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1 Introduction

Throughout this paper, let X be a real Banach space with norm || - || and X* be the dual
space of X. Let K be a non-empty closed and convex subset of X. Let (x,f) be the value of
f € X* at x € X. We write x, — x to denote that {x,} converges strongly to x and x,, — x
to denote that {x,} converges weakly to x.

Suppose that A is a multi-valued operator from X into X*. A is said to be monotone [1]
if for Yv; € Au;, i = 1,2, one has (143 — uy,v; — vp) > 0. The monotone operator A is called
maximal monotone if R(J + kA) = X*, for k > 0, where J : X — 2X" is the normalized duality
mapping defined by

J@) = {f €X: () = Ixl> = IfIP}, VxeX.

A point x € D(A) is called a zero of A if Ax = 0. The set of zeros of A is denoted by A~10.
Suppose that the Lyapunov functional ¢ : X x X — (0, +00) is defined as follows:

P(x,p) = llxl1> = 2(x,j») + IyI>  Vx,y € X,j(y) € J ().
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Let T be a single-valued mapping of K into itself.

(1) If Tp = p, then p is called a fixed point of T. And Fix(T') denotes the set of fixed
points of T;

(2) If there exists a sequence {x,} C K which converges weakly to p € K such that
%, — Tx, — 0, as n — 00, then p is called an asymptotic fixed point of T' [2]. And
Fix(T) denotes the set of asymptotic fixed points of T;

(3) If there exists a sequence {x,} C K which converges strongly to p € K such that
x, — Tx, — 0, as n — 00, then p is called a strong asymptotic fixed point of T [2].
And Fix(T) denotes the set of strong asymptotic fixed points of T’

(4) T is called strongly relatively non-expansive [2] if IES((T) = Fix(T) # ¥ and
¢(p, Tx) < ¢(p,x) for x € K and p € Fix(T);

(5) T is called weakly relatively non-expansive [2] if ﬁ;((T) =Fix(T) #@ and
o (p, Tx) < ¢(p,x) for x € K and p € Fix(T).

If X is a real reflexive and strictly convex Banach space and K is a non-empty closed
and convex subset of X, then for each x € X there exists a unique point xy € K such that
lx = %ol = inf{|lx — y|| : ¥ € K}. In this case, we can define the metric projection mapping
P : X — K by Pxx = xy for Vx € X [3].

If X is a real reflexive, strictly convex, and smooth Banach space and K is a non-empty
closed and convex subset of X, then for Vx € X, there exists a unique point x; € K such
that ¢(xo,x) = inf{¢(y,%) : y € K}. In this case, we can define the generalized projection
mapping [g : X — K by Igx = x¢ for Vx € X [3].

Note that if X is a Hilbert space H, then P and Il are coincidental.

Since maximal monotone operators and weakly (or strongly) relatively non-expansive
mappings have close connection with practical problems, one has a good reason to study
them. During past years, much work has been done in designing iterative schemes to ap-
proximate a common element of the set of zeros of maximal monotone operators and
the set of fixed points of weakly (or strongly) relatively non-expansive mappings. Among
them, a projection iterative scheme is considered as one of the effective iterative schemes
which almost always generates strongly convergent iterative sequences (see [4—8] and the
references therein). Next, we list some recent closely related work.

Klin-eam et al. [5] presented the following projection iterative scheme for maximal
monotone operator A and two strongly relatively non-expansive mappings B and C in

a real uniformly convex and uniformly smooth Banach space X.

Vi = [Bufan + (1= B)JCU + 1,A) " ],

Vn =T otwfxn + (1 — )JBv,y),

H,={peK:¢p,y,) <o, x,)}, (1.1)
Vi={p e K:(p—xpJx1 —Jxn) <0},

X1 = Hp,nv, (1), neN.

Then {x,} generated by (1.1) converges strongly to IT4-1ongix(z)nFix(c)(*1)-
Compared to (1.1), the following so-called monotone projection iterative scheme for

maximal monotone operator A and strongly relatively non-expansive mapping B in a real
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uniformly convex and uniformly smooth Banach space X is presented [4].

x1 €X, r1 >0,

Yn = +1,A) " (xy + ),

Zn =] @y + (1= a)Jyal,

wn =] (B + (1 = B)JBz,),

Hi={peX:9(pz1) Sa1d(p,x1) + (1 —a1)p(p,x1 + €1)},

Vi={peX:pp,u) < pro(p,x1) + (1 - B1)o(p,21)}, (1.2)
Wi =X,

Hy={peH, 1 NV,ei N W1 : (P 24) < 2, (p, %) + (1= ) (p, % + €4)},
Vi={peHyi1 N Vi1t N W1 : ¢, ) < Budp(p, %) + (1 = Bu)p(p,20)},
Wy={peH, 1NV, 1N Wy 1:(p—xyJx1 —Jxy) <0},

X1 = Hp,nv,nw, (1), neN.

Then {x,} generated by (1.2) converges strongly to IT,-15ngix(g) (*1)-
In recent work, Wei et al. [8] extended the corresponding topic to the case for infinite

maximal monotone operators A; and infinite weakly relatively non-expansive mappings
B;.

x1 €X, r,; €(0,+00), i€N,

Ini = +10A) J(x, +e,), i€N,

Zpi =) ufxn + (1 = y)JBiyni], i€N,

Vi=X=Wp,

Vit = {p € Xt (Yni — ] (%0 + €4) = Jyni) >0}, i€N,

Vi1 = (N2 Vier) N Vi,

Wit ={p € Visr,i : @0, 2ni) < 0up(px0) + (1 = )p@,yn0)}, i €N,
Wit = (Mizg Waer,i) N W,

Uy ={p € Wyir : |1 = pII* < |Pw,,,, (1) = %1 1> + Apir },

Xpe1 € Uy, mEN.

(1.3)

Then {x,} generated by (1.3) converges strongly to

P, w,(%1) € (ﬂA;%) N <ﬂ Fix(B,»)).
i=1

i=1

Compared to traditional (monotone) projection iterative schemes (e.g., (1.1) and (1.2)),
some different ideas in (1.3) can be seen. (1) Metric projection mapping Py,,, instead of
generalized projection mapping IT is involved in (1.3). (2) The iterative item x,,; can be
chosen arbitrarily in the set U,.1, while x,,1 in both (1.1) and (1.2) and some others are
needed to be the unique value of generalized projection mapping IT. (3) {x,} in (1.3) con-
verges strongly to the unique value of metric projection mapping P, while {x,} in both (1.1)
and (1.2) converges strongly to the unique value of the generalized projection mapping IT.
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A special case of (1.3) is presented as Corollary 2.13 in [8]. Now, we rewrite it as follows:

x1 € H, e1 €H,

Y = I+ 1, A) 7 (%0 + €4),

2y = Xy + (1= 0ty) By,

U, =H=Vy,

Upi={pelUy:(yn—p)xn+es—y,) >0,

lp = zull* 1%+ 1= a)lp—yal?}

Vis1 = {p € Upsr : %1 — plI* < 1Py, 1) — %112 + A},

Xns1 € Vie1, MEN.

(1.4)

< an”p_xn

Based on iterative scheme (1.4), an iterative sequence is defined as follows after taking

H = (—00,4+00), Ax = 2x, Bx = x for x € (—00,+00), €, = &), = Ay, = %, and r, = 2" L

X1 = 1,
Xpte
Yn=Tiamyr MEN, (1.5)
X1 +Yn—/ (X1 =y)2 42
Xpp1 = 2 (; Wl e N

A computational experiment based on (1.5) is conducted in [8], from which we can see
the effectiveness of iterative scheme (1.4).

