — Xn+l ||

2 2 2
= %0 = 21117 = 201 — 21 [17 + %1 = X

= —llay = x1l1? + 21 = 2w = 0, 1 — o0,
and hence,
%y = %ps1ll >0, n— o0,
By %41 = Pc,,,, (x1) € Cyy1 C C,, and the definition of C,, we obtain
%041 = Znll < %s1 = Yull < %01 — %l
and then
%0 = Y ll < 1160 = Xsr | + %1 = Y ll < 205 — X111l
which implies that

llen = yull = 0, 71— 0. (4.4)
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Also, we have

yn = zull < 170 = %ner | + 1%0s1 = Zall

= 2|%n = X,

therefore,

lyn —zall = 0, n— o0. (4.5)
By (4.4) and (4.5), we obtain

Iy = zull > 0, 71— o0. (4.6)
Now, we show that w,(x,) C F. From (3.5), (3.7), and (4.4), we get

I TiLxy — Lxyll = 0, n— oo, (4.7)
for each j = 1,...,N. It follows from Lemma 2.1 that w,,(Lx,) C ﬂf\il F(T}). By arguing
similarly to the proof of Lemma 3.4, (4.4), and (4.6), we conclude w,,(x,) C F (]gi (I-BA)) =
MY (A; + B)™(0). Therefore,

(%) C F. (4.8)

Finally, we show that the sequence {x,} generated by (4.1) converges strongly to g =
Pr(x1). Since %, = Pc, (%1) and g € F C C,, we get

% =211l < llg = %11 (4.9)

Let {x,, } be an arbitrary subsequence of {x,} converging weakly to p € H;. Then p € F by
(4.8) and hence it follows from the lower semi-continuity of the norm that

lg—x1ll < llp —x1l
< liminf ||, — |
k— 00
< limsup [, — 1
k—00

=< llg -l

Thus, we obtain that limy_, o |, —%1 = llp =1l = llg —x1 . Using the Kadec—Klee prop-
erty of Hy, we get that limy_. . %, = p = g. Since {x,, } is an arbitrary weakly convergent
subsequence of {x,,} and lim,_,  [|%, —x1 || exists, we can imply that {x, } converges strongly
to g. This completes the proof. d

4.1 Deduced results of the parallel hybrid algorithm
One can obtain some results from Theorem 4.2. We give some of them in the following.
If we take M = N = 1, we have the following corollary.
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Corollary 4.3 Let Hy and H, be real Hilbert spaces. Let T : Hy — H, be a nonexpansive
mapping, L : Hy — Hy be a bounded linear operator, A : Hy — H, be an o;-inverse strongly
monotone operator, and B : Hy — 2\ be a maximal monotone operator such that F =
(A + B)™Y0) N L™Y(F(T)) # . Suppose that the sequence {x,)} is defined by the following
algorithm:

Y =%p + Ay L*(T — I)Lxy,
Zy :Ign(l_ﬂnA)yn;
Cin1={z€Cy:llzn—2z|l < llyn—zll < %0 —2l},

KXn+l = Plexl;

wherex; € C1 =H;,0<a<i,<bc< ﬁ, and B, € (0,2w) for each n € N. Then the se-

quence {x,} converges strongly to q = Pr(x1).

From Theorem 4.2, we have the following corollary for the problem of finding a com-
mon zero of the sum of «-inverse strongly monotone operators and maximal monotone

operators.

Corollary 4.4 Let H be a real Hilbert space, A;: H — H,i=1,...,M, be a;-inverse strongly
monotone operators, and B;: H — 21, i = 1,..., M, be maximal monotone operators such
that F = ﬂf\fl (A; + B)™Y(0) # @ and a = min{ay, ..., ). Suppose that the sequence {x,} is
defined by the following algorithm:

Zin =g (I~ BuA)ns i=1,..., M,

choose iy : ||Zi,n — %nll = maxz1,u |Zin = xnll,
Zn = Ziyny

Conn={zeCytllzn—z| < . —zll},

Xn+l = PC,Hlxl’

where x1 € H and B, € (0,2«a) for each n € N. Then the sequence {x,} converges strongly to
q=Pr(x1).

5 Applications

5.1 Zeros of maximal monotone operators

In this section, we discuss some applications of the main theorems. Let M; : H, — 2%,
j=1,...,N, be maximal monotone operators. Set T; = ]f\/lj, where r >0 and j=1,...,N.
We know that T; is nonexpansive and F(T}) = M/‘I(O) for each j = 1,...,N. By applying

Theorem 3.5, we can get the following results.

