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Abstract

Recently, based on the Hadjidimos preconditioner, a preconditioned GAOR method
was proposed for solving the linear complementarity problem (Liu and Li in East
Asian J. Appl. Math. 2:94-107, 2012). In this paper, we propose a new preconditioned
GAOR method for solving the linear complementarity problem with an M-matrix. The
convergence of the proposed method is analyzed, and the comparison results are
obtained to show it accelerates the convergence of the original GAOR method and
the preconditioned GAOR method in (Liu and Li in East Asian J. Appl. Math. 2:94-107,
2012). Numerical examples verify the theoretical analysis.
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1 Introduction
For a given matrix A € R”*" and a vector f € R”, the linear complementarity problem,
abbreviated as LCP, consists of finding a vector x € R” such that

x>0, r=Ax-f>0, and xTr=0. (1)

Here, the notation “>" denotes the componentwise defined partial ordering between two
vectors and the superscript T' denotes the transpose of a vector.

The LCP of the form (1) arises in many scientific computing and engineering applica-
tions, for example, the Nash equilibrium point of a bimatrix game, the contact problem,
and the free boundary problem for journal bearings; see [5, 16] and the references therein.
As is known, LCP (1) possesses a unique solution if and only if A € R"*” is a P-matrix,
namely a matrix whose all principal submatrices have positive determinants; see [4, 5,
16]. A matrix A is called an M-matrix if its inverse is nonnegative and all its off-diagonal
entries are nonpositive. A positive diagonal M-matrix is a P-matrix, and LCP (1) with an
M-matrix has the unique solution [3].

Because of the wide applications, the research on the numerical methods for solving (1)
has attracted much attention. There are some iterative methods for obtaining the solution
of the LCP, including the projected methods [8, 9, 12], the modulus algorithms [10], and

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13660-018-1789-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-018-1789-5&domain=pdf
mailto:zd943663677@163.com

Miao and Zhang Journal of Inequalities and Applications (2018) 2018:195 Page 2 of 12

the modulus-based matrix splitting iterative methods [2, 6, 18, 19], see [9] for a survey
of the iterative method for LCP (1). We consider the generalized AOR (GAOR) method
[8, 12], which is a special case of the projected method, for solving LCP (1) with an M-
matrix. For accelerating the convergence rate of the GAOR method, the preconditioned
GAOR method is proposed in [13], based on the preconditioner in [7], for LCP (1) with an
M-matrix. In this paper, a new preconditioner is proposed to accelerate the convergence
rate of the GAOR method for solving LCP (1).

The outline of the rest of the paper is as follows. In Sect. 2, some preliminaries about the
projected method are reviewed, and the new preconditioner for preconditioned GAOR
method is introduced. Convergence analysis is given in Sect. 3. The convergence rates of
the proposed preconditioned GAOR method are compared with the convergence rates of
the preconditioned GAOR method in [13] and the convergence rates of the original GAOR
method for LCP with an M-matrix in Sect. 4, which shows that the proposed precondi-
tioned GAOR converges faster than the preconditioned GAOR method in [13] and the
original GAOR method. Numerical examples are given to verify the theoretical results in
Sect. 5. Finally, conclusions are drawn in Sect. 6.

2 Preliminaries

We give some of the notations, definitions, and lemmas which will be used in the sequel.
For A = (a;j), B = (b;j) € R, we write A > Bifa;; > b;; holds forall ;,j = 1,2,...,n.A> O
is called nonnegative if a;; > 0 for all ,j = 1,2,...,n, where O is an n x n zero matrix. For
the vectors a,b € R, a > b and a > 0 can be defined in a similar manner. By |A| = (lail)
we define the absolute value of a given matrix A € R**". We denote the n x n diagonal
matrix coinciding in its diagonal with matrix C € R”*" by diag(C). For simplicity, we may
assume thata; =1(=1,2...n).

Lemma 1 ([17]) Let A = [a;] € R™" and a; <0 for i #j. A is an M-matrix if and only if
there exists a positive vector y such that Ay > 0.

There are equivalent conditions of an M-matrix, a nonsingular M-matrix is a monotone

matrix, see [4].

Definition 1 ([4]) Foramatrix A € R”*”, the representation A = M — N is called a splitting
of A if M is nonsingular. Then A = M — N is called weak regular if M~! > 0 and M~!N > 0.