Inspired by the work of [8], three questions come to our mind. (1) In iterative scheme
(1.3), in each iterative step n, countable sets V, ;1 ; and W,,,1; are needed to be evaluated. It
is formidable. Can we avoid it? (2) x,,,; in either (1.3) or (1.4) can be chosen arbitrarily in a
set, can a different choice of x,,,1 in V,,;; lead to a different rate of convergence? (3) Which
one is better, our new one or those in [8]? In this paper, we shall answer the questions, con-
struct new simple projection sets in theoretical sense, and do computational experiments
for some special cases.

2 Preliminaries

In this section, we list some definitions and results we need later. The modulus of convexity
of X, 8x:[0,2] — [0, 1], is defined as follows [9]:

llx + I
dx(€) =supy1- —y myeXlxl=lyl=1llx -yl =€

for Ve € [0,2]. A Banach space X is called uniformly convex [9] if x(¢) > 0 for Ve € [0,2].

tyl|— . .
les y=xl yt” I¥l is attained

A Banach space X is called uniformly smooth [9] if the limit lim,_,
uniformly for (x,y) € X x X with ||x|| = |ly| = 1.

X is said to have Property (H): if for every sequence {x,} C X converging weakly tox € X
and ||x,|| — |lx||, one has x,, — x, as 1 — oo. The uniformly convex and uniformly smooth
Banach space X has Property (H).

It is well known that if X is a real uniformly convex and uniformly smooth Banach space,
then the normalized duality mapping J is single-valued, surjective and J(kx) = kJ(x) for

x € X and k € (-00, +00). Moreover, 7! is also the normalized duality mapping from X*

Page 4 of 24
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into X, and both J and /! are uniformly continuous on each bounded subset of X or X*,
respectively [9].

Lemma 2.1 ([2]) Suppose that X is a uniformly convex and uniformly smooth Banach
space and K is a non-empty closed and convex subset of X. If B: K — K is weakly relatively
non-expansive, then Fix(B) is a closed and convex subset of X.

Lemma 2.2 ([1]) Let A: X — 25" be a maximal monotone operator, then
(1) A0 is a closed and convex subset of X;
(2) ifx, — x and y, € Ax, with y, — v, or x, — x and y, € Ax, with y, — vy, then
x€D(A) and y € Ax.

Lemma 2.3 ([8]) Let K be a non-empty closed and convex subset of a uniformly smooth
Banach space X. Let x € X and xy € K. Then ¢(xo,) = infyex ¢(y,%) if and only if (xo —
z,Jx — Jxo) = 0 forall z € K.

Lemma 2.4 ([10]) Let X be a real uniformly smooth and uniformly convex Banach space,
and let {x,} and {y,} be two sequences of X. If either {x,,} or {y,} is bounded and ¢(x,,y,) —
0asn— oo, then x,, — y, > 0 as n — 0.

Lemma 2.5 ([11]) Let X be a real uniformly smooth and uniformly convex Banach space
and A : X — 2% be a maximal monotone operator with A0 # (). Then, for Vx € X, Vy €
A0, and r > 0, one has ¢(y, (J + rA) " x) + ¢((J + rA) " x, x) < (3, %).

Let {K,} be a sequence of non-empty closed and convex subsets of X. Then the strong
lower limit of {K,}, s-liminf K},, is defined as the set of all x € X such that there exists x,, €
K, for almost all # and it tends to x as # — 0o in the norm; the weak upper limit of {K,},
w-limsup K}, is defined as the set of all x € X such that there exists a subsequence {K,,, }
of {K,} and x,,, € K, for every n,, and it tends to x as n,, — oo in the weak topology; the
limit of {K},}, lim K},, is the common value when s-liminf K, = w- limsup K, [12].

Lemma 2.6 ([12]) Let {K,} be a decreasing sequence of closed and convex subsets of X, i.e.,
K, C Ky, if n > m. Then {K,} converges in X and limK,, = ﬂiil K,.

Lemma 2.7 ([13]) Suppose that X is a real uniformly convex Banach space. Iflim K,, exists
and is not empty, then {Pg,x} converges weakly to Pimx,x for every x € X. Moreover, if X
has Property (H), the convergence is in norm.

Lemma 2.8 ([14]) Let X be a real uniformly convex Banach space and r € (0, +00). Then
there exists a continuous, strictly increasing, and convex function 1 : [0,2r] — [0, +00)
with n(0) = 0 such that ||kx + (1 - K)y|* < kl|x[|* + (1 = K)lylI* = k1 = k)n(llx - ) for
k€ [0,1],x,y € X with ||x|| <rand |y| <r.

Lemma 2.9 ([15]) Let X be the same as that in Lemma 2.8. Then there exists a con-
tinuous, strictly increasing, and convex function n : [0,2r] — [0, +00) with 1n(0) = 0 such
that || Y75 kixill* < Y75 killxill> = kikmn (|21 = x,|l) for all {x,}52, C {x € X : ||x|| <1},
{ky}o2, € (0,1) with Yy 2 ky=1and m € N.
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3 Main results
In this section, our discussion is based on the following conditions:
(1) X is a real uniformly convex and uniformly smooth Banach space and J : X — X* is
the normalized duality mapping;
(I) A;: X — X*is maximal monotone and B; : X — X is weakly relatively non-expansive
for each i € N. And (N5, A710) N (N2, Fix(By) # 3
(I3) {e,} C X is the error sequence such that e, — 0, as n — oc;

(I4) {rn;} and {A,} are two real number sequences in (0, +oco) with inf,, r,; > 0 fori e N
and A, — 0, as 1 — o0;

(Is) {an;} and {b;} are two real number sequences in (0,1) and Y ;- a,; =1 =Y - b; for
neN;

(Is) {a,} and {B,} are two real number sequences in [0, 1).

Theorem 3.1 Let {x,} be generated by the following iterative scheme:

x1 €X, e €X,
Y =T + (1 =) Y75 an i U+ 1iA) 7T (% + €4)],
Zu =] [BuJxn + (1 = Ba) Yoicy biJBiynl,
=X=W, (3.1)
Upr ={vel,: ¢(v,y,) < aup(v,x,) + (1 —a,)p(v, %, + ),
d(v,24) < Bup(v, %) + (1 = B)p (v, )}
Vst = {V € Upsr : |81 = VII* < ||Py,,, (x1) = %111 + i1},

Xn+1 € Vn+1v neN.

If 0 < sup,a, < 1 and 0 < sup, B, < 1, then x, — Prpe y, (1) € (NZA7T0) N
(N2, Fix(By)), as n — oo.

Proof We split the proof into seven steps.
Step 1. U, is a non-empty closed and convex subset of X for each n € N.
Noticing the definition of Lyapunov functional, we have
dV,¥4) < 0up (v, x,) + (1 — )b (v, %, + €1)
= 20, (v, Jxn) + 2(1 — 0V, J (%4 + €4)) = 2(v, Jyn)

2 2 2
< ayllonlI” + (1 — o)y + eall” — 1yl

and

oW, 2,) < Bud (V%) + (1 = B (v, yu)
= 2B,(v,)x,) + 2(1- ﬁn)(%])’n) -2(v,Jz,)
< Bullull® + @ = BIyull® = zull*.

Thus U, is closed and convex for each n € N.
Next, we shall prove that ()5} A70) N (<, Fix(B;)) C U, which implies that U, # .