Theorem 5.1 Let Hy and H, be real Hilbert spaces, A; : HH — Hy, i =1,...,M, be o;-
inverse strongly monotone operators, B; : H; — 21, i=1,...,M, and M;:Hy — 22 j =

1,...,N, be maximal monotone operators, and L : Hy — H, be a bounded linear operator
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such that F = (ﬂ?fl(Ai +B)H0) N L‘l(ﬂﬁle‘l(O)) # . Let x|, € H, and the sequence
{x,} be generated by the following algorithm:

Yin =2+ AL U0 = DLy, j=1,...,N,
choose  ju 2 |9, — %ull = maxj=1, N 19j,n = nll,
Yn = Yjpn

Zin =Ty (= BuAd)yn,  i=1,..., M,

choose in : ”Zin,n - xn” = max;=1,..M ”Zi,n _xnllx

Xntl = Zin,n'

If @ = min{ay,...,aum}, By € (0,20), and O <a < i, <b< mfor each n € N, then {x,}

converges weakly to a point p € F.

By Theorem 5.1, we have the following corollary for multiple sets split null point prob-

lems.

Corollary 5.2 Let H, and H, be real Hilbert spaces, B; : H, — 2, i=1,..., M, M;: Hy —
22, j=1,...,N, be maximal monotone operators, and L : Hy — H, be a bounded linear
operator such that (ﬂ?fl B;1(0)) ﬂL‘l(ﬂﬁl Mj’l(())) # . Let x, € Hy and the sequence {x,)}
be generated by the following algorithm:

in =%+ InL* U} =DLxy  j=1,...,N,
choose  ji, : 1Y = %nll = maxj—1, N 1Yjm — %ull,
Yn = Yjunr

Zin =]Bf;yn, i=1,...,M,

choose iy : ||z, n — x|l = maxizy,. a1 112w — Xull,

.....

Xn+l = Zin,w

IfB,>0and0<a<i,<b< 2”i”2 for each n € N, then {x,} converges weakly to a point

pe (B 0) NN, M71(0)).
By applying Theorem 4.2, we have the following theorem.

Theorem 5.3 Let H, and H, be real Hilbert spaces, A; : Hy — Hy, i =1,...,M, be o;-
inverse strongly monotone operators, B; : H — oM i=1,....M, and M;: Hy — 22, j=
1,...,N, be maximal monotone operators, and L : Hi — H, be a bounded linear operator
such that F = (M, (A; + B)™1(0)) N L’l(ﬂj\il lel(O)) # . Let x| € Hy and the sequence

Page 16 of 24
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{x,} be generated by the following algorithm:

Yin =2 + ALl U0 = DLy, j=1,...,N,

Yn = Yjun>

Zin =/§ﬁ(1— BuAd)yn, i=1,...,M,

choose iy : |1Zin — Xull = Maxizy, a1 [1Zin = all,
Zn = Ziy,ns

Cin1={z€Cy:llzn—2z| < llyn—zll < %0 —2l},

KXntl = Plexl'

If @ = min{ay,...,aum}, By € (0,20), and O <a < X, < b< ﬁfor each n € N, then {x,}
converges strongly to g = Pr(x1).

5.2 Multiple set split convex feasibility problems
Let f: H— RU {+00} be a proper, convex, and lower semi-continuous function. It is well
known that the subdifferential 9f : H — 27, which is defined as

fx)={zeH: (y-x,2) <f(y) - f(x),Vy € H},

is a maximal monotone operator. In particular, let C be a nonempty, closed, and convex
subset of a real Hilbert space H. Let us consider the indicator function of C, denoted by
tc, which is defined as

0, xeC,

+00, x¢C.

We know that (¢ is a proper, convex, and lower semi-continuous function on H, and it
follows that the subdifferential d¢¢ of (¢ is a maximal monotone operator. Furthermore, we
getz = ],mcx ifand onlyif z = Pc(x), where x € H and]ﬁhC = (I+rdic)~! for each r > 0. Using
these facts, by Theorems 3.5 and 4.2, we have the following corollaries for the multiple set
split convex feasibility problem in Hilbert spaces.

