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Abstract
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1 Introduction
In this note, we work with two fixed real parameters « and g satisfyinga > § > -1/2. We

use the following notations:
0P x)=(1-2*(1+x)f, xe(-1,1), (1)

and, for 1 <p < oo,

1 1/p
Ll(oa,ﬂ) = {f [-L1] = R:|[fll, = (fl [f@)]” 0™ (x) dx) < oo}

Moreover, for each #n € Ny, [P, is the family of all algebraic polynomials of degree not

greater than n,

a,ﬂ_(2n+a+,3+1)I‘(n+ot+,3+1)I‘(n+a+1) 2
O T+ B+ )+ (T + 1))

(T" stands for the gamma function) and
Ap=nn+o+p+1). (3)

Since « and B are fixed, we set X for one of the spaces C[-1,1] or Lfa,ﬂ).

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13660-018-1747-2
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-018-1747-2&domain=pdf
mailto:adell@unizar.es

Adell et al. Journal of Inequalities and Applications (2018) 2018:153 Page 2 of 14

For n € N, the Jacobi polynomial R™P is the unique polynomial of degree #n which sat-
isfies

1
R*P(1)=1 and / Qo1 WREP ()P () dx = 0
-1

for all Q,_; € P,_;. We also take Rgx’ﬁ () = 1.
For f € X, the Fourier—Jacobi coefficients are defined by

1
(f,REf"ﬁ)>=/f(x)Ril""ﬁ)(x)Q“’ﬂ(x)dx, n € Ny,
-1

and the associated expansion is
[o¢]
F@) ~ 3 RO e PR ). @
n=0

It is known that each f L(layﬂ) is completely determined a.e. by its Fourier—Jacobi coeffi-

cients.

Definition 1.1 For fixed y >0 and ¢ > 0, the generalized Jacobi—Weierstrass kernel is de-
fined by

o0
Wiy ()= Y e Mw@PROP ), xe[-1,1]. (5)
n=0

For f € X, the generalized Jacobi—Weierstrass (or Abel-Cartwright) operator is defined
by

1

Cop(fx) = / SR, 0e )y, xel-11) 6)

where 7,(f, %) is the translation given in Theorem 2.1 below.

Of course the kernel W;, and the operator C;, also depend on « and 8 but, for sim-
plicity, we omit these indexes. The (classical) Jacobi—Weierstrass operators correspond to
y=1

The generalized Jacobi—Weierstrass operators have been studied in different papers, but
only for parameters satisfying 0 < y < 1. This restriction was considered because in such
a case the kernels W;,, are positive and the family {C;, } can be considered as formed by
positive operators (see [2, 3], [7], pp.- 96—97) and/or as a semigroup of contractions (see [2],
pp. 49-52, and [18]). For y > 1, one cannot expect the positivity of W}, . For instance, it
is known that the analogous generalized Weierstrass kernels for trigonometric expansion
are not positive when y > 1 (see [6], p. 263).

In this paper we will prove that the operators Cy, can be used as a realization of some
K-functionals which usually appear in some approximation problems related to Jacobi

expansions.
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For fixed real y > 0, let ¥ (X) denote the family of all f € X for which there exists W (f) €
X satisfying

W (F)(x) ~ i M REP Wi RE D ().
n=0
The associated K-functional is defined by
Ky (f,8) = Ky (f s t)a,p = mf {Ilf glx +£|¥7 @]} 7)
for f € X and ¢ > 0. For different realizations of these K-functionals, see [8], Theorem 7.1,

and [10], Lemma 2.3. We will not use the characterization of these K-functionals in terms

of moduli of smoothness. We will show that, for any y >0,
Osup [ = Co )N = K, (1)
<s<t

The notation A(f,t) ~ B(f,t) means that there exists a positive constant C such that
C7LA(f,t) < B(f,t) < CA(f,t) with C independent of f and ¢.
Following [19], for y > 0, define

(I-C) Z ( ) it 1> (8)

Jj=0

where
j
V) (y) y—k+1 ,
=1 and )= |——— forjeN.

