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the Banach fixed point theorem. The obtained results generalize and improve the
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1 Introduction

Many dynamical systems not only depend on present and past states but also involve
derivatives with delays. Neutral stochastic functional partial differential equations (NSF-
PDEs) are often used to describe such kind of systems. In recent years, NSFPDEs have been
extensively studied in the literature, we can refer to [6, 9, 12—14, 19] for those only driven
by Brownian motion and also refer to [1, 2, 4, 5, 11] for those only driven by fractional
Brownian motion (fBm). For example, Luo [13] studied the exponential stability in mean
square of mild solution for NSEPDE only driven by Brownian motion; Boufoussi and Hajji
[2] discussed the exponential stability in mean square of mild solution for NSPDE only
driven by fBm with finite delay. Furthermore, the stochastic processes in hydrodynamics,
telecommunications, and finance demonstrate the availability of random noise that can
be modeled by Brownian motion and also the so-called long memory that can be modeled
with the help of fBm with Hurst index 1/2 < H < 1. Since the seminal paper [7], mixed
stochastic models containing both standard Brownian motion and fBm have gained a lot
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of attention. Very recently, there has been considerable interest in studying this class of
SDEs (see [3, 10, 16, 17, 20, 21]).

However, to the best of our knowledge, there is no paper which investigates the exponen-
tial stability in the pth moment of mild solutions to neutral stochastic functional partial
differential equations driven by Brownian motion and fractional Brownian motion. Moti-
vated by the above, in this work, we consider the following mixed NSFPDE:

dlx(t) + g(t, %)) = [Ax(t) + f(t,x:)] dt + h(t, ;) AW () + o (£) dBT (¢),
tel0,T], (1.1)
x(s) = p(s), se[-r,0],r>0,

under suitable conditions on the operator A, the coefficient functions g, f, /4, o, and the
initial value ¢. Here W (t) denotes Brownian motion and B () denotes fBm with H €
(1/2,1).

The purpose of this paper is to investigate the exponential stability in the pth moment
of mild solution of mixed NSFPDE (1.1) by means of the Banach fixed point theory.

The rest of this paper is organized as follows. In Sect. 2, we first recall some necessary
preliminaries on the stochastic differential equations with respect to Brownian motion
and fractional Brownian motion. In Sect. 3, the exponential stability in the pth moment
of mild solution of mixed NSFPDE (1.1) is proved, the results in [2, 5, 13] are generalized
and improved.

2 Preliminaries

Let T > 0 be a fixed time horizon and (€2, F,P) be a complete probability space equipped
with a normal filtration F = {F}};> satisfying the usual assumptions. Let W = {W(¢),t €
[0, T]} be a standard Brownian motion and B = {B(¢),t € [0, T]} be a fractional Brownian
motion with Hurst parameter H € (1/2,1) on the complete probability space (2, F,P).
We denote by C([-r, T]; U) the space of all continuous functions from [-r, T] to U. Let
(WL e (5 -)u) and (K, || - ;s (5 -)k;) be two separable Hilbert spaces, and let L(Kj, U)
denote the space of all bounded linear operators from K; to U, i = W, B. We assume that
{egf)}new are two complete orthonormal bases in K; and Q¥ e L?(Ki, U) are two operators
defined by Qe = 1969 with finite trace tr Q¥ = > 29 < 0o, where (A} ,.cn+ are non-
negative real numbers and i = W, B. Then there exists a real-valued sequence {w,(t)},en+
of one-dimensional standard Brownian motions mutually independent over (2, F, P) such
that

oo
W)=Y Y eWMw, (), t=0.
n=1

The infinite dimensional cylindrical Kz-valued fBm B (t) is defined by the formal sum

o0
B')=)" VAPeByl (), t>o0,
n=1

where the sequence {w’: (£)}nen+ are stochastically independent scalar fBms with Hurst
parameter H € (1/2,1). Let LY(K;, U) be the space of all QY-Hilbert-Schmidt operators
from K; to U, i = W, B. Now we can show the following two definitions of norms.
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Definition 2.1 (Chen et al. [6]) Let & € L(Ky, U) and define
12, = r(EQWex) = 3 [y e
n=1

If ||& ||E0 < 00, then & is called a Q™W)-Hilbert-Schmidt operator and the space L9, :=
w

LY, (Kw, U) equipped with the inner product (g, ¥) 9, = Yoo ((pequ), wei,w)) is a separable
Hilbert space.