For the weak regular splittings of different monotone matrices, there is a comparison
result as follows.

Lemma 2 ([4]) Suppose that A, = My — Ny and Ay = My — N are weak regular splittings
of the monotone matrices A1 and A,, respectively, such that M;' < M;*. If M{'N; has a
positive Perron vector, then

p(M;'No) < p (M Ny).
The following lemma is taken from [11].

Lemma 3 ([11]) Let A be an M-matrix and x be a solution of LCP (1). Iff; > 0, then x; > 0
and therefore Z;.il ayxj — f; = 0. Moreover, if f <0, then x = 0 is the solution of LCP (1).
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For the study of the projected methods, the following definition is needed.

Definition 2 ([15]) Given any vector x € R”, x, denotes the vector with components
(x,); = max{x;,0} VieN:={1,2,...,n}.

From Definition 2, the following properties hold for any x,y € R”":
(D) +9)s <x+y.
(i) ® —y: <(x=p)ss
(iif) |x| =%, + (=)
(iv) x<y=wx, <y,
Using Definition 2, LCP (1) is analogous to [1]

x=(x-D'(Ax-f)),, (2)

where D = diag(A) is a nonsingular matrix. From (2) and the splittingof AasA =D-L-U,
here D, —L, —U are the diagonal, the strictly lower, and the strictly upper triangular parts
of A, respectively. The GAOR method for solving (1) can be defined as (see [8, 12])

& = (b - DM QLA + (QA - aQL)X - Qf]),, k=0,1,..., (3)

)

where Q = diag(wy, wy, . .., w,) is a positive diagonal matrix and « is a positive real number.
LetJ=D YL+ U),G=1-aQD|L|,and F = |I - D"Y(QA — aQL)|, the following result
concerns the convergence of the GAOR method for solving LCP (1).

Lemma 4 ([12]) Suppose that A is a positive diagonal H-matrix. Then, for any initial vec-
tor x° € R", the iterative sequence {x*} generated by the GAOR method (3) converges to the
unique solution x* of LCP (1), and

p(G'F) < max {|1 - ;| + wip(l/])} < 1,

T 1<i<n
where 0 < w; <2/[1+ p(|J|)] and 0 < a < 1.

For accelerating the convergence rate of the GAOR method, a preconditioner, based on
the Hadjidimos preconditioner [7], is proposed in [13]

1
—yan-pF 1
—Yian — Bi 1
| ~Yuan1 — Bn 1]

where y; >0 (i=2,...,n) and B; (i = 2,...,n) are constants. It has been showed that the
preconditioned matrix A = PA is also an M-matrix when A is an M-matrix [13], hence the
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equivalent linear complementarity problem of LCP (1)
x>0, F=Ax-Pf=>0, xT7=0

has the unique solution [3]. The preconditioned GAOR method for solving LCP (1) is
defined [13] as

o= (k- D QLA + (QA —aQD)xk - QPf]),, k=0,1,..., )

+’
based on the splittingZ =D-1-U, please refer to [13] for more details.

Note that the preconditioning effect of D is not observed on the first row of matrix A. In
order to provide the preconditioning effect on all the rows of A, in this paper, we propose
the following preconditioner:

1 —vidi - P |
—Yaan - B 1
75 = ’ ) (5)
—viai — B 1
__ynanl - ;Bn 1 _

where y; >0(i=1,...,n) and B; (i = 1,...,n) are constants.

Let the preconditioned matrix A = PA be split asA=D-1— fl, where ﬁ, f, and U] are the
diagonal, lower triangular, and upper triangular matrices, then the preconditioner GAOR
method for solving LCP (1) is defined as

o= (o ~ Do QLA + (QA - aQD)xk - QPf]),, k=0,1,.... (6)

o
3 Convergence analysis
In this section, we will consider the convergence of the preconditioned GAOR method (6)
for solving LCP (1). In what follows, we make the assumptions:

(HO) fi >0andf, >0;

(H1) 0<y,<1fori=1,2,...,n;
(H2) —yai, +ain < b1 < —niaw
(H3) —viain +an < Bi <-vyian fori=2,3,...,n.

