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Abstract

In this paper, we consider sums of finite products of Chebyshev polynomials of the
second kind and of Fibonacci polynomials and derive Fourier series expansions of
functions associated with them. From these Fourier series expansions, we can express
those sums of finite products in terms of Bernoulli polynomials and obtain some
identities by using those expressions.
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1 Introduction and preliminaries

The Chebyshev polynomials T,(x) of the first kind, the Chebyshev polynomials U/,,(x) of
the second kind, and the Fibonacci polynomials F,(x) are respectively defined by the re-
currence relations as follows (see [13—15]):

Tpio(x) = 26T (x) — Tu(x) (1> 0), To(x) = 1, T (x) =, (1.1)
Uyo(x) = 221 (x) — Uy(x) (1> 0), Up(x) =1, Uy (x) = 2x, (1.2)
Fn+2(x) = an+1(x) + Fn(x) (Vl = 0)1 FO(x) = 01 F1(.7C) =1 (13)

When x = 1, F, = F,,(1) (n > 0) is the Fibonacci sequence.
From (1.1), (1.2), and (1.3), it can be easily shown that the generating functions for T, (x),
U, (x), and F,(x) are respectively given by (see [13-15]):

1—«t >
- - T,(x)t", 1.4
R DRI a4
n=0
Fow-— oS U (15)
X)) = —————— = (%)t .
1—2xt+ 12 —~
Gtm) = — L =3 Fpor (1.6)
X)) = ————— = e ()2, .
1—xt—1t? ~ +
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As is well known, the Bernoulli polynomials B, (x) are defined by the generating function

t
et -1

=) Bal) . (1.7)
n=0

For any real number x, we let
(x) =x—[x] €[0,1) (1.8)

denote the fractional part of x, where [x] indicates the greatest integer < x.
For any integers m, r with m,r > 1, we put

W)= D Uy @)Uy () U, (), (1.9)

i1+ig+-+ipp1=m

where the sum runs over all nonnegative integers iy, iy, ..., i1 With iy + iy + -+ + i1 = m.

Then we will consider the function «,,,({(x)) and derive their Fourier series expansions.
Asa corollary to these Fourier series expansions, we will be able to express o, (x) in terms
of Bernoulli polynomials B, (x). Indeed, our result here is as follows.

Theorem A For any integers m, r with m,r > 1, we let

1 (%) m+r—k
_ k - —2k
Ay = o kE_O (-1) ( X >(m +r = 2k), 2",

Then we have the identity

Z uil (x)uiz (x) e uir“ (x)

i1 +ig+ - +ipp1=m
1 e (r+j—-1
= Z ZQ/( ri 1 )AmHLMlB/(x). (110)
j=0

Here (x), =x(x—1)---(x —r+ 1) forr > 1, and (x)o = 1.

Also, for any integers m, r withm > 1,r > 2, we let

Bur®@) = > Fya@Fiyn(®) - Fra), (1.11)

i1+ip+-+ip=m
where the sum runs over all nonnegative integers iy, is,...,i, With iy + iy + -+ + i, = m.

Then we will consider the function B,,,({x)) and derive their Fourier series expansions.
Again, as an immediate corollary to these, we can express f,,,.(x) as a linear combination
of Bernoulli polynomials. In detail, our result is as follows.

Theorem B For any integers m, r withm > 1, r > 2, we let

(21

Q. = z (m+r—1—l)(m+r—1—2[)'
’ ) r—1
1=0
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Then we have the identity

Z Fi 1 (®0)Fip (%) -+ - Fi1 (%)

i1+ip+-+ip=m
-2 +]
= r Z Quji1,rj-1Bj(%). (1.12)

One particular thing we have to note here is that neither U, (x) nor F,(x) is Appell poly-
nomials, while all our related results so far have been only about Appell polynomials (see
[1,5-8]).

Moreover, we will get some interesting identities that follow from Theorems A and B
together with Lemmas 1 and 2 in [9].

As was mentioned in [7], studying these kinds of sums of finite products of special poly-
nomials can be well justified by the following. Let us put

Z k( oS B @Bri®) (m=2). (1.13)

Then from the Fourier series expansion of y,,({x)) we can express y,,(x) in terms of
Bernoulli polynomials just as in (1.10) and (1.12). Then, after some simple modification of
this expression, we are able to obtain the famous Faber—Pandharipande—Zagier identity
(see [3]) and some slightly different variant of Miki’s identity (see [2, 4, 10, 12]). For the
details on this, the reader is referred to Introduction of the paper [7]. For some related
results, we let the reader refer to the papers [1, 5-8].