Wei and Agarwal Journal of Inequalities and Applications (2018) 2018:179 Page 7 of 24

For this, we shall use inductive method. Now, Vg € (02, 4710) N (N5, Fix(By)).

If =1, then ¢ € U; = X is obviously true. In view of the convexity of | - ||?

and
Lemma 2.5, we have

(g, y) = lqll* - 2<q,a1]x1 +(1—a1) Zﬂl,i](] +r1,A) (e + 61)>
-1
2

+

axi +(1-ar) Zﬂl,z‘](] +11,A:) T (%1 + er)

i=1

< llgl® = 20 (g, 1) = 20— 1) Y " a1 ifq, JU + r1As) (w1 + e1))

i=1

o0
+ay [l |I* + (1 - o) Zﬂl,iH(] +r1,iA) (e + 81)H2

i=1

= a19(q,x1) + (1 — 1) Zm,@(q, U + i) (31 + e1))

i=1

<a1¢(q,x1) + (1 — o)) p(g, %1 + e1).

Moreover, from the definition of weakly relatively non-expansive mapping, we have

¢(@,21) < lg1” = 2B1(q, 1) —2(1 = B1) Y _ bilq, JBiy1)

i=1

[o¢]
+ Ballan >+ (1= B1) D bill Bon I

i=1

= f1o(g,x1) + (1 - B1) Zbi¢(q,3iy1) < B19(q,x1) + (1 - B1)d(q,y1).

i=1

Thus g € Us.
Suppose the result is true for n = k + 1. Then, if n = k + 2, we have

o0
¢(qyi) = llgl* - 2<61, psfiin + (1= k1) Y e U+ i i)™ T (e + ek+1)>
i-1

00 2

a1
st fxran + (1 — oge1) E Akt J T + Fia1,iAi) ™ T (Kk1 + €xa1)
i1

+

= ||61||2 = 20441(q5 Jxk11)

oo
= 2(1 = otgy1) Zﬂk+1,i<q;](] + 11 1,iAD) T (Kiea1 + exan))
i-1
o0

- 2
+ st ks 12 + (1 = k) E Aiar,i | U+ 1rn,iAd) T (ke + exan) ||
i-1

= 1 @(q 1) + (1= 1) D akini (U + 1eniAe) T (e + €xi))
i=1

< ak+l¢(q:xk+1) + (1 - “k+1)¢(%xk+1 + ek+1)'
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Moreover,

¢, zi1) < llgl” = 2Bk (g Jcks1) = 21 = Ba) Y bidq, JBiyksn)
i=1

o0
+ Bl 1> + (1= Brr) D bil By 1

i=1

= Brn1®(qs Xre1) + (1 — Bre1) Zbi(p(q’Biykﬂ)

i=1

< Brr19(gs xxs1) + (1 = Brs1) (G5 Yie1)-

Then g € Uy,,. Therefore, by induction, (5, A720) N (N, Fix(B)) C U, for n € N.

Step 2. Py, (%1) = P i, (x1), as n — oo.

It follows from Lemma 2.6 that lim U, exists and limU, = (., U, # #. Since X has
Property (H), then Lemma 2.7 implies that Py, (x1) — Pres uy, (x1), as n — oo.

Step 3. V,, # 0, for N U {0}, which ensures that {x,,} is well defined.

Since ||Py,,, (x1) —x1 || = infyeqy,,, ly — %1, then for A1, there exists 8,1 € U, such
that [lx1 — 8,41 1> < (infyeq,,, %1 = ¥1)* + Aws1 = IIPu,,, (1) —#1]|* + A,s1. This ensures that
Vus1 0 for n e N U {0}.

Step 4. Both {x,} and {Py;,,, (x1)} are bounded.

Since A,, — 0, then there exists M; > 0 such that A,, < M; for n € N. Step 2 implies that
{Py,,, (x1)} is bounded, and then there exists M, > 0 such that || Py, , (x1)|| < M, forn € N.
Set M = (My + ||x111)? + M. Since x,,1 € Vi1, then w1 x4 1> < 1Py, (01) =21 1 + Ape1 <
M,Vn € N. Thus {x,} is bounded.

Step 5. %51 — Py, (%1) = 0, as n — oo.

Since %41 € Vyy1 C Uyy1 and U, is a convex subset of X, then for Vk € (0, 1), kPy,,, (x1) +
(1 -k)xy41 € Uyyq. Thus

1P (1) = 21 || < || kP, (1) + (1= K)pan — 21 |- (3.2)
Since {x,} is bounded, it follows from (3.2) and Lemma 2.8 that

1Py, 1) =1 | < [Py, (1) + (1= K)r — 21 |
= k||Pun+1 (xl) -1 ||2 + (1 - k)HxVHI — X1 ”2

= k(U= )| Py (1) = e ])-

Therefore, kn(||Py,,,, (%1) = %us1ll) < 16041 =21 1> = |1 Pusyy (81) = %1 1> < Apyr. Letting k — 1
first and then n — oo, we know that Py, | (%1) — %,,1 — 0, as 1 — 00.

Step 6. x,, — Pﬂfn":l Uy %1)s Y — Pﬂ;,il u,, (1) and z, — Pﬂﬁil 1, (%1), as 1 — 0.

From Step 2 and Step 5, we know that x,, — P iy, (x1), as m — oo. And then x,,,1 —
x, — 0,as n — o0. Since x,,,1 € V,,,1 C U1 and e, — 0, then

0 =< ¢(xn+1:yn) = an¢(xn+l:xn) + (1 - an)¢(xn+lrxn + en)

2 2
=an”xn+1” +O{n”xn” _2an<xn+1;]xn>
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+ (1= o) 181 17 + (1= ) 160 + €ull® = 2(1 = ) (%ns1,] (% + €4))

2 2 2
= |1 17— @ullenll® = (1 — ) o, + enll

+ 20[71 <xn _xn+1x]xn> + 2(1 - an)(xn +éy _an:](xn + en))
2 2 2 2
=< (||xn+1 ” - ”xn + en” ) + an(”xn + en” - ”xn” ) + 20[,,”96,,” ”xn+1 _xn”

+2(1 — o) 1% + enll s + €y — X1 || = O.

Then Lemma 2.4 implies that x,,,; — y,, — 0 and then y,, — Pﬂi’f:l u,, (%1), as n — o0.
Since %41 € V41 C Uyy1 and J is uniformly continuous on each bounded subset of X,

then

0 S ¢(xn+l: Zn) E /Sn¢(xn+l:xn) + (1 - Ign)({b(xnﬂ:yn)
= ﬂn((xm—l:]xnﬂ = Jxu) + (xn _xn+1r]xn)) + (1= Bn)PXns1, )

< Bullxnet Mner =Tl + Buallxn 112001 — x|l + (1- ,Bn)¢(xn+1:yn) — 0.