Theorem 1 Let A = PA = [a;] andf = ﬁf = [ﬁ-]. If (HO)—(H3) are satisfied, then LCP (1) is
equivalent to the linear complementarity problem

x>0, ?:Ax—fzo, xTr=0. 7)

Proof After some calculations, the elements of A and]\ can be expressed, respectively, as
follows:

ayi— (Viaw, + B)ay, i=1,j=1,2,...,n,
&sz 1j (Vl 1n ﬂl) nj ] (8)

ajj — (yiail + ﬂi)alj) i 7/ 1)/ =12,...,n,
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and

j- ﬁ-%nam+ﬁﬂﬂ,%:1, )
Jfi—(ian +B)fi, i#L

Let x be a solution of LCP (1). Since f; > 0 and f;, > 0, from Lemma 3 we have x; > 0,
> ay—fi =0,and x, >0, 377 ayx; — f, = 0. Therefore, on the one hand, if i = 1, then

Z&ijxj —fi= Z(ﬂlj — (na1n + B1)aw)x; — (i = (rain + BL)f»)
-1 -1

= Zaljxj —fl - (ylaln + :31) (Z AnjXj _f”>
j=1 J=1

= Z(ll]‘xl' _f1~ (10)
j=1
On the other hand, if i # 1, then

Zﬁijxj ~fi= Z(ﬂij — (yiai + Bay)x; — (fi — (vian + B)fr)

p= 1
n n
= Zﬂzjxj —fi— (vian + Bi) (Z ajx; —f1>
j=1 J=1
n
= ayx—f. (11)
j=1

Thus, x is a solution of LCP (7).

Conversely, suppose that x is the solution to LCP (7), assumptions (HO), (H3) and (9)
imply that 8, + y,a,1 <0, s0 —(By + Yuam )i = 0, then f, — (B, + Yuan)fi > 0, we get that
fn > 0. Similarly, from assumptions (HO), (H2) and (9), we can obtain ]A’l > 0. It follows from
Lemma 3 that x; > 0, 2;11 ax; —fl =0,and x, >0, 2;11 X —f,, = 0. This together with
(10) and (11) gives 2;11 axj —fi = 0. Thus, for i = 1, we have

D lagxi—f) = Y (ag—fi) - ran + Br) (Z % —fn)
j=1 j=1 J=1
= Z(ﬂlj — (a1 + B1)aw)x; — (fi — (rai. + BL)fy)
j=1

n

= &ljx]' —fi.
j=1
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While for i # 1, we can deduce that

(a5 —f) = D@y =) - (i + B) (Z o -f1>

Jj=1 Jj=1 Jj=1

n

= Z(“ij - (vian + Biay)x; — (fi — (viai + B)f)

j=1
n
= Z &,,x] —ﬁ.
j=1
Hence, x is the solution of LCP (1). O

Lemma 5 IfA is an M-matrix, (H1)—(H3) hold, then A =DPA is an M-matrix.

Proof If A is an M-matrix, then a; < 0 for i #j and ay;a;1 < 1, which leads to ay; > 1/a;1.
Otherwise, from (8) and assumption (H2), -y a1, + a1, < f1 < —y141,, we have that §; +
V18in = Oand ﬁl +vidin = Aip > l/dnl. Then &11 =d1 —(,31 + ylal,,)ay,l >1— l/tlnl *d, = 0.

Similarly, we can obtain

an =ay — (iaw + Pr)an >0,
aii = aii — (vian + B)ay >0, i#1,
arj = ay — (a1 + B1)ay; <0,

aj = aj— (viapg + Bi)ay <0, i#1,j.

From Lemma 1 there exists a positive vector y > 0 such that Ay > 0. Note that P > 0, thus
Zy = ﬁAy >0, and from Lemma 1, A is an M-matrix. O

Theorem 2 Let A be a diagonally dominant M-matrix. If (H0)—(H3) hold, then for 0 <
wi <2/[1+p(J)] Gi=1,...,n) and 0 < « < 1, the iterative sequence of the preconditioned
GAOR method (6) converges to the unique solution x* of LCP (1), here ] = 5‘1(f+ f[).