Definition 2.2 (Boufoussi and Hajji [2]) In order to define Wiener integrals with respect
to the Q®-fBm, we recall that i € L(K3, U) is called a Q®¥)-Hilbert—-Schmidt operator if

2
‘ < 00,
u

o0
1% := e (nQ®nx) = Yy AP nel®
LB
n=1

and that the space L) := L%(Kp, U) equipped with the inner product (¢, V) = Y (pe?,

weff)) is a separable Hilbert space.

Lemma 2.1 (Prato and Zabczyk [8]) For any p > 0 and for arbitrary LY,-valued pre-
dictable process O(-), we have

2 t
= cp( /0 (Elow]3 )" ds)p, te(0,7],

u

/S D(u)dW (u)
0

sup E‘
s€(0,t]

where ¢, = (p(2p — 1)).

Let {w!’(£)}:c(0,r) be the one-dimensional fBm with Hurst parameter H € (1/2,1). This
means by definition that w'/ is a centered Gaussian process with covariance function:

1
RH(S,t) = E(tZI‘I +52H _ |t—S|2H).

Moreover, w has the following Wiener integral representation:
t
wH(t) = / Ky (t,s) dw(s),
0
where w = {w(£)};c(0,7] is @ Wiener process and Kp(t,s) is the kernel given by

t
KH(t’S)=CHS%_H/ (= sy 3 ul"2 dy
S

for t > s. Here, ¢jy = H@H-1) ) and (-, ) denotes the beta function. We put K(t,s) =0

B(2-2H,H-1
ift <s.

Lemma 2.2 (Caraballo et al. [5]) Let ¢ : [0, T] —> LY(Kg, U) such that

[e¢]

Z” ((p % Q(B)e”) ”Ll/H([o,T];u) <00 (2.1)

n=1
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holds, and for any a, b € [0, T] with a > b,

2
E

/h " o(5)dB" ()

u
where ¢y = /B(;{#ﬁz%). If; in addition,

oo
Z lo()v QPe,|,, is uniformly convergent for t € [0, T1,
n=1

< cyHQRH -D(a-b" "y / o)/ Qe |, ds,
n=1 b

then

a 2 a
EH /b ¢(s)dB"(s) uscHH(zH—l)(a—b>2H‘1 fb lo@ g 9 (2.2)

Lemma 2.3 (Mémin et al. [15]) For every T, fOT ft)dZ; is a centered Gaussian random
variable, for every p > 0, there exists a constant k(p) such that

2 §
) . (2.3)

Lemma 2.4 (Pazy [18]) Suppose that A is the infinitesimal generator of an analytic semi-
group of uniformly bounded linear operators {S(t)}:>0 on the separable Hilbert space U.
It is well known that there exist some constants M > 1, A € R such that ||S(t)|| < Me**, for
t > 0, and moreover, if 0 € p(—A), where p(—A) is the resolvent set of —A, then,

(@) forany c = 0, the subspace D((—A)°) is dense in U with the norm

E

/ faz | fwaz

p
- k(p) (E

112 = suﬂgEll(—A)cc(t,x(t))l ¢ € D((-A)),
te
(b) for each x € D((—A)°), we have S(t)(-A)‘x = (=A)°S(t)x,
(c) there exist a pair of positive constants M, > 0 and A > 0 such that

[(—A)¥s@)||, =M™, t>o0.

We denote by C([a,b]; U) = C([a, b]; (2, F,P; U)) the Banach space of all continuous
functions from [a, b] into U endowed with the supremum norm.

Consider two fixed real numbers r > 0and T > 0. If x € C([-r, T]; U) for each t € [0, T,
we denote by x, € C([-r,0]; U) the function defined by x(s) = x(¢ + s) for s € [-r,0].