Using Lemma 2.4 again, we have x,,; — z, — 0 and then z,, — Pﬂi,czl u,, (%1), as 1 — o0.
Step 7. Pree | 1, (%1) € (N2 A710) N (N, Fix(By).
First, we shall show that P, (x1) € (N, A0
From (3.1) and Lemma 2.5, for Vg € (72, A;10) N (N5, Fix(B:)), we have

¢(q’_yn) =< an¢(q’xn) + (1 - Ol,,,) Zan,i¢(qy (] + rn,iAi)ilj(xn + en))

i=1

= an¢(qrxn)

+(1-ay) Zan,i[‘p(qrxn +ep) — ¢((] + rn,iAi)_lj(xn +ey), Xy + en)]'

i=1

Then

(L= an) Y anip (T + 7A@ + ), % + €4)

i=1
< a,9(q,%,) - ¢(q’yn) + (1 - a,)p(q,x, +e,)
= an[¢(qrxn) - ¢(q1xn + en)] + [¢(qrxn + en) - ¢(%J’n)]

2
I

< [loull® = 1% + €nll* + 2llqll [T G + €n) = Jn |

12 = yall® + 211 g1 [y =T (2 + )]

+ ||, + ey

Since 0 < sup, a, < 1, then Y °) @i d((J + riA;) " (%, + €4), %, + €,) — 0, which implies
from Lemma 2.4 that (J + r,,;A;) " (x,, + e,) — (x, + e,) — 0, as n — co. Thus from Step 6,
J + 1A (x, + e,) — Pree  y, (x1), as n— oo.

Denote u,; = (J + r,;A;) (%, + e,), then Ju,; + r,Ai,; = J(x, + e,). Since u,,; —
Pree ., (x1), %y — Pres iy, (%1), e, = 0, inf, r,; > 0 and J is uniformly continuous on
each bounded subset of X, then A;u,; — 0 for i € N, as n — oo. Using Lemma 2.2,
meno:l u,, (1) € ﬂ;ol AZIO.
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Next, we shall show that P, (x1) € N, Fix(B)).

Since z, = J 7 [Bufxn + (1 = Bu) X1y biJBiyn), then Jz, — Jx, = (1 = Bu) (375 biJBiyn — Jxn).
Since both J and /! are uniformly continuous on each bounded subset of X, z, —
Pree .y, (1), %0 = P 1y, (x1) and 0 < sup, B, < 1, then Y =y biJBy, — Jx, — 0, which
implies that ]’1(2;.’:1 biJBiy,) — Prx (x1), as m — oo.

Employing Lemma 2.9, for Vg € (N5, 4710) N (N, Fix(B;)), we have

¢ (qJ‘l (Z bi]Biyn>>
-1

= llql* - 2<q, ZbJBiyn> +

i=1

JBiYn

<lql* =2 bilg,JBiyu) + Y _ bill Byull* = brbun (1VB1yn ~ JBiyall)

i=1 i=1

=Y bi¢(q,Biyn) — bibin(I7Bry — JBiyall).- (3.3)

i=1

Since Jy, = JPr2 1, (%1) and Y7} biJBiy, — JPree., u, (x1), then from the definition of
weakly relatively non-expansive mapping and (3.3), we have

b1bin(1l/Bryn — JBiyall)

Z ¢(q1 lyn) ¢(% (Zbi]Biyn>)
i=1 i-1

b, ) - (q,] - (Z bi]Biyn> )
i=1 i=

oo

1> = 2(q,Jyn) +2 ) bilq,JBiyn) -

i=1

Mz

= ”yn l]Blyn - 0!

as n — oo. This ensures that /B1y, — JBxy, — 0 for k #1, as n — oo.

Since y, — Py, u,, (1), then {y,} is bounded. Since (l|qll - [1Biyxll)* < ¢(q, Biyn) <
$(@y.) < (lgll + Iyal)? then Byl < ligh or IByull < 2liqll + llyall, i € N. Set K =
sup{||yx|l : n € N} + 2| q||, then K < +oo0.

Since )%} b = 1, then for Ve > 0, there exists o € N such that Y . b; < 3%

Since /B1y, — JBkyn — 0, as n — oo, for Vk € {1,2,...,my}, then we can choose nyp € N
such that ||/B1y, — JBkyull < § for all n > ng and k € {2,...,mo}. Then, if n > ny,

i=mo+1

mo o0
< D bilIBiyu=JByull + Y bill/Biy, ~ Byl

i=2 i=mp+1

o & > e €
< Zbi §+ Zbi 2]<<§+§=8.
i=2 i=mg+1

This implies that /By, — Z?fl b;JB;y, — 0, and then /By, — ]Pmﬁ:1 u,, (%1), as 1 — oo.

JB1yy — Z biJBiyn

i=1

Thus By, — P, (%1), as n — 0o. Lemma 2.1 implies that Prx (x1) € Fix(By).
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Repeating the above process for showing P, (x1) € Fix(B1), we can also prove that
P 1, (1) € Fix(By), Vk € N. Therefore, Prye (1) € () Fix(B)).
This completes the proof. O

Theorem 3.2 Let {x,} be generated by the following iterative scheme:

x1€X, e €X,

Y =T Hawwr + (1= ) 375 an i T + 1A (% + €4)],

Zu =] [BuJxr + (1= Bu) Yoicy biJBiynl,

U =X=Vvy,

Upi ={vely,: ¢(v,y,) < aup(v,x1) + (1 = ) d(v, %, + €4),
¢, 24) < Bup(v,x1) + (1 = ) (v, y)},

Vi1 = {v € Upsr ¢ %1 = V12 < ||Py,,, (%1) = %111> + Ay}

Xns1 € Vir1, MEN.

Ifa, — 0, By — 0, then x, — Pro y, (x1) € (N=AR0) N (N2, Fix(By)), as n — .

Proof Copy Steps 2, 3, 4, and 5 of Theorem 3.1, and do small changes in Steps 1, 6, and 7
in the following way.

Step 1. U, is a non-empty closed and convex subset of X.

We notice that

¢(V;J/n) <, (v, x1) + (1 - a,)p(v, %, + €,)

= 20,(v,Jx1) +2(1 — ) (v, ] (% + €4)) = 2(v,Jyn)

2 2 2
< ollxll” + (1 =) lle, +e,ll” — lyall

and

O, z0) < Bud(v, 1) + (1 = B (v, )
— 2,3;/1(1/,]961) + 2(1 - ﬂn)(%])’n) - 2<V¢]Zn>

< Ballxall® + (1 = B)llyull® = llzal>.

Thus U, is closed and convex for n € N.

Next, we shall prove that ()5 A720) N (<, Fix(B:)) C U, which ensures that U, # .

For this, we shall use inductive method. Now, ¥q € (72, 4710) N (N7, Fix(B))).

If n=1,q € U =X is obviously true. In view of the convexity of | - |> and Lemma 2.5,
we have

(g, y) = lqll* - 2<q,a1]x1 +(1—-a1) Zﬂl,i](] +r1,A) T (x + 61)>
-1

- 2

+ [lafer + (1 — o) Zﬂl,i](] +11,A:) T (%1 + er)

i=1
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< llgl® = 2e1{q, 1) = 201 = 1) Y " a1, U + A (@1 + e))
i=1

[ee]
ronlle |+ A =00) Y an| 0+ A + e

i=1

a19(q,x1) + (1 —ar1) Zdl,i¢(q: U +r,A) (%1 + 1))

i=1

<a19(q,%1) + (1 - a1)d(g, %1 +e1).

Moreover, from the definition of weakly relatively non-expansive mapping, we have

¢(@,21) < llg1” = 2B1(q. 1) —2(1 = B1) Y _ bilq, JBiys)

i=1

[o¢]
+ Balla >+ (1= B1) D bill By |I?

i=1

= Prop(gx1) + (1= B1) Y _ bip(q, Biyr) < Prp(g,1) + (1= B)(g, 31)-

i=1

Thus g € Us.