Proof From Lemma 5, we know that A is a diagonally dominant H-matrix. Thus from
Theorem 1 and Lemma 4, the preconditioned GAOR method (6) converges to the unique
solution of LCP (1). O

4 Comparison results

In this section, we will compare the convergence rate of the preconditioned GAOR method
(6) with that of the GAOR method (3) and that of the preconditioned GAOR method (4)
[13]. For simplicity, we may assume that a; = 1, i = 1,...,n. For this case, G = I — «Q2|L|,
F=|I-(QA-af2L)|, and l~), Z, and 17 can be expressed as D=1- Sp, L=L-S+ Si,
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I = U + S with

0
—yan —pfr 0
S= ) ,
—via;n — B 0
__ynanl - ,Bn O_
o _
(y2a21 + B2)arz
Sp = (ysas1 + B3)ais )
(ynﬂnl + ﬂn)ﬂln_
[0 0 0 0]
0 0 0 0
Sy =10 (ysas1+ Bs)ai 0 0],
_0 (Vndnl + ,Bn)ﬂlz (Vn“nl + ﬂn)ﬂl,n—l 0_
[0 o 0 0 l
0 0 (yoan + B2)ais (y2a21 + B2)arn
Su=|: : .
0 (Vn-18n-1,1 + Bu-1)a1n
0 0

Moreover, the 5, f, and I can be expressed as D=1I- Sp — Rp, I=L-S+ Si, U=u-+

Su —R+Ru with

0

(ylﬂln + ﬁl)ann
0

0 -+ 0 —ya-5
0 0 0
R= .
0 0 0
[ (11, + B1)am
0
Rp =
[0 (y1a1n + B1)an
0 0
Ru=
o 0

Lemma 6 IfA is an M-matrix with diagonal elements 1, (H1)—(H3) hold, then 0 < D < D.

Page 7 of 12
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Proof Note that
D =diag(1,1 - (y2a21 + )12, .., 1 = (Yuar + Bu)ars)
and
D= diag(1 - (y1a1n + B1)an1, 1 — (vadz1 + B2)arz,.. ., 1 = (Yumy + Bu)dan).

Since A is an M-matrix with diagonal elements 1, we have 0 < a;a;; <1 (i #)) [7]. Then
assumptions (H1)—(H3) imply that

0<1-(nawm+pam <1
and
0<1-(pan+Bai<l, i=2,...,n
Hence, 0 < D < D. O

From Lemma 6 and the fact that L = Z, we have
DML <DL (12)
Moreover, it is easy to check that the inequality
Ll <D7I] (13)

holds [14]. Let G = — aQD Y L|, E = | - DY(QA - aQL)|, G=1-aQD (L], and F =
[ = D"Y(QA — «QL)|. If (H1) and (H3) hold, then [14]

p(a_lﬁ) <p(G'F)<1. (14)
The following theorem gives a comparison result between p(@‘lf ) with p(’G\‘l/ﬁ).
Theorem 3 If A is an irreducible nonsingular M-matrix, and (H0)—(H3) hold, then
p(@’lﬁ) < p(é’lf) <1

Proof 1t follows from Theorem 2 and (14) that p(@‘lﬁ) <1and p(G1F) < 1, so we only
need to show

p(@_lﬁ) < p(é‘lﬁ).
In terms of (12), we have

I—-aQD YL <I-aQD V),
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that is, G < G. Note that G and G are M-matrices, hence

l

0<G'l<G™ (15)
AsE=|I-DYQA-aQL)| and F = |I - D"Y(QA — aQL)]| are nonnegative matrices, thus,
this together with (15) yields G — F and G — F are the regular splitting of different monotone

matrices G—F and G—F, respectively. Moreover, for a nonnegative matrix G'F, according

to Perron—Frobenius theorem (see [4]), there is a positive Perron vector z such that
G 'Fz= p(@_lﬁ)z.
Hence, it follows from Lemma 2 that
p(@‘rl-:) < p(@"llj").
The proof is completed. O

Remark 1 From Theorem 3 and (14), we can see that under assumptions (H0)—(H3), the

inequalities
p(@’lﬁ) < p(é‘ll?) < p(G‘lF) <1

hold. This confirms that the proposed preconditioner P in (5) is more efficient than the
preconditioner P [13] for accelerating the convergence rate of GAOR method for solving
LCP (1) with an M-matrix.