2 Fourier series expansions for functions associated with Chebyshev
polynomials of the second kind

By differentiating equation (1.5) it was shown in [15] and mentioned in [13] that the sum

of products in (1.9) can be neatly expressed as in the following. This will play a crucial role

in this paper.

Lemma 2.1 Let n, r be nonnegative integers. Then we have the identity

ug) (x), (2.1)

S U WU Uy -

i1+ig+-+ipp1=n
where the sum runs over all nonnegative integers i1, is, ...,ips1 With iy + iy + -+ + iy = 1.

It is well known that the Chebyshev polynomials of the second kind U, (x) are explicitly
given by (see [11, 13])

(51
U= (- 1)k< )(w 2, 2.2)
k=0

The rth derivative of (2.1) is given by

(2571
U (x) = Z( l)k( )n 2k), 2"y, (2.3)
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Then, combining (2.1) and (2.3), we obtain

Yo Uy @)Uy ) Uy, ()

i1+ip++ipp1=n

1 (3] n+r—k
(-1)’<( >(n + 1= 2k), 22k 2k
0

27! - k

Asin (1.9), we let

Uy = Y Uy @)Uy () Ui, (),

i1+ig+-+ipr1=m

Page 4 of 14

(2.4)

where m,r > 1, and the sum runs over all nonnegative integers iy, iy, ..., i1 With i} + iy +

cee ] =M.
Then we will consider the function

() = Y U () Ui () - Ui,y (),

i1+ip+-+ipp1=m

defined on R, which is periodic with period 1.

The Fourier series of «,, ,({x)) is
Z A(m,r)lerinx
n )
n=—00

where

1
qum,r) :/ am’r(<x>)e—2ninx dx
0
1 .
= f Oy (X)€% .,
0

For m,r > 1, we put

Ay = am,r(l) - am,r(o)
= Y (U Q) Uy, (1) = Uy (0) -+ Uy, 0)).

i1+ip+-+ipy1=m

Then, for (2.4) and (2.8), we get

1 (257) m+r—k
Am,r = 27yl kXO: (_1)k< k >(Wl +r— Zk)rzm”_y(:

where we note that

0, if m is odd,

o i (0)= m M
" (-2 (%), ifmiseven.
2

(2.5)

(2.6)

(2.8)

(2.9)

(2.10)
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Now, using (2.1), we note the following:

d d 1
- - (r)
dxam'r(x) T dx <2’r! Umﬂ(x))
1
(r+1)
= e thner )

=2(r + Dety-1,r41 (%)
Thus we have shown that

d—am,r(x) =2(r + Detyp-1,r+1(%).
X

Replacing m by m + 1 and r by r — 1, from (2.11) we have

i Opril,r-1 (x)
dx 2r

) = am,r(x)r
! 1
/ am,r(x) dx = 4 Am+1,r—1;
0 2r
and

am,r(o) = am,r(l) — Am,r =0.

We are now ready to determine the Fourier coefficients AU,
Case 1: n #0.

1
Aﬁ/[m,r) — / am,r(x)e—ZTrmx dx
0

1 —2minx| 1 1 ! d —2minx
= ——— [, (x)e Io + /O (%am,,(x)>e dx

2mwin 2min
20r+1) ! o 1
= rin am—l,r+1(x)e i dx - M (am,r(l) - am,r(o))
0
_ 2(r + 1)A(m71,r+1) ~ 1
2min " 2win
2r+1) (2(r +2) 1 1
- A(m—2,r+2) _ A _ A
2min ( 2win " omin ") T omin T
22(r +2), 2 U 4j- 1),
— A(m—2,r+2) _ : ] A -
2min)?2 " ; (2miny oLl
_ 2" (r + m)mA(O,r+m) 3 i 2/—1(r +j- 1)1'_1 A ,
(an’n)m pn (27[”7)] m—j+1,r+j-1

~ X’”: 2N r+j-1)

(27_[ lV[)/ m—j+1,r+j-1

j=1
1 & 2(r+j-1)
2r P 2miny

m—j+1,r+j—1-
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(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Case2:n=0.