We consider the exponential stability of mild solution to the following mixed NSFPDE:

dlx(t) + g(t,x:)] = [Ax(t) + f(t, x:)] dt + h(t, ;) AW () + o (t) dB" (¢),
tel0,T], (2.4)
x(t) = (P(t)’ te [—l”, O]r

where W(t) is the Brownian motion and B (¢) is the fractional Brownian motion which
were previously introduced, the initial value ¢ € C([-r,0];U), and A : Dom(A) CU — U
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is the infinitesimal generator of a strongly continuous semigroup S(-) on U. The mappings
f:00, T] x C([-r,0); ) > U,g:[0,T] x C([-r,0}; U) — U, h:[0,T] x C([-r,0); U) — U,
and o : [0, T] — LY(K3p, U), and they are all Borel measurable.

Definition 2.3 A U-valued process {x(¢),¢ € [-r, T} is called mild solution of (2.4) if
(i) x(¢) is adapted to Fy, t > 0;
(i) x(¢) = @(¢) for t € [-r,0];
(iii) x(¢) € U has cadlag paths on ¢ € [0, T'] almost surely, and for arbitrary ¢ € [0, T],

x(2) = S()[(0) + g(0, )] — g(t,x,)
- ftAS(t —5)g(s,x5) ds + /tS(t —8)f(s,x5) ds
0 0

+ /tS(t —8)h(s,x5) AW (s) + /tS(t —s)o(s)dBH(s) as. (2.5)
0 0

Definition 2.4 Let p be an integer p > 2. Equation (2.5) is said to be exponentially stable
in the pth moment if, for any initial value ¢, there exists a pair of constants y >0and C > 0
such that

E|x®)]?, < Ce’, t>o0. (2.6)
In order to set the stability problem, we suppose that the following assumptions hold:
(H1) The operator A is a closed linear operator generating a strongly continuous semi-

group S(¢), £ > 0, on the separable Hilbert space U and satisfying

||S(t) ”u <Me™, Vt>0, where M>1and A >0. (2.7)

(H2) The mappings f(t,-) and h(t, -) satisfy the following conditions: p > 2 and p is an
integer for any %,y € C([-r, T];U) and £ > 0

t t

/0 & |f(tx) £ (6,395, ds < CF / Sl 0lhds Gzo @)
t t

/O ||, x;) — h(t,y,)||}, ds < C} / &||x(s) —y(9)|%, ds,  Cw>0,

/00 e |Lf(s, 0) ”1;1 ds < 00. (2.9)
0

(H3) The mapping g : [0, T] x C([-r,0]; I) — U is continuous in the pth mean sense
and satisfies, for any x,y € C([-r, T]; 1) and t > 0, g(t,x) € D((-A)*?) and

|(=A)g(t,x) - (-AV gt )|, < Cellx=ylu,  Cg=0,

(2.10)
imE]-AYgm) - (-AV sl =0,

where B € (0,1] and satisfies pB > 1, p is an integer p > 2. We further assume
g(t,0)=0fort>0.
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(H4) The mapping o : [0, T] — LY(Kp, U) satisfies

o0
/0 eksHa(s)”i%(KB’u) ds < 0o. (2.11)

3 Main results
In this section, we consider the exponential stability in the pth moment of mild solution
of mixed NSFPDE (2.4) by means of the Banach fixed point theory.

Theorem 1 Suppose that conditions (H1)—(H4) hold. Then Eq. (2.4) is exponentially stable
in the pth moment if

pB-1

v (Jear e s o e (P21 i

+ MPe,CoAP(2(p - 1)/(p - 2))“”2> <1, (3.1)

where T'(-) is the gamma function and M,M,_g are the corresponding constants in
Lemma 2.4, and ¢, = (p(p — 1)/2)7"2.