5 Numerical example
In this section, two examples are given for verifying the theoretical result.

Example 1 Linear complementarity problem with coefficient matrix

1.00000 -0.00580 —0.19350 -0.25471 -0.03885
-0.28424 1.00000 -0.16748 -0.21780 -0.21577
A;=(-0.24764 -0.26973 1.00000 -0.18723 -0.08949
-0.13880 -0.01165 -0.25120 1.00000 -0.13236
—-0.25809 -0.08162 -0.13940 -0.04890 1.00000

Tables 1 and 2 list p(G~1F), p(G~'F), and p(G~'F) for different o and 2.

Table 1 p(G'F), p(G™'F), and p(G 'F) with @ = 0.1 and w; = 0.1

Preconditioner Wi ys) Br,...Bs)" 0]

I - - 0.96934

2 ©0,1,1,1,00)7 (0,0.1,0,0.01,0.05)" 0.96311
0,1,0,1,0 (0,0,0.04,0.04,0.05)" 096750

P (1,1,1,1,007" (0.03,0.1,0,0.01,0.05)" 0.96292
(1 (

0,0,0.04,0.04,0.05)" 0.96708
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Table2 p(G '), p(G'F), and p(G 'F) with @ =0.1 and @; =09
Preconditioner Wi ys)T Bi,....Bs) p()
/~ - 0.71690
P (O,],W,],OJ)T ( 1,0,0.01, 005) 0.67388
R (O,],O,],O)T (0, O 0.04,0.04, 005) 0.70036
P (W,LW,],O.])T (0.03,0.1,0,0.01, 005) 0.67153
(1,1,0,1,00" (0,0,0.04,0.04,0.05)" 0.69654

Example 2 Let the coefficient matrix A of LCP (1) be given by

u
I-R

L
where Q = (g;) € RF*F, R =

(r) € RT¥9, L = (I;) € RT*?,

1

Qiz‘=m, 1<i<p,
1 1 o
%= 30 " 30577 C=LI=P
1 1 .
B30 0 I ER
1 .
h’z':m: 1<i<gq,
1 1 o
r,'/:%—w, 1<i<j=<gq,
1 1 o
T30 730G e pri SIS
1
lij:BO(p+i—j+1)+p+i 30° lsi=gl=
1 1 , ,
"= )i 30 l<iz=pl=sj=q

It is obvious that A is an irreducible M-matrix.

and U = (u;;) € RP* with

J<p

Table 3 and Table 4 list p(G~F), p(G~F), and p(G~'F) with different o and € for Exam-

ple 2, where inP,let (¥, ...,va) T = (0, 30 %)T, (B1,B1,--»Bn)T =(0,0.003,...,0.003)T
and in P, let (yi,72..7)7 = G307 (BuBi....B)T = (0.003,0.003,...,
0.003)7.
Table3 p(G'F), p(G'F), and p(G™'F) with & = 0.1 and w; = 0.6 for Example 2

n / 2 P

5 0.46078 046040 0.46038

10 0.55689 0.55636 0.55635

15 0.65889 0.65833 0.65832

20 0.763952 0.763399 0.763395
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Table4 p(G'F), p(G'F), and p(G~'F) with & = 0.2 and w; = 0.7 for Example 2

n / P P

5 0.37475 0.37400 0.37398
10 0.49391 049285 0.49284
15 062177 0.62063 0.62062
20 0.75501 0.75386 0.75385

From Tables 1, 2, 3, and 4 we can see that, for different choices of « and €2, the inequalities
p(/G\_lﬁ) < p(é‘l’ﬁ) <1
hold, which verifies the theoretical result in Theorem 3.

6 Conclusions

In this paper, we present a new preconditioner P, which provides the preconditioning
effect on all the rows of A, to accelerate the convergence rate of the GAOR method to
solve LCP (1) with an M-matrix A, and consider the preconditioned GAOR method (6).
We prove that the original LCP (1) is equivalent to LCP (7), and show that the precondi-
tioned GAOR method (6) is convergent for solving LCP (1). Then a comparison theorem
on the preconditioned GAOR method (6) is obtained, which shows that the precondi-
tioned GAOR method (6) improves the convergence rate of the preconditioned GAOR
method in [13] for solving LCP (1). Together with the comparison result in [12], we know
that the preconditioned GAOR method (6) improves considerably the convergence rate
of the original GAOR method for solving LCP (1).
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