(0 j ﬂ k
For these operators, we will show the relations

K, (f’ ty) ~ sup ” (- C1)"(f) ”x ~ sup H (I = Cs)(f) ”x

O<s<t O<s<tY

Itis known that, if Q, is a trigonometric polynomial of degree not greater than nand r € N,
then

QY ” (2s1n(nh)) |- 1) Q] he©mn/n),

where || - ||, denotes the L”-norm of 27 -periodic functions and T} is the translation
operator. That is, 7;,Q(x) = Q(x + k). These inequalities are due to Nikolskii [11] and
Stechkin [13]. For similar inequalities for algebraic polynomials, see [4] and the references
given there. Here we will verify an analogous inequality by considering the operators ¥”
and the linear combination of the Jacobi—Weierstrass operators Cy ;.

In Sect. 2 we collect some definitions and results which will be needed later. The main
results are given in Sect. 3, where the result concerning simultaneous approximation is

also included. Finally, in Sect. 4 we present a Nikolskii—Stechkin type inequality.
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2 Auxiliary results
We need a convolution structure due to Askey and Wainger (see [1]).

Theorem 2.1 For each h € [-1,1), there exists a function tj, : X — X with the following
properties:
(i) Foreachf € X, one has

lenfllx < Ifllx hl—i>n117||rh(f) —f||X =0
and
(T (f), R@P)) = R“B) () (f, R*P), e No.

(ii) ForfeXandge Lé’ﬁ, the integral

1
(f %)) = / 5 0g0)e™ 0)dy

exists a.e. in [-1.1],

frg=gxf,  [fxgeX, If *gllpy < lglallfllx

and
(f x @& R&P) = f, R*P)(g, R“P)), neN,. 9)

Forj>a +1/2andf € X, let

i “ Aj — o o « i m+j
S = 3 A R R, = (M),
k=0 m

be the mth Cesaro means of order j. It is known that there exists a constant C such that
IS, <€, (10)
and, for each f € X, one has ([2], Corollary 3.3.3, or [7], Theorem A)

lim [f -S|, =0 (11)

m— 00

We need some classical results related to Banach spaces.

Definition 2.2 Let Y be a real Banach space and B(Y) be the Banach algebra of all
bounded linear operators B: Y — Y. A uniformly bounded family of operators {T(¢) :
¢t > 0} in B(Y) is called an equi-bounded semigroup of class (Cp) if

T)T(E)=T(s+¢t) fors,t>0,  T(0)=1, 12)

and lim;_, o, ||f — T(t)f|ly =0 foreach f € Y.
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Let Y, B(Y) and {T'(¢) : t > 0} be an equi-bounded semigroup as in Definition 2.2. Let
D(Q) be the family of all g € Y, for which there exists Q(g) € Y such that

Q) = lim ~[T(0)~1]g (13)

t—0+ f

(the limit is considered in the norm of Y). The operator Q : D(Q) — Y is called the in-

finitesimal generator of the semigroup {7'(¢) : ¢t > 0}. It is known that Q is a closed linear

operator and D(Q) is dense in Y. For properties of semigroups of operators, see [5].
ForreN, set

D(Qr+1) _ {f cY :f e D(Qr) and Qr(f) € D(Q)}
and, for f € D(Q™),
Q) =Q(Q'(). "

A family of operators S = {S;,: £ > 0}, S; € B(Y) for each ¢ > 0 is called a (commutative)
strong approximation process for Y if, for all f € Y and s, > 0,

Si(5:1) =Si(S:(N), SN, = Alflly and Tim [f = Si(f)] =0,
where A is a constant. In such a case, we set

050 = sup [ ~5.0)
<s<t

Let ¢ : [0,1) — R* be a positive increasing function, ¢(t) — 0 as t — 0, and Y; be a sub-
space of Y. We say that S is saturated with order ¢ and with trivial subspace Y if every
f €Y satistying

tim 5029 _g
t—0+ ¢(t)

belongs to Y, and there exists f € Y\ Y satisfying 0s(f,£) < C(f)¢(£). The following as-
sertion is known (for instance, see [2], Theorem 2.4.2).