Proof Denote by S the Banach space of all F-adapted processes ¢(t,w) : [-r,00) x Q@ —>
R, which is almost surely continuous in ¢ for fixed @ € Q2. Moreover, ¢(s, w) = ¢(s) for
s € [-r,0] and e*’E|¢(t,w)||}, — 0 as t —> oo, where « is a positive constant such that

O<a<A.
Define an operator 7w : S —> S by (wx)(£) = ¥ (¢) for ¢ € [-r,0] and for £ > 0,

() (2) = S(2) [go(O) +g(0,<p)] —g(t, %) — /0 AS(t —s)g(s,x5)ds
+ fOtS(t —8)f (s, 25) ds + /Ot S(t — 8)h(s,xs) dW (s) + /Ot S(t — s)o (s) dB (s)

= L(2). (3.2)

Firstly, we verify the continuity in the pth moment of 7 on [0,00). Letx € S, t; > 0, and
r be positive and small enough, then

6
E|(x)(t +7) - (wax)(tr) |}, <67 Z]E”Ii(tl +r) - Ln)|",

i=1

Obviously,
E|li(t +7) - L(t)|,, — 0, i=1,4, asr — 0.

Since the operator (—A)~# is bounded and by (H3) we know the mapping (-A)#g is con-
tinuous in the pth moment, so

]E||12(t1 +7) —Iz(tl)HIZ[ — 0, asr—0.
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As for the third term on the right-hand side of (3.2), we get

E| Lt +7) —13(151)”121 =< 2p1]EHft1 (S(r) = 1) (=A)PS(t1 — 5)(=A)Pg(s, x,) ds ’
0 u

p
+27°1E

/t1+r(—A)1_ﬁ5(t1 + 7 -35)(=A) gls,x,) ds

u

i=I31(r) + I3p(7).
By the strong continuity of S(¢), for any s € [0, £;], we have
lim (S(r) — 1) (=A)' ™ S(t1 ~ 5)(~A)"g(s,%:) = 0.

By using Lemma 2.4 and the fact that 0 < 8 < 1, we have

2MMy_p

[(50) = 1)AYPS(tr =5)(-AV g |y = (=15

|4 s

since B € (0,1] and by the Lebesgue dominated theorem, we obtain
1132) I31(r)=0.

On the other hand,

|(AS(t +r - 9)(-A) g(s,x) |, < (-A)g(s,%) |

(ti+7r- s)1 ﬂH

so I3;(r) — 0 as r —> 0, then
]E”Ig(tl +7) —[3(t)”121 — 0, asr—0.
Moreover, by using Lemma 2.1, we get
E||Is(t, +7) —15(t1)HIZ[

=E

/:1 (S(t1 +7r—s5)—38(t - s))g(s, x5) AW (s)

t1+r p
+ / Sty + 1 —3s)g(s,x5) AW (s)

3]

u

2] pl2
<2 ¢ E|[(S(t; —-8) — - ,szs
<t [ (BNt -9 -5t -)ets.nl) s |

0

ty+r pl2
+ 2p_1cp |:/ (E||S(t1 + r—s)g(s,xS)HZ)z/P ds] —0 asr—0,

t1

where ¢, = (p(p - 1)/2)2.
As for the sixth term on the right-hand side of (3.2), we first verify E|/Is(¢; + r) —
Is(t1)|I2, — 0 as r —> 0. Further, by using (2.3), we can get E||Is(t; + ) — Ie(t) I}, — O as

r— 0.
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By using the Cauchy—Schwarz inequality, we get

t1 2
E| st + 1)~ st} < ZE“ / (S(t1 +7—5) = S(t1 — )0 (s) dB" (s)
0

u
t1+r 2
+ 2 / S(ty +7r—s)o(s)dB(s)

51

u
= I (r) + Isa(r).
Applying inequality (2.2) and condition (2.7) to J;, we get

t 2
Igi(r) = 2EH/ (S(t1 +r—8)—S(t; — s))a(s) dBH (s)
0

u

t
<2cyH(2H - 1)1 / HS(t1 -9)(S(r) =)o (s) ”i%(KB,u) ds
0
t
<2cyH(2H - l)tfH_le_/. |(8¢r) = 1) (s) ”ig(KB,U) ds — 0,
0
when r — 0 since S(r)o (s) — o (s) and ||S(r)o(s)||L%(KB’u) < M||o(s)||L%(KB'u) for any fixed

s>0.