Corollary 5.4 Let Hy and H, be real Hilbert spaces, C; C Hy, i=1,...,M, D; CHj, j =
1,...,N, be nonempty, closed, and convex, and L : Hy — Hj be a bounded linear operator
such that (ﬂ?fl c)n L‘l(ﬂﬁlD,») # . Let x, € Hy and the sequence {x,} be generated by
the following algorithm:

Yjn =%u + AyL*(Pp, = DLx,, j=1,...,N,
y” :yjnv”’
Ziy=Pcyn, i=1,...,M,

choose in : ”Zin,n _xn” =max;=1,..M ”Zi,n _xn”7

.....

Xn+l = Ziyne
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If0<a<xr,<b< ﬁfor eachn € N, then {x,} converges weakly to a point p € (ﬂf\fl c)nN
LY, D).

Corollary 5.5 Let H, and H, be real Hilbert spaces, C; C Hy,i=1,...,M, D; CHy, j =
1,...,N, be nonempty, closed, and convex, and L : H) — H, be a bounded linear operator
such that F = (ﬂf\fl cH)n L‘l(ﬂj\i1 D)) #9. Let x| € H, and the sequence {x,} be generated
by the following algorithm:

Yjn = %n + AgL*(Pp; = Lxy, j=1,...,N,
choose  ju : |19, — %ull = maxj_1, N 1Y = %ull,
Yn = Yjun>

Zin=Pcyn, i=1,...,M,

choose iy : ||zi, 0 — %ull = maxi-1,. m 1Zin — %5

Zy = Zi,,,m

Cu1={z€Cu:llzn =2zl < llyn -2zl < ll%n —2zll},

Xn41 = Pc,, %1
If0<a<i,<b< mfor each n € N, then {x,} converges strongly to q = Pr(x1).

5.3 Multiple sets split equilibrium problems

Now, we apply Theorem 3.5 for getting a common solution of multiple sets split equilib-
rium problems. In this respect, let C be a nonempty closed convex subset of a Hilbert
space H; and F: C x C — R be a bifunction. The equilibrium problem for bifunction F is
the problem of finding a point z € H; such that

F(z,y9)>0, VyeC. (5.2)

The set of solutions of equilibrium problem (5.2) is denoted by EP(F). The bifunction
F: C x C — R is called monotone if F(x,y) + F(y,x) < 0 for all x,y € C. For finding a
solution of equilibrium problem (5.2), we assume that F satisfies the following properties:

(Al) F(x,x)=0forallx € C;

(A2) F is monotone;

(A3) foreachx,y,z€ C,lim sup, o F(tz+ (1 -t)x,y) < F(x,5);

(A4) for each x € C, y — F(x,y) is convex and lower semi-continuous.

Then we have the following lemma which can be found in [40, 41].

Lemma 5.6 Let C be a nonempty closed convex subset of a Hilbert space Hy and F: C x
C — R be a bifunction satisfying properties (A1)—(A4). Let r be a positive real number and
x € H,. Then there exists z € C such that
1
Flz,y)+ —(y-zz-x)>0, VyeC.
r

Further, define

1
Tox = {ZGC‘F(WH ~0-zz-%) ZO’WGC}
r
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forallr >0 and x € Hy. Then the following hold:
(@) T, is single-valued;
(b) T, is firmly nonexpansive; that is,

”Trx_Try”2§<Trx_Tr !x_y>’ Vx’yEHl;

(c) F(T,) = EP(F);
(d) EP(F) is closed and convex.

Let C;,i= .»M,and Dj,j = 1,...,N, be nonempty, closed, and convex subsets of real
Hilbert spaces H1 and H,, respectlvely,f,-: CxC—R,i=1,...,M,and gi: D; x D; —
R,j=1,...,N, be bifunctions which satisfy properties (A1)-(A4), and L : H; — H; be a
bounded linear operator. From Lemma 5.6 there exist the sequences {z;,} of H; and {u;,,}

of H, satisfying

rEi(4jn, ¥) + (Y — jns j — L) =0, VyeDj,j=1,...,N,

Yim =%n + AL (W — Lx,), j=1,...,N,

choose iy ¢ 119, = %ull = maxj-1, . 19m = xall,

Yn = Yjuns (5.3)
BuFi(ziyh) + (U — Zipy Ziy — Yn) =0, YueCyi=1,...,M,

choose iy ”Zinn xn” = max;=1,.,.M ”Zzn _xn”:

.....

Xn+l = Ziyne

Therefore, by applying Theorem 3.5, we have the following theorem for multiple sets

split equilibrium problem.