1
1
A(Om,r) = / am,r(x) dx = —Am+1,r—1'
0

2r

Page 6 of 14

(2.16)

Before proceeding further, we recall here that
(a) form > 2,

(2.17)

oo

2minx Bi({x)) forxeR-7Z,
~ e 1((x)) (2.18)
21in 0 forx € Z.

n=—00
n#0

From (2.15)—(2.18), we now obtain the Fourier series of «,,,,({x)) given by
1 (1 &K 2Y(r+j-1)
I A 1= i =
o bt Z <2r Zl 2miny

n=—00 =
10 J

1 1 (r+j-1 =, errinx
=—Apsrp1t+t— ) 2 Apisirej1 X | ! .
% m+1,r-1 % ; < r—1 ) m—j+1,r+j-1 < ] nzZ;O (27_””)]

n#0

21w inx
Am—j+1,r+j—1) e

1 1L (r+)-1
= ZAnﬁl,r—l + ; 1:22 2 ro1 Am—j+1,r+]’—1

Bi({(x)) forxeR-7Z,
0 forx € Z.

1 & -1
=5 22’ <r K 1 )Am—/’+1,r+}'—lBj((x>)
j=0

i

+ Ay X

j#1
Bi({x)) forxeR-7Z,
0 for x € Z.

+ Ay X (2.19)

Qpr((x)) (m,r > 1) is piecewise C*°. Moreover, w,,,-((x)) is continuous for those positive
integers m, r with A,,, = 0, and discontinuous with jump discontinuities at integers for
those positive integers m, r with A, , #0. Thus, for A, , = 0, the Fourier series of o, ,({x))
converges uniformly to o,,,({x)). On the other hand, for A,,, # 0, the Fourier series of
ar({x)) converges pointwise to «,, ((x)) for x € R — Z, and converges to

%(am,r(o) + O‘m,r(l)) =y, (0) + %Am,r (2.20)

forx € Z.

From these observations together with (2.19) and (2.20), we have the next two theorems.
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Theorem 2.2 For any integers m, r with m,r > 1, we let

2]

1 k(Mmrr—= k m+r—2k
Ay = 7 (-1) ( X >(m +r—2k),2 .

>
(=]

Assume that A, , = 0 for some positive integers m,r. Then we have the following:

(a)

Z Uil (<x>)ui2 (<x>) e Uir+1 ((x>)

i1+ip+-+ipp1=m

has the Fourier series expansion

Z Uil ((x))uiz (<x>) e ul'r+1 (<x>)

i1+ip++ipy1=m

1 > 1 “ 2j(r+j_ l)j 27 inx
= ZAmH,rJ - ,,Z::O (; Z WAmﬂ#l,rﬂ'—l e
10 j=1

for all x € R, where the convergence is uniform.

(b)
Yo U (@)U (@) Uiy (@)
1 m. i1
= Z FZO 2 <r :i 1 )Am—j+l,r+j—lBj(<x>)
j#
Jorallx e R.

Theorem 2.3 For any integers m, r with m,r > 1, we let

1 (7% m+r—k
_ k - —2k
Ay = o kE_O (-1) ( X >(m +r=2k), 2",

Assume that A, , # 0 for some positive integers m, r. Then we have the following:

()

1 1 &K Y(r+j-1) omin
;AWHl,r—l - Z (;Zwﬁm—ju,m—l e

n=—00 =
10 J=1

Dirviniosipeg em Ui @)U (%)) - - Uy, ((x) - forx e R-1Z,
Ay for x € Z and m odd,

(-1)% (%%”) + 2Dy for x € 7. and m even.
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(b)

1 e (r+j-1
Z pn 2/( P >Am/+l,r+lej(<x))

= Y Uy (0)Uy () Ui,y () forxeR-Z;

i1+ip++ip1=m

1 & (r+j-1
— 2’( / )Am—j+l,r+j—lBj(<x>)

2r p r—1
A
%Am,r forx € Z and m odd,
et (%m”) + 3Dy forx € Z and m even.
2

From Theorems 2.2 and 2.3, we immediately obtain the stated result in Theorem A ex-

pressing o, () as a linear combination of Bernoulli polynomials.