Applying inequality (2.2) and condition (2.7) to J5, we can obtain
t1+r 5
Isp(r) < 2cyH(2H — l)rZH_lMZ/ ”a(s) HLO(KB 0 ds— 0 asr—> 0.
t1 B ’

So, E|lIs(t1 + 1) — Is(t1) |3, — O as r —> 0.

Further, by using (2.3), we get
p 214
]E||I6(t1 + }") —16(t1)Hu < k(p)[E||16(t1 + V) —16(t1)Hu] 2—0 asr—0.

Thus, 7 is indeed continuous in the pth moment on [0, o).
Secondly, we show that 7 (S) C S. It follows from (3.2) that

eE||(rx)(0) |7, < 67" e E||S(£)((0) + g(0,9)) |7,

+ &R g(t,x)|”,

t P
+ 6P L E / AS(t - 5)g(s,x5) ds
0 u
t »
+ 6P 1M E / S(t - s)f (s, %) ds
0 u

¢ p
+ 6P L E / S(t —s)h(s, x5) dW (s)
0

u
p

+ 6P L E /tS(t —s)o (s) dB™(s)
0

(3.3)
u
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Now we estimate the terms on the right-hand side of (3.3). First, by condition (2.7), we

can obtain

6" e[ S(£)(p(0) + g(0,0) |1,

<& MPePM e | p(0) +g(0,<p)HZ —0 ast— oo. (3.4)

For any x(t) € S and any ¢; > 0, there exists ¢; > 0 such that e*’E||x(¢) |7, < & for t—r > t;.

Thus we can get
e Elg(tx)[), < 67| (-A) P |} CLe B I,
<& (A" ||‘ZC§e“tE sup [l(¢+s) ”1;1
—-r<s<0
< 6p—1 ” (_A)—ﬂ ||1L9[C§eate—a(t+s)81
<A P cpens
So, from the above, we can get

6"_1e“t]E’g(t,xt)’Z — 0 ast— oo. (3.5)

Further, Holder’s inequality, Lemma 2.4, and (2.10) yield

p

t
6P 1 E|| | AS(t—s)g(s,x,) ds
0

u

< 6Pl (/0! [(=A) P St - 5)(=A)Pg(s,x,) u ds)p

p

t
< @—lchf_ﬁe”E[ / R ) e PA ds]
0

t r
- 6#-1C§M‘f_ﬂe“fE[ / eI (p — )L P ds]
0

(B=p

t p-1 pt
< 6”1C§M'17_56“t|:/ =) (p _g) T ds:| / e’Mt*s)IEHst[Z[ ds
0

pp-1

<6 CoME_ A PP 1( )e e’ IR |17, ds
0

-1
-1
_elam. xl—wrw(” >e eI, | ds
p-1 0
1
= 67 CIME_ AP 1<pﬁ )e( e<A |17, s
p-1 0
1
sap—lch’i’_Ml_”ﬁFp_l(pﬂ ) eA Ve B sup Jats+ ) ds
1

+ 677 IC"MP Al_pﬁI‘” l(p'B ) / s sup ”xs+9 lelds

-r<60<0

< 6P ICPMP Al_pﬁrp 1 (p,B ) / A= gup (s +6) ||p ds
p 1 -r<6<0
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v oMl Al-PﬁrN(pﬂ )
p-1

51
xe(“’x)te“(’/ Mt qup ||x(s+9)||’; ds
0

—-r<6<0

For any x(¢) € S and any &; > 0, there exists £, > 0 such that e‘”EIIx(S)IIZ < &y, for t > ty, we
can get

6~ 1CpMp A1—pﬁrp 1(!’,3 11> (=)t a6
p

t
X/ (h—a)s ots+9]E sup ||xs+9)||ud5<€2

51

As e@ Mt 5 0 as t — oo, there exists 3 > £, such that, for any ¢ > t3, we have

e’ lcemb PPl pb-1 pla—h)t g—ad
g7 1-p p-1

t
></1e(A —s s+ sup ||x(s+0)||uds<82
0 —r<

So, from the above, we can obtain, for any ¢ > ¢3,

¢ p
6P L E|| | AS(t—s)g(s,x,)ds| < 2e,.
0 u
That is to say,
¢ p
6p_1e“tEH/ AS(t—s)g(s,x;)ds| — 0 ast—> oo. (3.6)
0 u