Suppose the result is true for n = k + 1. Then, if n = k + 2, we have

(@ yxs1) = llgll* - 2<% g Jrr + (1 — aga) Z“ku,z’](] + 71, A7) (e + €k+1)>

i-1
- 2
+ | akeJrr + (1 = atpein) deﬂ,i](] + 1kr,iAi) T (et + €xi1)
i-1
< llql* = 20k41(q, Jx1)
o0
—2(1 = 0k1) Y @k @ T U + i i) T (kan + €xan))
i-1
o0
_ 2
+ et 1 + (1= aesn) Z x| U + rien,iA) ™ T Fiea1 + exs) |
i-1

o0
= ap19(q,x1) + (1 — otgy1) Z ks 1,i®(@ U + Tes1,iA) T T (s + €xs1))
i=1

< g @(q,%1) + (1 — @p1) PGy Xnr1 + €xe1)-

Moreover,
oo
(@ 261) < 191> = 2B (g, J1) = 21 = Bir) D bilq,JBiyien)
i=1

+ Bl + (1= Bea) Y bill By I

i=1
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= Brnd(g,x1) + (1 — Bre) Zbﬂf’(q, Biyk+1)

i=1

< Bra10(q,x1) + (1 = Bra1) (G Yis1)-

Then q € Uy,». Therefore, by induction, ¥ # (5} A;10) N (N7, Fix(B)) C U, forn e N.

Step 6. x, — Py 1, (%1), yu — Pr i, (x1), and z, — P uy, (x1), as m — oo.

Following from the results of Step 2 and Step 5, x,, — P u, (x1),as n — o0o. And then
Xps1 — Xy — 0,as 1 — 00.

Since x,,,1 € V,,u1 C U1, @, — 0, and e, — 0, then

0 < p@Xns159n) < udXp1,%1) + (1 — 00)P (K1, % + €51)
= a1 | + il I” = 2000 (X1, Jo1)
+ (1= ) [ % + (1 = ) 12 + €ull* = 2(1 = o) (%ns1, ] (xn + €1)
= [%net I1? = nllas 1* = (1 = o) s + e
+ 200 (%1 = X1, J21) + 2(1 = ) (%60 + €4 = X1, ] (% + €4))
< (1% 17 = 1% + €nl1?) + 0t (1% + €all® = lx1 %) + 2t o1 1901 — %1

+2(1 — a) % + eullll%n + en — Xusrl = O,

as n — 00. Lemma 2.4 implies that x,,,; — y, — 0 and then y, — Pres uy, (x%1) as m — oo.
Since x,,,1 € V41 C U,y and B, — 0, then

0< ¢(xn+1,zn) =< ,Bn¢(xn+1:xl) +(1- ,Bn)¢(xn+1,yn) — 0.

Lemma 2.4 implies that x,,,; — z, — 0 and then z,, — Pﬂfnc:1 u,,(*1) as 1 — oo.
Step 7. Pee | 1, (%1) € (N2 A710) N (N, Fix(By).
First, we shall show that P, (x1) € (N, A710.
From (3.4) and Lemma 2.5, for Vg € (72, A;10) N (N5, Fix(B:)), we have

(G, yn) < anp(q,x1) + (1 - ay) Zﬂn,%ﬁ(% U+ rn,iAi)ilj(xn + en))

i=1

=< Oln¢(%x1)

(=) Y ani[¢(q, %0+ €n) = (T + rnids) TG + €0), %0 + €) ].

i=1
Thus
(1—-ay) Z ﬂn,i(p((] + rn,iAi)_lj(xn +e4), Xy + en)
i=1
= an¢(q’xl) - ¢(qryn) +(1- O‘n)¢(q’xn +ey)
= an[¢(qrxl) — (g, % + en)] + [d)(q’xn +e,)— ¢(q’yn)]
<au[d(q,%1) — B %0 + )] + (% + eall® = Nyull®) + 21 gll|J (o + €4) = Jya|-
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Since o, — 0, then Y ") @, d((J + i A;) (%, + €4), %, + €,) — 0, which implies from
Lemma 2.4 that (J + 7,,;4;) " J (%, + e,) — (x, + e,) = 0, as n — 00. Thus (J + r,,:A;) " (x, +
en) > P 1y, (x1), as n — oo.

Let u,; = (J + A (x, + e,), then Ju,; + ryAu,; = J(x, + e,). Since u,; —
PﬂZf:l 1y, X1)5 Xy — Pﬂff:l u,, 1), e, = 0, and inf,, r,,; > 0, then A;u,,; — 0 for i € N, as
n — 00. Using Lemma 2.2, Py, (x1) € (2 A7 0.

Next, we shall show that P, (x1) € (2] Fix(B:).

Since z, = J 7' [BuJx1 + (1 — Bu) Doy biJBiya), then Jz, — Jxy = BuUx1 — Jx,) + (1 -
/3,,)(2;101 biJBiy, — Jx,). Since both J and J~! are uniformly continuous on each bounded
subset of X, z, — Py, (¥1), % — P22, 1y, (1), and B, — 0, then > 2 biJByy — Jxy —
0, which implies that J~1 (3"} biJB;y,) — Pree i, (x1), as n — oo.

The following proof is the same as the corresponding part in Step 7 of Theorem 3.1.

This completes the proof. d

Theorem 3.3 Suppose that {x,} is generated by the following iterative scheme:

x €X, e1 €X,

Y =Ty + (1= ) 375 ani T+ 1iA) T (% + €4)],

2y =T [ Bufn + (1= Bu) Yooy biJBiynl,

U =X=Vvy,

Upi ={ve Uy, : ¢(v,yn) < aup(v,x1) + (1 = ) d(v, x5 + €4),
¢, z4) < Budp(v,x0) + (1 = B) (v, yu)}s

Vi1 = {v € Upsr ¢ %1 = V12 < ||Py,,, (1) = %111* + Ay 1

Xp41 € Ve, MEN.

If0 < sup, B, < 1and a, — 0, then x, — Ppo_y,, (%1) € (M= A7T0) N (N2, Fix(By), as
n— 00.

Theorem 3.4 Suppose that {x,} is generated by the following iterative scheme:

x €X, e1 €X,

Y =T HowJxn + (1 =) 375 and U + 1idi) ™ (% + €4)],

zy =] BuIx1 + (1 = Bu) Doy biJBiyal,

U =X=Vvy,

Ui ={vel,: ¢(v,yn) < audp(v,x,) + (1 = a)p(v, 5, + €1),
(v, z4) < Budp(v, 1) + (1 = B)p(v, )},

Vi1 = {v € Upsr ¢ %1 = V12 < ||Py,,, (1) = %111 + Ay 1

(3.6)

Xns1 € Vir1, mEN.

If0 < sup, a, < 1and B, — 0, then x, — Prpo_y,, (%1) € (M= A7P0) N (N2, Fix(By), as
n— 0.

Remark 3.5 The main difference between ours and [8] is that: in [8], in each step 7, count-
able sets Vj,,1; and W,,,1; are needed to be evaluated, but in our paper, in each step #,
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two sets U,,,; and V,,,1 are enough. This difference leads to some different techniques for
proving the main results.

Corollary 3.6 If X reduces to a Hilbert space H, then (3.1) becomes as follows:

X1 EH, e € H,

Yn = QpXy + (1 - Oln) Z?:ol an,i(l + rn,iAi)_l(xn + en):

Zy = Buxn + (1= B,) Z:l biBiyn:

U, =H=Vy,

(3.7)

Uy ={vel,: ”V_yn”2 = anHV_xn”z + (1 —ay)llv—x, - en”z;
1V —2ul1> < Bullv = xull” + (1 = BV = yull*},

Vst = {v € Upr : llx1 = VII® < 1Py, (1) =21 [1% + A},

Xnel € Vn+17 neN.