3 Fourier series expansions for functions associated with Fibonacci
polynomials
The following lemma is stated as equation (7) in [14] which is important for our purpose.

Lemma 3.1 Let n, r be integers with n > 0, r > 1. Then we have the identity

FU=D(x), (3.1)

Z Fi1+1(x)Fi2+l(x) o 'Fir+1(x) = (V _ 1)! ntr

i1+ip++ip=n
where the sum runs over all nonnegative integers iy, iy, ...,i, With iy + i + -+ + i, = n.
An explicit expression for F,,1(x) (n > 0) is stated in equation (9) of [14].

15

Fui® =) (" f l)x“‘ (3:2)

1=0
As was noted in (10) of [14], the (» — 1)th derivative of F,,,(x) is

2]

1)/ (m+r-1-0' ,
El (%) = 12: TR B (3.3)
-0

In addition, it was also noted in [14] that, combining (3.1) and (3.3), we have

Z Fi 1 (0)Fiyi1 (%) - - - Fipi1 (%)

i14ip+---+ip=n
(5] n+r=-1-N\/n+r-1-2[
=3 < ) ( )x”‘”. (3.4)
l r—1
1=0
Asin (1.11), we let
Bom,r(x) = Z Fiisn(®)Fip1(%) - - Fip (),

i1+ig+-+ip=m
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where m > 1, r > 2, and the sum runs over all nonnegative integers iy, iy, ..., i, with i1 +
g+ +i=m.

Then we will consider the function

Bur(®) = Y Foa (@) () -+ Fiaa (1)), (3.5)

i1+ig+-+ip=m

defined on R, which is periodic with period 1.
The Fourier series of 8,,,,({x)) is

o0
Z qum,r)e2ninx’ (36)
n=—00
where

1
Bglm,r) _ / ﬁm,r((x>)e—27rinx dx
0
1 .
= / ,Bm,r(x)e_zmmc dx. (3.7)
0
Form > 1,r > 2, we set

Qm,r = ,Bm,r(l) - ﬁm,r(o)

= Z (Fiy+1(1) -+ 1 (1) = Fi41(0) - - F;,11(0)). (3.8)

i1+ip+-+ip=m
Then, from (3.4) and (3.8), we have

(21

Q= <m+r—1—l)(m+r—1—21)' (3.9)
s ) r—1

In particular, we note that €2,,, > 0 for any m > 1, r > 2. Also, we note that

if m is odd,

B (0) = (3.10)

%Zfl), if m is even.
2
Now, using (3.1), we see the following:

e A1 )
dxlgm’r(x) T dx ((r - 1)!Fm” (<)

1
- "
T (r- 1)!F’"+’(x)

= rﬂm—l,rﬂ(x)'

Thus we have shown that

d
d_IBm,r(x) = 1Bm-1,r11(%). (3.11)
X
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Replacing m by m + 1 and r by r — 1, from (3.11) we get

d IBerl,r—l(x) _
T <r—41) = B (), (3.12)
! 1
/ By (%) dx = —— Q1,01 (3.13)
0 r—1
and
IBm,r(O) = ﬁm,r(l) — Q=0 (3.14)

We are now going to determine the Fourier coefficients B
Case1l: n #0.

1
- [ st s
0

_ 1 _oxinx]l 1 ! d —27inx
= B /O( dxﬂm,r(x)>e dx

2mwin

—2mwinx
27_””/ ﬂm 1r+1 ) dx 271_ (Igmr( )_ﬁm,r(o))

r

_ B(m—l,r+1) _
2win " 2win”
r r+1 1 1
_ _B(m—Z,r+2) _ Q. _ Q
2win (2711’71 " 2min. ") T 2min”

(r+1); 2 (r+j- 2
— B(m—2,r+2) _ Z NP

- N o S
Qmin)? " o (riny L

_ (7’ + 2)m B(O'Hm) _ Xm: (7’ +j_ 2)}'—1

- (2mwin)m n = W m—j+1,r+j-1
(r+j=2)1 1 &K(r+j-2)
Z (2riny Qupjilrej-1 = I ; Qriny Qpjilrj-1- (3.15)
Case2:n=0.
e _ [ 1
B / By (%) dx = —— Qi -1 (3.16)
o _