Theorem 5.7 LetC;,i= .M, andD;,j=1,...,N, be nonempty, closed, and convex sub-
sets ofrealelbertspozces H1 anng, respectwely,ﬁ: CxC—R,i=1,...,M,and g;: D; x
D; — R, j=1,...,N, be bifunctions which satisfy properties (A1)—-(A4). Suppose that L :
H, — H, is a bounded linear opemtor such that F = (ﬂ, {EP(f))N L~ 1(ﬂ L EP(F)) # 9.
IfB,>0,0<a<i,<bx< ZHL\

sequence {x,} generated by (5.3) converges weakly to a solution of multiple sets split equi-

T for each n € N and r is a positive real number, then the
librium problem.

We also have the following strong convergence theorem for finding a solution of multiple

sets split equilibrium problem.

Theorem 5.8 LetCi,i=1,...,M,and D;,j = 1,...,N, be nonempty, closed, and convex sub-
sets of real Hilbert spaces Hy and H,, respectively, f;: C;x C; — R, i=1,...,M,and g;: D; x
D; — R,j=1,...,N, be bifunctions which satisfy properties (A1)—(A4). Suppose that L :
Hy — H, is a bounded linear operator such that F = (ﬂl LEP(f)))N L~ 1(ﬂ 1 EP(F)) # 9.

Page 19 of 24
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Suppose that x; € C; = Hy and the sequence {x,} is generated by the following algorithm:

rEi(4j0, ¥) + (Y = jns Ujn — L) >0, VyeDj,j=1,...,N,
Yim =%n + AgL*(Uj — Lxy), j=1,...,N,

Yn = Yipns
:BnFi(Zi,nr M)+ (M—Zi,nrzi,n—yn) ZO’ VI/!G Ci1i: 11---’M1 (54)
choose in : ”Zi,,,n _xn” = max;=1,..M ”Zi,n _xn”v

Zy = Ziyn

Cin={z€Cy:llzn—zll < llyn—zll < ll%n —2ll},

%xn1 = Pc,, %1

IfB,>0,0<a<ir,<b< 2\&\\2 for each n € N and r is a positive real number, then the

sequence {x,} converges strongly to q = Pr(x1).

6 Numerical experiments
In this section, we show some numerical examples and discuss the possible good choices

of step size parameters 8, and A, which satisfy the control conditions in Theorem 3.5.
2

Let H, = R? and H, = R3 be equipped with the Euclidean norm. Let a; := (_?), a =

5
L
( {‘7), and u := (:11) be fixed in Hy, and y; := cos 71—’8’ and y; := cos § be scalars. Set C; :=
2
C1 +uand C; := Cy + u, where C; and C; are the following closed convex ice-cream cones
in Hy:

C = {x € H, :(a,x) > y1||x||},

Cy:={x € Hy : (az,x) > x|}

We will consider 1-ism operators P¢ and Pg,, where C; and C; are defined by the above
settings.

Next, for each x := (2) € H;, we are also concerned with the following two norms:
ol = 21| + 2] and  lafloo = max{|x1], xa]}.
Consider a function f : H; — R, which is defined by
fx)=|«x|; forallxe Hj.
We know that f is a convex function and subdifferential of f is

f (x) = {z€ Hy: (x,2) = |%ll1, Izlloc <1} forallx € Hy.
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Moreover, since f is a convex function, we know that df(-) must be a maximal monotone

operator, and for each A > 0, we have

]ff(x) = { (Ih) €eHyu;=x;— (min{lxil,k}) sgn(x;), for i = 1,2} ,
U

where sgn(-) is denoted for the signum function.
1 -1 0
On the other hand, let x; := ( 2 ), Xy 1= ( 1 ), and X3 := (—1) be three fixed vectors in
0

-1 -1
H,. We consider a nonempty convex subset Q; N Qy N Q3 of Hy, where Q; := {x € H; :

%1 —x|| <5}, Qa:={x € Hy: (¥3,x) <1}, and Q3 :={x € Hy : (X3,x) < —%}. We notice that
F(Po,) NF(Pq,) NF(Pg;) = Q1N QN Q3.