Similarly, we can get the special forms of (3.4), (3.5), and (3.6) in the frame of Hilbert
space H.

Corollary 3.7 If, further, r,; =r,, Ai = A, and B; = B, then we can get a special case for
(3.7):

X1 €H, e EH,

Y = Ay + (L=, )L +1,A) 7 (% + €4),

Zp = Buxn + (1 - ,Bn)Bym

U, =H=1V,

(3.8)

Uy ={vel,: ”V__yn”2 = o:,,||v—x,,||2 +(1—ay)llv—ux, - en”z’
v =2zall* < Bullv = %ull* + (1 = BV = yall*},

Vst = {v € Upsa : lx1 = VII* < |Pu,,, (1) =21 [1% + A},

Xn+1 € Vn+17 neN,

where A is maximal monotone, B is weakly relatively non-expansive, and {r,} C [0, +00)
satisfies inf,, r, > 0.

Corollary 3.8 If, in Corollary 3.7, a,, = 0, then (3.8) can be further simplified as follows:

X1 EH, el EH,
Yn = I+ rnA)_l(xn +ey),
Zy = ﬁnxn + (1 - ,Bn)Byn;
u,=H=V,
(3.9)
U ={vel,: lv-y.ll < llv-—x,—eull,
1V =2ul1> < Bullv = xull” + (1 = BV — yull*},

Vn+1 = {V € Un+1 : ”xl - V||2 = ||Pun+1 (xl) _xlllz + )\n+l}y

Xn+l € Vn+1; neN.
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Remark 3.9 Comparing (3.9) and (1.4), we may find that they are different due to different
construction of U,,;. This indicates again that (3.1) is different from (1.3).

Remark 3.10 Choose H = (—00, +00), Ax = 2x, and Bx = x for x € (—00, +00). Let e, = B, =
An = % and r,, = 27! for n € N. Then A is maximal monotone and B is weakly relatively
non-expansive. Moreover, A~10 N Fix(B) = {0}.

Corollary 3.11 Take the example in Remark 3.10. We can choose the following three iter-
ative sequences {x,} among infinite choices by iterative scheme (3.9).

X1 = lr Xy = 1- 4;
ntén
yn = ’16+2rn ’ ne N’ (3.10)

Wy = Miny,<, (1 + 7)Ym, HEN,

X1 = %1 — v/ (01 = W) + A1, mENN\{1},

X1 = ly
Yn =152, neN, (3.11)

xn+1=(1+rn)_yn1 neN,

and

7 2

*1 =1 X2=5— 5>
_ Xntépn

Yn = 1+2r,° n GN’ (3 12)

Wy = Miny,<, (1 + 7)Ym, HEN,

x1+Wn—a/ ®1-Wn)? +hni1
)

Xn+l = 2 HEN\{I}

Then {x,} generated by (3.10), (3.11), and (3.12) converges strongly to 0 € A10 N Fix(B),
asn— oo.

Proof We can easily see from iterative scheme (3.9) that

L=t forneN, (3.13)
1+ 2r,
and
Zy = Buxn+ (1= Bp)y, formeN. (3.14)

From (3.14), we can see that (v — z,)? < B,(v — x,,)? + (1 = B,)(v — y,,)? is always true for
v € (—00, +00). Then we can simplify U,,,; and V1 as follows:

u,..=U,n {v € (00, +00) : 2(%, + €, — )V < (%, + €,,)* —yfl} forn e N, (3.15)

and

Vil = Uy N [xl - \/(xl —Puml(xl))2 + Aps1, X1 + \/(x1 —Pu,,+1(x1))2 + )»n+1]

forn e N. (3.16)

Page 16 of 24



Wei and Agarwal Journal of Inequalities and Applications (2018) 2018:179

Next, we split the proof into three parts.

Page 17 of 24

Part 1. We shall show that both {x,} and {y,} generated by (3.10) converge strongly to

0 € A'0 N Fix(B), as n — oo.

By using inductive method, we first show that the following is true:
X1 = 1, X9 = 1- 72,
0<(1+rn+l)yn+l<1¢ HGN,

ul = (—OO, +OO) = Vlr

(3.17)

Vi1 = [xl -

In fact,if n=1,y; =

un+1 = (—OO,WH],

Uy = (-00,3], Va=[1-

2’3]

neN\{1},

xX1+eyp _
1+2r;

(xl - Wn)2 + )"n+17 Wn]’ ne N\ {1}’

we may choose x,,,1 =x1 —+/(x1 = w,)2 + A1, neN\{1}.

.Since (x; +e1) —y1 =2r1y1 =2y = % > 0, then from (3.15),

U, = (—00,+00) N (=00, (1 + r1)y1] = (=00, %]. Thus Py, (x1) = x1. From (3.16), V3 = Uy N

1+2r9

=214+ 2)=[1- %3

Ifn=2,y, =212 -

273

]. So, we may choose wy = 1 — %=
f

o and wyp = min{(1 + 7))y, (1 + 72)y2} =

N3
2
&= 136/5 =1 +r)y. Itis

easy to see that 0 < (1 + 7'2)_)/2 <1, and then x; + €3 — ¥, = 2ryy5 > 0. From (3.15), Uz = Uy N

(-00,3y,] = [—oo, 1N (=00, 2= 3“f] (—00, wy], and then Py, (%1) = wy = M .From (3.16),

Vi = Us N [y — /(1 — w2)? + g, ++/ (1 — wa)? + A3] = [1 - (%5/5) 3 93‘/_

t3

V(%1 — w2)? + A3, w5]. Then we may choose x3 = x1 — /(%1 — w2)2 + A3.

Suppose that (3.17) is true for n = k. We now begin the discussion for n = k + 1.

Since 0 < (1 + rx11)Yk+1 < 1, then xpy1 + €x41 — Vi1 = 27k41¥k41 > 0. From (3.15) and (3.13),

Uz = Upe1 N (=00, (1 + 1541)Yk41] = (=00, Wii1], and then Py, (x1) = w1

Note that wy,; <1 =% <x1 + \/(xl — Wis1)? + Axso and \/(xl — Wis1)2 + A2 > X1 — Wi >

0, then from (3.16) we know that

Vieea = [%1 = v/ (1 = Wi1)? + Asas Wi |-

Then we may choose

Xp2 = %1 — v/ (%1 = Wia1)? + Asa.

Xk+2+€k+2 Xk+2

_ 1 _ I4rpy
Since yii2 = s = 1907 T T then (1 + 7x42)Yki2 = T, (Xk42 + €xs2). Note

that

(1 +742)ke2>0 = Xpa+ex2>0
1 2
= 1+k+2>\/(1—wk+1) + Aks2
2 1 1
—~ — 1—wi)® +
(l<+2)2 > 1) k+2
1 1
= ot ———> (1= w1

k+2  (k+2)?
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This is obviously true. Then (1 + rx42)yk+2 > 0. Since

1
k+2

1 1
—=1-,/(1-
Xi+2 t k+2 \/( Wk+1) t—= k+2 k+2 < Wil t+

1 1+2K2 14250
<1+ < = ,
k+2 142K 147,

then (1+ rio)ykes = Fige2 (k2 + €x1) < 1.

By now, we have proved that (3.17) is true.

In this part, it is left to prove that x, — 0, y,, — 0, as n — o0.