Theorem 2.3 Assume that Y is a Banach space, D(B) is a dense subspace of Y, and B :
D(B) — Y is a closed linear operator. Let S = {S; : t > 0} be a strong approximation process
in Y satisfying S;(f) € D(B) for any f € Y and each t > 0. If there exists a constant y, such
that, for all g € D(B),

lim
t—0+

Sig)-g
£

-B(g)| =0, (15)

Y

then the strong approximation process S is saturated with order t° and the trivial space is
the kernel of B.



Adell et al. Journal of Inequalities and Applications (2018) 2018:153 Page 6 of 14

3 The operators C;, as a semigroup
In fact, it is known that, for x € (-1, 1), |R§,a’ﬁ)(x)| <1, [14], pp. 163-164, and there exists a
constant C such that, for each n € N,

w@P) < Cp2ett, (16)

n

These relations can be used to prove that the series in (5) converges absolutely and uni-
formly in [-1,1]. Thus W;, € L<1a,/3) and, for each f € L(la’ﬂ), the series C;, (f) converges
absolutely and uniformly in [-1, 1]. Moreover,

o0
Y
Coy(fr2) = (Wey 5 £) () = Y _ e (f, ROP )P REA (),
n=0

For these assertions, see [2], p. 30.
Our first result seems to be known. For convenience of the reader, we include a proof.

Theorem 3.1 Foreachy >0, the family of operators {C,,, : t > 0} is an equi-bounded semi-
group of operators in X.

Proof. 1t follows from Theorem 3.9 of [15] that the family of operators {C;, : t > 0} is
uniformly bounded.

Condition (12) is derived from the properties of the convolution. In fact, it follows from
(9) that, for each f € X and k € N,

(Cossl R = R REP) = 25 (Coo R
= (o (Cur (N). RE")

and this implies Cy,(f) = (Cs,, o Cz, )(f).
Finally, for each k € Ny,

B _t}J a,B
Ct,}/ (R;( ))(x) =e R/(< )(x). (1;)
Hence

tim || R - Coyy (REP) [ =o0.

t—0+

Since the operators C;,, are linear and uniformly bounded and the polynomials are dense
in X, the last equation holds for every f € X.

Taking into account Theorem 3.1, we denote by A, the infinitesimal generator of C;,,
and by D(A,)) = D(A, («, B)) the domain of A, . In the next result we give a description of
the infinitesimal generator.

Theorem 3.2 Ify,t>0and A, : D(A,) — X is the infinitesimal generator of C,,,, then
D(A,))=V"(X) and -A,(f)=V"(f)

foreach f € ¥ (X).
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Moreover, for each r € N and f € D(A7),
D(A}) =W"(X) and (-1)A}(f) =¥ (f), (18)
where A, is defined as in (14).
Proof Since A,, is the infinitesimal generator of the semi-group (see (13)), 4, : D(4,) — X

is a closed operator.
If f € D(A,), then

(A ") R(“ﬂ>—hm _( -t _q ){fRaﬁ> ky<fRaﬂ> (19)

t—0+ f
Thus f € V¥ (X) and
W (f) = =A,(f).
In particular, for each polynomial P, one has P € D(A,) and W”(P) = -A, (P).

On the other hand, fix an integer j > « + 1/2. For f € W” (X), let S’;,,(f) and S’;n(\I/V (f)) be
the mth Cesaro means of order j of f and W (f), respectively. We know that (see (11))

S (f)—>f, m— o0
and
—A,(9,()) =V (S,(1) = S, (¥ () = ¥ (f).