Using the similar method to the forth term on the right-hand side of (3.3), we get

p
67 LM E

ft S(t - s)f (s, %5) ds
0

u

; p
< @—le“fE[/o st -5 s.2)] ds}

t p
< 67 L MP ™', |:/ e M=) ”f(s, Xs) ” u dS]
0

t r
< 6p—1MpeatE |:/ e—A(p—l)(t—s)/pe—k(t—s)/p ”f(S, xs) H u dS]

0
t p-1 t
< 6‘”‘1M1ﬂe‘”[/ e =) ds:| ]E|:/ e M) |[f(s,xs)H‘lZ, ds]
0 0
t
< 6”1Mpklpe“tE|: / eI f(s,5) - f(5,0) + £(5,0) |7, ds:|
0

t
<1277 MPCEA e / e IR | x(s) |, ds

-r

t
+ 12p‘1Mp)L1‘pe°‘t/ e =9 |Lf(s,0)||lzlds
0
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t
= IZP‘IMPCJ{’AI_”e_O“O‘”/ e e” K| x(s) ||‘Z ds
r

t
+ 1207 I pp A P e Rt / ™| f(s,0) HIZ[ ds
0

t
< 12”_1M"kal_pe(“_”t/ "1 E||x(s) |, ds

-r

t
+ 1277 L MP A P et / *||f(s,0)|?, ds
0
i= ki (t) + ko (0).

MW —a)

712!,71[\4%}, &3, for

For any x(¢) € S and any &3 > 0, there exists ¢, > 0 such that e"‘SIEIIx(s)IIIZI <

t > t4, we can get

t
12”‘1M1’)L1"’C}”e(“_”/ e(k‘“)se‘)‘sE”x(s) ||’Z[ ds < €3.

ty
As el Mt 5 0 as t —> 00, there exists t5 > ¢4 such that, for any ¢ > t5, we have

1
121"’1M”)»1”"Cj’fe(°"””/ e E || x(s) H'Z[ ds < 3.

-r

So, from the above, we obtain, for any ¢t > t5, k;(t) — 0 as t — oo.
As e %% 5 0, as t —> 00, and condition (2.9), we can obtain k() —> 0 as £t —> 00.

That is to say,

p
LM E — 0 ast— oo. (3.7)
u

/tS(t —8)f (s, %5) ds
0

Using the similar method and Lemma 2.1 to the fifth term on the right-hand side of (3.3),

we obtain

p
6 LM E

/.t S(t = s)h(s,xs) AW (s)
0

u

t p
< 6p_1e“‘E[f IS = )h(s,x) | u dW(s)i|
0
t p
< 61“M1”e‘”E|: / eI his,x) |, dW(s)i|
0

t pl2
< &P IMPc, et MR s, x,) |2) 7 ds
» u

L _ot-s)

pl2
= &\ MPc e /e » (IEHh(s,xS)HIZI)z/pds}
0

o oy i pl2
[ el ]

. L ap-1a(e-s) pI2-1 ot N »
<6 'MPcye”’ / e 72 ds / e (t_s)IE”h(s,xs)”Uds
0
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< 6 MPc,e (20(p - 1)/ (p - 2) " / t e IR | s, %) ~ (s, 0) + h(s, 0)[[ ds
0

t
<& 'MPc,C(20p-1)/(p - 2))1_17/26‘“ / e MIE | x(s) ||Z ds

t
+ 67 MPc, C (20 (p - 1)/ (p - 2)) e / e IE | (s, 0) |7, ds,
0

where ¢, = (p(p - 1)/2)?2, We remark that if p = 2, then inequality (3.9) also holds with

0%=1. Hence we have, for p > 2,
p

u

LM E /tS(t —8)h(s,x5) AW (s)
0

t
e_w_s)]E”x(s) HZ ds

<6 'MPc,C(20(p - )/(p - 2)) e /

t
+ 67 M, C (20.(p - 1)/ (p - 2)) e f e MK h(s, 0) |7, ds. (3.8)
0

Similar to the proof of (3.7), from (3.8) we obtain

p
— 0 ast— oo. (3.9)

u

6 LM E /tS(t —8)h(s,x5) AW (s)
0

As for the sixth term on the right-hand side of (3.3), by using inequality (2.2) and con-

dition (2.7), we have
2

/t S(t — s)o (s) dB ()
0 u

ottl%
(¢)7E

2
s) HL%(KB,U) ds

t
< (e‘”)’g’MchH(2H—1)t2H_l / e 2= o (
0

ds.