From (3.17), {(1 + r,)y,} is bounded, which implies that {w,} is bounded. Thus {x,} is
bounded. Let {x,,} be any subsequence of {«,,} such that lim;_, o x,,, = a. Then w,, - a and
Y, = 0asi— 00.Since 0 < w,, < (1+7,,)y, < 1,then0 <a <lim;_, (1 +7,,)y,, < 1. That
is, 0 < a < lim;_, o0 1'y,¥y; < 1. From the fact that 2r,y,, = %, + e, — y,, we have lim,;_, (1 +
Tn;)Yn; = 5. By now, we know that 0 <a < 7 < 1, then a = 0. This means that each strongly
convergent subsequence of {x,} converges strongly to 0. Thus x, — 0 € A~10 N Fix(B), as
n— o0o. And then y, — 0, w,, — 0, as 1 — o0.

Part 2. We shall show that both {x,} and {y,} generated by (3.11) converge strongly to
0 € A"'0NFix(B), as n — oo.

First, we shall use inductive method to show that the following is true:

x1:1,

O<(1+rn+l)yn+l<(1+rn)ynr neN,

%<(1+’"ﬂ+l)yn+l<l nEN\{l}
Up=(-00,+00) = Vi,  Va=[1-2,4],  yy=[1-3 1] (3.18)

Un+1 = (—OO,(]. + rn)yn]: ne N\ {1}:
Vn+1 = [xl - \/[xl - (1 + rn)yn]2 + )Wle(l + rn)yn]: ne N\ {11 2}:

we may choose x,,,1 = (1 +r,)y,, n€eN.

Infact,ifn=1,y; = ’1‘1;2 = % Since (x1 +e1) —y1 = 2r1y1 = 2y1 = % > 0, then from (3.15),
U, = (—00,+00) N (=00, (1 + r1)y1] = (—o0, %]. Thus Py, (x1) = 1. From (3.16), Vo = Uy N
[1- Q 1+ “/—5] =[1- %, %] Then we may choose x; = (1 + rl)yl = é

fn=29 = ’l‘i;‘z = 35. It is easy to see that 0 < (1 + r2)ys = 35 < (1 + r1)y1 = 3. From

(3.15), U3 = Uy N (—o0, Byz] = ( 0, 10] = (-00,(1 + r3)y2], and then Py, (x1) = x1. From

(3.16), V3 =U3 N [1 - “/——,1 ] [1- V3 11, Then we may choose x3 = (1 + 7'2)_)/2 = —1

3710
_ 43 11

L 270 Itis easy to check that 0 < (1 +73)y3 = 7 < 15 = (1 +72)y and

1+2r3

Thus ys = 2+2 23 <
(1+r3)ys<1.

Suppose that (3.18) is true for # = k. Next, we show the result is true for n = k + 1.

Since 0 < (1 + 7x41)¥k+1 < (1 + r¢)yk < 1, then (3.15) implies that U,y = Uy N (00, (1 +
Tke1)Vke1] = (=00, (1 + 111)yae1] and Py, (x1) = (1 + 7ge1) Vo1

Note that (1 + rg1)yke1 < 1 = a1 < %7 + \/[xl — (1 + 701)Vks1]? + Akyo and x; —

\/[xl — (L + 7e01)Yks11? + Akyo < (1 + 7k41)Yk41- Then, from (3.16), we know that

Vier = [1 - \/[xl -(1+ "k+1))’k+1]2 + Mieszs (1 + 7o) Ve |-
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Thus we may choose

Kprz = (1 + 7h41) Vi1

147k
1421442

And then, yi,, = 2% = 2 oy S0 (14 M)z = (Xrr2 + €xs2).

L2rg, - 1202 1 o)k
Note that

1
QA +712)yr42>0 = xpatew>0 = (1 +na)a+——= >0,

k+2
which is obviously true from the assumption. Thus (1 + r¢.2)yks2 > 0.
. k+1 k+1
Since (1 + 7k41)Yk41 < 1, then igw (1 + ree1)Visn + ﬁ] < }:gm % < 1. Thus

Xz + gy 14264
1427, 1422

1+ rk+2)yk+2 =(1+7x2)

1
(1 + 7)) Yie + 2l 1

Note that

(1 + rk+2)yk+2 < (1 + rk+1)yk+1

1+ s
“T;;ﬂ(xm + es2) < (1 + Tes1)Yks
1 4 2k+1 1
= T om (L + res1)yier + 2l < (L + res1)ye
ok+2 _ ok+l 1+ ok+1
= —— 1+ >
1+2k+2 ( k+1)yk+1 (k+2)(1+2k+2)
1+ 2k+1
=  (1+r1)Vka > W,

which is true from the assumption.
Compute the following:

(1 + 1) Vrs2 = E:T}Zi(xku + €y2)
1+ 2k 1
= 1ok [(1 + Tks1 )Ykl + 7 2i|
14201 14 2k1 1
7 142k [(k+ 9261 T Ky 2}
1+ 2k+1 1+ 2k+2

(k+2)251 ~ (k + 3)202°

By now, we have proved that (3.18) is true.

In this part, it is left to prove that x, — 0, y, — 0, as n — oc0.

Since {(1 + r,)y,} is decreasing and bounded in (0,1), then lim,_oo(1 + r,)y, =
lim,, oo ¥, = a. Coming back to (3.13), we know that r,y, — 0, as n — co. Then y, — 0,
and then x,, — 0, as 1 — o0.

Part 3. We shall show that both {x,} and {y,} generated by (3.12) converge strongly to
0 € A"'0NFix(B), as n — oco.
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First, we shall use inductive method to show that the following is true:

7 2
x1 =1, X2 =6~ 3

0<(l+7rp1)yni1<l, meN,

U, = (o0, +00) = V7,

Uy=(-00,%],  Va=[1-%L4, (3.19)
Upir = (-00,wy], meN\{1},

Vn+1 = [xl RV, (xl - Wn)2 + Ansls Wn]¢ ne N\ {1}¢

x1-4/ (51-Wn) 2+ M1+ Wn

we may choose %1 = 3 , neN\{l}.

.Xl +e1

Infact,ifn=1,y; = Toor = % Since (%1 + €1) —y1 = 2r1y1 =291 = % > 0, then from (3.15),
= (—00,+00) N (=00, (1 + r1)y1] = (~o0, %]. Then Py, (%1) = 1. From (3.16), Vo, = Uy N

V2,4
[1- f1+‘[] [ —?,%].Thuswemaychoosexz:1 22+3:%—%
Ifn=2y, =222 = 2 _ ﬁ and wy = min{(1 + r)y1, (1 + r2)yp} = 1 - i It is easy to

1
1+2ry 3
seethat 0 < (1 + )y, =1 — Sf < 1. Thus from (3.15), U3 = U, N (—oo,Syz] = (-0, %] n

(—00,1 - M] = (—00, ws], and then Pyy(x1)=1- 2—‘? =wy.

From (3.16), Va = U3 N [x1 — /(%1 — W2)? + Az, %1 + +/ (k1 — wn)2 4+ A3] = \/40071 1-
3ﬁ] [%1 — /(%1 — w2)? + A3, w»]. Then we may choose x3 = 2V V2725702 W =1- B*f

V562 We can easily check that 0 < (1 + r3)y3 = 53 = 3% — 9“/_2;7161362 <1

Suppose that (3.19) is true for n = k. Next, we shall show that (3.19) is true for n = k + 1.