Now, let us consider a 3 x 2 matrix L := [; —02]. We see that L is a bounded linear operator
on H; into H, with ||L|| = 3.282073. 0’

Based on the above settings, we will present some numerical experiments to show the
efficiency of the constructed algorithm (3.1). That is, we are going to show that algorithm

(3.1) converges to a point p € H; such that
€ (P, + 3N O) N (P, + 3N 7H0) NLTHQRIN QN Qy), (6.1)

and in this experiment, we consider the stopping criterion by m < 1.0e7%,
n

We will consider the following cases of the step size parameters 8, and A, with the initial

wctors(0) (2), () (). ana (1) i

Casel. B,=1.0e% + 1 A, =1.0e% +

100m” 100n *

Case 2. B, =1.0e% + 1010,1 Ap = @

Case 3. B, =1.0e% + o), Ay = 0.046 — 1o
Case4. B,=1,1,=10e%+ 1010n‘

Case5. B,=1, 1, = ﬁ

Case6. B,=1,1,=0. 046 Toon*

Case7. f, = 1.999 — 100 =106 +
Case 8. B, =1.999 100” An = T

Case 9. B, =1999— L, 4, =0046— L.

From Tables 1, 2, and 3, we may suggest that, for each initial point, the step size of the

parameters A, = 0.046 — provides a faster convergence rate than other cases. While

1
1001

Table 1 Influence of the step size parameters B, and A, (cases 1-3) of algorithm (3.1) for different
initial points

Case — Case 1 Case 2 Case 3

#Initial point |, Iters  Time (s) lters  Time(s)  Sol lters  Time(s)  Sol
0,07 1647 0644764 (0 249753) 145 0210611 (0249990) 10 0172755 (* 2499%)

T 1.124877 1.124996 1.124997

a1 790 0393530 (0875123) 51 0117471 (0875004) 27 0098625 (0875001 )
a,-17 195 023149 (O 875676) 49 0123486 (0 7953”) 36 0127907 (O 787096)
1,17 1069 0.486436 (géf;ff) 150 0207209 (0249990) 113 0181702 (O 249996)
(-1,-1T 2121 0847208 (O 249752) 449 0313106 (0249991) 361 0284821 (O 2499%)
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Table 2 Influence of the step size parameters B, and A, (cases 4-6) of algorithm (3.1) for different
initial points
Case — Case 4 Case 5 Case 6
#nitial point | Iters  Time (s) Sol Iters  Time (s) Sol lters  Time (s) Sol
0,07 1647 0650587 (0249753) 106 0176374 ( 24999*) 56 0.124235 ( 2499%)
anT 790 0398679 (é;j:fg) 51 0122999 (é;fgggj) 27 0098005 (;;j;‘ggf)
a,-17 3 0078350 (0985333) 3 007969 (0%90%) 3 0083422 (0952000)
1,7 1032 0500529 (g Z;‘;j) 61 0133658 (8 ijggg’g) 31 0108214 (g;fsjf)
1,17 1658 0.689241 (0249753) 107 0.180100 (0249991) 57 0129912 (02“99%)
Table 3 Influence of the step size parameters B, and A, (cases 7-9) of algorithm (3.1) for different
initial points
Case — Case 7 Case 8 Case 9
#Initial point |, Iters  Time (s) Sol Iters  Time (s) Sol [ters  Time (s) Sol
0,07 1647 0644395 (0 249753) 106 0167910 (02“999» 56 0122966 (O 2499%)

T 124877 1.124996 24999
an 790 0403824 (0875123) 51 0118171 (0875004) 27 0095997 (0875001 )
(1,-nT 3 0080739 (O 985333) 3 0080157 (0 9690%) 3 0080880 ( o 952000)
_ T 0.575413 0.520560 0.462999
1,1) 1032 0463895 (0325587) 61 0.133494 (0270565) 31 0104363 (Omo )
1,-1)7T 1658 0646397 (O 2“9753) 107 0173753 (024999“) 57 0127317 (O 249996

the step size parameters $, seem to have less impact on the speed of algorithm (3.1) to a
solution set (6.1).

7 Conclusions

In this paper, we present two iterative algorithms, (3.1) and (4.1), for approximating a so-
lution of the split feasibility problem on zeros of a finite sum of monotone operators and
fixed points of a finite family of nonexpansive mappings. Under some mild conditions, we
show the convergence theorems of the mentioned algorithms. Subsequently, some corol-
laries and applications of those main results are provided. We point out that the construc-
tion of algorithm (3.1) seems to be less complicated than that of (4.1). However, algorithm
(3.1) requires some additional assumptions in order to guarantee the strong convergence
theorem, while algorithm (4.1) does not need them (see Theorem 3.6 and Theorem 4.2).
This observation may lead to the future works that are to analyze and discuss the rate of

convergence of these suggested algorithms.
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