Since —A,, is a closed operator, f € D(A,) and -4, (f) = W7 (f).
Equations (18) can be proved by recurrence. For instance, (19) can be written as

(A2(9), R&P) = (A, (A, (1)), RE“P)) = -nL (A, (), R&P) = 227, R, 0

Theorem 3.3 (i) If for y,t>0,and f € X

0, (f,t) =0, (f,£)q,p = sup ” I-Cs, )N

O<s<t

and K, (f, t) is defined by (7), then

0, (f,t) =~ K, (f,t).

(ii) The strong approximation process {Cy,,;t > 0} is saturated with order t and the trivial

class consists of the constant functions.

Proof (i) From Theorem 3.2 we know that —W?" is the infinitesimal generator of {C;, }
and D(A,) = W (X). Thus, the result is a simple consequence of [17], Theorem 1.1, or [5],
p. 192.
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(ii) We will derive the result from Theorem 2.3, with B = ¥ and D(B) = D(4,). We
should verify that C;, (f) € D(A, ) for any f € X and each £ > 0.
For any f € X, the Fourier—Jacobi coefficients of f are bounded by ||f|| Iy Taking into

account (16), for every x € [-1,1],

o0
Z Al exp{—tkn}{f, R;""ﬂ))wﬁf"ﬂ)Ri""ﬁ) (%)
n=1

o0
= fllzy, . > nyexp{-tal jwieh)
n=1
o0
<C A expl—ta? 12! < o0,
= |V||L%a,ﬂ) ; n p{ n}

Since the series converges absolutely and uniformly, it defines a function g; € X satisfying
(g, RP)) = 17 exp| -2l }f, RP) = 22 (C,., (), R“P)), nmeN.
By definition of the operator W7, C,,, (f) € ¥ (X) (Theorem 3.2) and

\IJV (Ct,y (f)) = gt-

We have proved that C;,, (X) € D(4,).
If g e U7 (X) = D(A, ), by definition of the infinitesimal generator,

=0.
Y

lim
t—0+

Cy(@)-g
t

-4,

If f € 7 (X) and A, (f) = —W"(f) = 0, then (f,Rﬁ,“'ﬂ)) =0 for all n € N. Therefore f is a
constant.
From part (i), if g € U7 (X), then

6,(g,8) < CK, (g,0) < Ct| W7 @) -

Hence, the family
{f € X:3C(f) such that 0, (f,t) < C(f)¢}

contains nonconstant functions.
Now, from Theorem 2.3, we know that the strong approximation process {C;,, : t > 0} is
saturated with order ¢. d

Remark 3.4 Some characterizations of the saturation class of the strong approximation
process {C, : t >0} can be given as in [2], Theorems 5.1.1 and 7.4.1, where the case y = 1
was considered. When y > 0 is not an integer, fractional derivatives should be considered.

This task would lead us far from our main topic.
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Remark 3.5 A relation similar to (i) in Theorem 3.3 is asserted in [16], p. 2885, for the

discrete case and Gauss—Weierstrass type means

oo
iy — 14
Wom,, (%) = Z ¢ (@RIR (7 RB))yy @) RE) (),

n=0

with Q varying in a specified class of functions. The proof suggested there is different from
the one given here (it does not use the semi-group structure). The main argument in [16]
is that some abstract Riesz means are equivalent (as approximation processes) to some
Gauss—Weierstrass type means. This kind of equivalence can also be derived by using
Corollary 5.4 of [9]. Anyway, the arguments of [16] and the proof given here are related
because both use [15], Theorem 3.9, to obtain a uniformly bounded family of multipliers.

Apart from this, other topics considered here are not connected with [16].

The arguments used in the proof of Theorem 3.2 can be used to derive similar relations
concerning the fractional powers of the Jacobi—Weierstrass operators {C;1}.

Recall that A; : D(A;) — X is the infinitesimal generator of {Cy1,¢ > 0}. For y > 0, let
D((—A1)",X) be the family of all f € X, for which there exists an element (-A;)?(f) € X
satisfying

=0, (20)

1
lim H(—Al)y(f) UG o)

where (I — C;1)” (f) is defined by (8). This induces a map
(-4")7 :D((-A")",X) ~ X

which is called the fractional power of order y of —A;.