Since 0 < (1 + rk41)¥ks1 < 1, then X1 + €x41 — Yis1 = 27k41Vke1 > 0. From (3.15), U,z =
U1 N (=00, (1 + 1541)Yre1] = (00, Wiy1], and Py, (%1) = Wie1. From (3.16), Vigg = Uiz N
(21 = /(01 = Whs1)? + Ak, K1+ /(1 = Wei1)? + M)

Note that wi,1 <1 =% <% + \/(xl — Wis1)? + Mgy and \/(xl — Wis1)2 + A2 > X1 —
Wis1 > 0. Then Vip =[x — \/(xl — Wis1)? + Aks2, Wis1]- Thus we may choose

x1 = /(%1 = Wi 1)? + Aiesz + Wi
5 )

Kk+2 =
Note that

A+ 72)Vie2>0 =  Xpo+er2>0

L= (L= wi1)* + 55 + Wka 1

= 0
2 k+2>
1
14wy 1 A=W+ 5
+ >
2 k+2 2
k+4\* 2k+4) - 1
+ Wis1 > 1 = 2wp,1 +
k+2 k+2 Kl A )
k+4\? 12+4k k+3
g Wil > ,
k+2 k+2 k2

which is obviously true since (k“L)2 >1+ 55 5+ Then (1 + r.2)yk42 > 0.



Moreover,

(1 + 7k2)Vka2 < 1

1+ k42 1
1+ 21k

—

X2 + ——

k
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)<1

+2

Lt win = J(L=wi)* + 55 1420
<

1

=  1+wi <\/(1—Wk+1)2+

= Wi < \/(1 - Wka1)? +

which is true since

1432k o
1+42k+1 k+2

2

1+7pe

T k+2

1 2(1 + 2K+2) 2

+ —
k+2 1 4 2k+1 k+2

By now, we have proved that (3.19) is true.

1 1+3.2k+1 2
+ —_—
k+2 1 + 2k+1 k+2
> 1. Then (1 + rie2)yre2 = ff{fk*fz (X2 + €xe2) < 1.

In this part, it is left to prove that x,, — 0, y, — 0, as n — o00.
From (3.19), {(1 + r,)y,} is bounded, which implies that {w,} is bounded. Then we
can easily check that {x,} is bounded. Let {x,,} be any subsequence of {x,} such that
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lim;_, oo %; = a. Then w,;, — a and y,, — 0 as i — oo. Since 2r,y, = %, + e, — Yu, then

lim; 00 (1 + 7,)yn; = 5. Since 0 < wyy; < (L +7y,)yy, < 1,then0 <a < 7 <1.Thusa = 0. This

means that each strongly convergent subsequence of {x,} converges strongly to 0. Thus

x, — 0,as n — oco. And then y, — 0, w, — 0, as n — oc.

This completes the proof.

O

Remark 3.12 Do computational experiments on (3.10), (3.11), and (3.12) in Corollary 3.11.

By using the codes of Visual Basic Six, we get Tables 1-3 and Figs. 1-3.

Table 1 Numerical results of {x,}, {yn}, and {w,} with initial x; = 1.0 based on (3.10)

n Xn Yn Whn
1 1.000000000000000  0.666666666666667  1.33333333333333
2 0.292893218813452  0.15857864376269 0.475735931288071
3 0.220137097256371 0.061496714509967  0.307483572549836
4 0.145846031275193  0.023285000663247  0.20956554596922
5 0.091822359822189  0.008843101812794  0.150332730817491
6 0.057343575321990  0.003446311415210  0.113728276701933
7 0.036498723210567  0.001390355550912  0.090373110809311
8 0.024079369242186  0.000580075366701 0.074829722304444
9 0.016612409147652  0.000248973723701 0.063986246991232
10 0.012011262300244  0.000109279280293  0.056060270790268
11 0.009075530986527  0.000048796789603  0.050016709342611
12 0.007124586938736  0.000022079062795  0.045239999667432
13 0.005771789196202  0.000010093356050  0.041352479737665
14 0.004794674685823  0.000004652013800  0.038113949064097
15 0.004062531254230  0.000002158417954  0.035365678169425
16 0.003496425067359  0.000001007010163  0.032998716038761
17 0.003047136222354  0.000000472032117  0.030935568833118
18 0.002682885282545  0.000000222161174  0.029119331499637
19 0.002382412236492  0.000000104930661 0.027507048057261
20 0.002130999790903  0.000000049715948  0.026065524753426




Table 2 Numerical results of {x,} and {y,} with initial x; = 1.0 based on (3.11)
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n Xn Yn
1 1.000000000000000  0.666666666666667
2 1.333333333333333  0.366666666666667
3 1.100000000000000  0.159259259259259
4 0.796296296296296  0.061546840958606
5 0.553921568627451  0.022846108140226
6 0.388383838383838  0.008539238539239
7 0.281794871794872  0.003291876082574
8  0.213971945367294  0.001318956985865
9  0.17014545117658 0.000548258406019
10 0.14090241034686 0.000235026741802
11 0.12056871854433 0.000103210253516
12 0.10579050985347 0.000046161543370
13 0.094585002365085  0.000020933489477
14 0.085764506388820  0.000009593718512
15 0.078601335767952  0.000004433092326
16 0.072636217763472  0.0000020619835782
17 0.067569139873525  0.0000009642921827
18  0.063196816788736  0.0000004530026220
19 0.059376412673457  0.0000002136378822
20 0.056004102629354  0.0000001010932937

Table 3 Numerical results of {x,}, {yn}, and {w,} with initial x; = 1.0 based on (3.12)

n Xn Yn Whp
1 1.000000000000000  0.66666666666667  1.333333333333333
2 0.292893218813452  0.15857864376269  0.475735931288071
3 0.347936514272221 0.07569664973395  0.378483248669752
4 0.290404855661242  0.03178852092125  0.286096688291246
5 0.221842355801224  0.01278310169095  0.217312728746085
6 0.167276133945363  0.00513758154788  0.169540191079954
7 0.12855725127519 0.00210398755141 0.136759190841874
8 0.101961142045651 0.00088311728422  0.113922129664937
9 0.083609952177013  0.00037957322278  0.097550318255454
10 0.070649802113264  0.00016648761182  0.085408144862541
11 0.061199308074553  0.00007423543142  0.07609131720753
12 0.054067201574777  0.00003353686476  0.068717035886434
13 0.048505907532604  0.00001530928652  0.062722146871100
14 0.044042300609567  0.00000704735258  0.057738959695359
15 0.040371134215207  0.00000326643477  0.053520533658321
16 0.037290303448763  0.00000152265596  0.049895913052360
17 0.034661992662647  0.00000071323249  0.046743117653451
18 0.032389319001134  0.00000033548179  0.043972605019241
19 0.030402139089697  0.00000015837395  0.041516938205506
20 0.028648273174303  0.00000007500477  0.039324174089535
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Remark 3.13 From Tables 1-3 and Figs. 1-3, we can see that for initial value x; = 1, differ-

ent choices of x,,,; in V,;1 lead to different rates of convergence. It is a natural phenomenon

that the larger x,,,; is chosen, the slower the rate of convergence is. Although x,,,; in (3.11)

is the slowest sequence among the three, it is worth being considered because of its “nice

and simple” expression compared to the other two.

Remark 3.14 Although both x,,; in (3.12) and (1.5) are chosen as the mid-point of V1,
they have different rates of convergence. From Table 1 in [8], we may find that the iterative

sequence in (1.5) converges more rapidly than that in (3.12). From this point view, it is not

easy for us to draw the conclusion which one is better, (1.3) or (3.1).
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Figure 3 Convergence of {x,}, {y»}, and {w,} corresponding to Table 3
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