1 (2o 2
< M2cyH(2H — 1) 1elp W_/. e HG(S)”Lg(KB,u)
0

So, from the above and (2.11), we can obtain

2
— 0 ast— o0.
u

(¢)7E } /0 'St )0 (5B (9)

Further, by using (2.3), we get
P

LM E

/t S(t - s)o (s) dB (s)
u

0

<6 k() [(eaf)ﬁEH / S(t - 5)o(s) dB (5
0

Thus, from (3.4)—(3.10), we know that e*’E||(rx)(¢) ||}, — 0 as t —> 00. So we conclude

242

2

j| — 0 ast— oo.
u

that #(S) C S.
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Finally, we will show that 7 is contractive. For x,y € S, proceeding as we did previously,

we can obtain

E sup |[(r2)(®) - ()@},
tel0,T)

<#7'E sup |g(t,x) gt
te[0,T]

¢ P
+4P7'E sup / AS(t —s)(g(s,x5) — g(s,y5) ds
te[0,T]11J0 u
¢ p
+4P7'E sup / S(t—8)(f(s,x5) —f(s,y5) ds
te[0,T]11J0 u
t p
+4P7'E sup / S(t = s)(h(s,x5) — h(s,y5) AW (s)
te[0,T]11J0 u

=@ AL GE sup [x(6) -y
te[0,T]
-1epPag?  \-PBTP-1 pp-1 r
+47 CyMy_g2PPT —— |E sup ”x(t)—y(t)”u
-1 te[0,T]

+ 4"_1M1’)C~”C]’31E sup Hx(t) —y(t) ||Z
te(0,T]

F M, COPR (2 - DI (p-2)) PPE sup [x(0) - ()|,
te[0,T]

<E sup ||x(t) —y(t) ”1:1

te[0,T]
-1 -B|” p 5 pppo-1(PP—1 P
x 47 (|| (AP}, CL + CEMY_paPPT? <pT) + MPATPCY
+ MPe, AP (2(p - 1)/ (p - 2))*"“). (3.10)

Thus by (3.1) we know that = is a contraction mapping.
Hence, by the contraction mapping theorem, 7z has a unique fixed point x(¢) in S, which
is a solution of (2.4) with x(s) = ¢(s) on [-r,0] and e"‘t]Ellx(t)IIIZI —> 0 as t — oo. This

completes the proof. d

Remark 3.1 Boufoussiand Hajjiin [2] considered the mean square stability of NSPDE only
driven by fBm. We consider the stability in the pth moment (p > 2) of mixed NSFPDE. In

this sense, this paper generalizes the result in [2].

Remark 3.2 When g =0, = 0 of Eq. (2.4) and p = 2 in our paper, then inequality (3.1)
can be written as A% > CJ?M2 ; however, the corresponding condition in Caraballo et al. [5]

is A% > 6¢,M?, where ¢/ = Cj%. In addition, our condition (2.8) is

/0 M|t x) - f (6,397, ds < CF / *||x(s) - y(s)||%, ds. (3.11)
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However, the corresponding condition in [5] is

/0 ! ™ |[f (& x5) — £ (&, y5) ||st <cf / tems () - y(s) ||st, YO<m<A. (3.12)

—=r

Obviously, when p = 2, (3.11) is weaker than (3.12). So our results generalize and improve
those of [5].

Remark 3.3 When o =0, p = 2, then Eq. (2.4) reduces to a NSEPDE only driven by Brow-
nian motion in which the exponential stability in mean square of mild solution has been
studied by Luo [13]. Obviously, the given result in [13] can be seen as a special case of our
result. In this sense, we generalized the result given in [13].
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