Proposition 3.6 Ify >0 and (—A,)Y is the fractional power of order y of —A1, then
D((=4)7, X) = ¥ (X)

and, for each f € W (X),
WY (f) = lim i(1 —C:)"(f) = lim 1(f - Ciy (). (21)

=0+ ¥ 0+ £

Proof If y is a positive integer or |a| < 1, the Taylor expansion gives

(1-a) = Z(—n/‘()]f) .

Jj=0

Notice that

(U= Con) (), R = ;(_N (Z)<th,l(f),REf'f‘))
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Z( ¢ () Wi R )
= (£, R“P) 3 (-D)F (’/:) exp(—ktin))
k=0

= {f,RP)(1 - exp(~tA,))". (22)
Therefore, if f € D((-A)", X), then
(=AY (), RE&P) = (1) {f, REP).

Hence f € W”(X) and (-A;)” (f) = WY (f).
It is clear that, for each polynomial P, one has P € D((—A;)”,X) and

(=A))"(P) = W7 (P).

On the other hand, fix an integer j > « + 1/2. For f € W (X), let S/},,(f) and S’;n(\lly(f)) be
the mth Cesaro means of order j of f and W (f), respectively. From (11), as in the proof of
Theorem 3.2, one has lim,,, .o, [|S),(f) = fllx = 0 and

Jim (=4 (S0) =¥ (O = lim [97(S,,6) =7 ()]

= 1im [5,(¥7 () - w7 ()] =

It was proved in [19], Theorem 4, that D((—A;)",X) is dense in X and (—A;)” is a closed
operator. Hence f € D((-A1)",X) and (-A1)7 (f) = VY (f).

The last equality in (21) was proved in Theorem 3.2, because V" is the infinitesimal
generator of {C,,,t > 0}. g

Theorem 3.7 For fixed y >0, one has
Ky (f,67) ~ sup (= Coa (D]~ 6, (f17)
foreachf e X andt>O0.
Proof From Theorems 3.1 and 3.2 we know that the family {C;;, ¢ > 0} is a semi-group of

operators of class (Cp) with the infinitesimal generator A; = —W!. From Theorem 1.1 of
[17], we know that, for all f € X and ¢ > 0,

1nf (|[f —glx + ¢ | (-AD)" @] ) ~ 0suptH (I-Cs)

geD((-A

where (—A;)” is given as in (20). But it was verified in Proposition 3.6 that V" (X) =
D((-A1)",X) and (-A1)? (g) = ¥ (g) for each g € V¥ (X).
The equivalence with 6, (f, ¢") follows from Theorem 3.3. g

Remark 3.8 When y is an integer, Theorem 3.7 is similar to the Main Theorem in [18],
p- 390, but the authors assumed that the operators are positive (plus other conditions).
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Remark 3.9 The results of Theorem 3.7 allow us to obtain equivalent relations between
fractional powers (I — C;;)” and some Riesz means as in Theorem 5.1 of [9].

Some result concerning simultaneous approximation can be derived from the ones given

above.

Theorem 3.10 Ify,o0, and t are positive real numbers and f € V° (X), then

Cey (), I = C))" () e ¥ (X),
| W7 () =W (Cer () [ < CO (%7 (), 2)

and
[ W (0= Gy ()] = CO, (W7 (), ),
where the constant C is independent of f and t.

Proof If f € ¥°(X) and n € Ny, from (17) we obtain

(Coo (W71, R = exp(-27 ) (), R
=27 exp(—tA2)(f, R;a,ﬁ)) = 22(Cry (f)»R(,,a”g))

and from (22) one has

(= Coa)” (w2 (), REP) = (1 - exp(_m))y(w(f);R(m)

=27 (1 - exp(=tr)) " {f, R&P) = 29(UI - Cp1)Y (f), R&P).

Therefore C;,, (f), (I — C1)? (f) € ¥ (X),

W7 (Coy () = Cop (¥7(0)  and W7 (U~ Co)” () = (I = Coa)” (W7 ().
Now, from Theorem 3.3 one has

[ W () =W (Cop) = [T = Cop) (¥ D) | = €O, (97 (), 2),
and using Theorem 3.7 we obtain

[ w7 (= Co)” (D) | = [T = Cor) (97 (D) | = Co, (W7 (), 27). m
4 A Nikolskii-Stechkin type inequality

Theorem 4.1 For each r € N, there exists a constant C, depending upon r, such that, for
every A > 1 and for each polynomial P € Py,

|e @), <cw sup. ||1 Ci1)'(
0<h
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where
&) =max{keN0:k(k+a +B+1) <A}.

Proof In this proof the infinitesimal generator of {C;; : £ > 0} is denoted by A.
From the proof of Lemma 1 in [12] we know that, given r € N, there exists a constant
C1 = C(r) such that, for each f € X and ¢ > 0, there is g; € D(A"*!) satisfying

If - gellx < (23)

47 @l = Ci g sup [0~ G, o4
and

Ay @, = Ciry sup =G (25)

Asin [9], for A > 0 and f € X, consider the best approximation
E)‘(f) = 1nf{ ”f - P”X :Pe PE(K)}‘

It was proved there (Theorem 6.1) that there exists a constant C, = C(r, «, 8) such that,
for A>0andf € X,

E(f) < C2Kr+1(f,)frfl), (26)

and (Theorem 3.2) for each Q € Py,
v (@l < &Il (27)
Now, fix A >0 and P € Pg(;). Let g; € D(A™!) = W*1(X) (see (18)) be given as (23)—(25)

with ¢t =1/ 1 and f = P.
For ¢ > 0 and k € Ny, choose

q(gt,k) (S Pg(zkx) (28)
such that
||gt - q(g:,k))||x < (1 +&)Ex; (g). (29)

From (26), (18), and (24) we know that

lg: — a(ge. k)|, < C2(1 + €)Koi1 (g (zkk)—rfl)
Cy(l+¢) o
= ;k r+1 || 1(gt)”)(
C2 1+¢)

2kk)r+1 ” Hl(gf ”x
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C1C2(1+8) 1
= (2/<)\)r+1 trT

_ C1 C2(1 + 8) p
=y oo 10 G Pl

sup [[(7 =GP

On the other hand, from the identity

[e¢]

q(€,0) - g = Y _(a(@, k) - q(g,k +1)),

k=0

(28), (27), (29), and (26), one has

|¥" (a(e0 0) &) = D ¥ (ale k) - alen k + D) |

k=0
]

G Y (2'0) |aen k) - alenk + 1)

k=0

C Y (291) (| q(en k) - g + & — algr k + D] )
k=0

oo 1
2 _ r k+14\"
52C¢;u+gkigﬂu cm)mu%%@ A)Q@Hl

—2’+1C1C2(1+8)A’ sup ||(I Chl)PH Z
k=0

=C3(1+¢&)A" sup H - Ch,l)’P”X.
0<h=<1/A

We also need the inequality (see (18) and (25))

1
¥ @1 = @l = €15 sup - Gl
14 0<h<t

=G sup |- Cp)'P
0<h<1/A

From the inequalities given above, for P € P¢(;), we obtain

W @) < [¥"(P-alen0) [ + [ 9" (a(e0) [
= CoA[P-q(@n0)|y + |97 + |97 (e - alen 0) |

<G (IP-glix + g - a0, , +Cad” sup [~ Cia) P,
’ 0<h<1/xr

< G\ 1-Cy1)P|,.
<GCs OJEMH( 1) P 0

Remark 4.2 The problem of obtaining a Nikolskii—Stechkin inequality for fractional
derivatives is open.
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