From (2.17), (2.18), (3.15), and (3.16), we now have the following Fourier series expansion
of Byu,r((x)) given by

o0

1 1 (}” +] 2)1 27T inx
:Q;«rﬁl,r—l - Z (r_ (27_[”/1), m—j+1,r+j-1 | €

n#O

1
r—1

QWH—I,r—l



Kim et al. Journal of Inequalities and Applications (2018) 2018:148 Page 11 of 14

m r— 2+] 2mnx
Z( ] ) m—j+1,r+j—1 X ( / Z 27_””)1)

j=1

L 1 i r=2+/\o B ()
= 1+ — - i-10;( (¥
r_1 m+1,r-1 r—1 . m—j+1,r+j-10j

2 N ]

Bi({(x)) forxeR-7Z,
0 forxeZ

1 & 2
=3 Z: (r +]) m—jr1rj-1B; ((x))

+ Qypy X

Bi({x)) forxeR-7Z,
+ Qur X (3.17)
0 for x € Z.

Bmr((x)) (m > 1, r > 2) is piecewise C* and discontinuous with jump discontinuities at
integers, as Q,,, > 0 for any m > 1, r > 2. Thus the Fourier series of 8,,,({x)) converges
pointwise to B, ,({(x)) for x € R — Z, and converges to

%(,Bm,r(o) + ,Bm,r(l)) = ﬁm,r(o) + %Qm,r (3.18)

forx € Z.

From these observations together with (3.17) and (3.18), we have the following theorem.

Theorem 3.2 For any integers m, r withm > 1,r > 2, we let

121

o _T m+r—1-0N\/m+r-1-2I
e / r—1 ’
1=0

Then we have the following:

(a)
1 > I - (r-2 +})] i
—— Q11— e 7T inx
r—1 bt n_oo( 12 (2mwiny Qg1 f€
n#0 i=
D ivsinsosipem Fin+1 () Fip i1 ((x)) - -~ Fi1((x)) - forx e R-Z,
=1 1Qm, forx € Z and m odd,
(%fﬂr—l) + 3y for x € Z and m even.
7
(b)
1 r—2+j
r—1 ] ]) Qm—j+1,r+j—lBj(<x>)

j=0

= Fir1 () Fipi1 () -+ Fip1 () forxe R-17;

i1+ig+--+ip=m
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1 & (r-2+j
— Z <r . +]) Qja1,rjo1Bj (%))

o~
i1
%Qm,r forx € Z and m odd,
= m
"y
(z*%’ )+ %Qm, for x € Z, and m even.
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From Theorem 3.2, we immediately get the result in Theorem B expressing 8,,,-(x) as a

linear combination of Bernoulli polynomials.

4 Applications

Let T, (x) (n > 0) be the Chebyshev polynomials of the first kind given by (1.1) or (1.4). We

need the following lemma from [9].

Lemma 4.1 ([9, Lemmas 1, 2]) Let n > 0, m > 1 be integers. Then we have the following:

Un <g) = (\/__l)nFrle

U<Tm<£)) _ (T Emtes)

2 E,

Um(n+1)—1 (x)

Un(Tm(x)) = Um_1 (x)

Substituting x = g into (1.10) and using (4.1), we have

(V=" Z FyaFiya---Fign

i1+ig+-+ipp1=m

1 -1 V-1
=— 22’ T Apjirrej-1Bil —— )
2r pn r—1 ’ 2

On the other hand, with x = 1 and replacing r by r + 1, from (1.12) we obtain

E FiaFip1 - Fian

i1+ip+-+ip1=m
1o (r=14j
= Z < . ]) S.Zm—j+1,r+ij(1)-
r- J
j=0
Combining (4.4) and (4.5), we get

E FiiFiyo1- - Fi i1

i14ip++ipy1=m

1, = fr+j-1 V-1
= _(_ _1)m22]< ri )Amj+1,r+lej<—
j=0

2r 1 2

L (r—1+j
= Z . Q;4'1—]'+1,r+ij + Qm,r+1-
r =0 j

(4.1)

(4.2)

(4.3)

(4.4)
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Substituting Tﬂ(g) for x in (1.10) and using (4.2), we get: for any positive integer a,

Z Fa(i1+l)Fa(i2+l) T Fa(i,+1+1)

i1 +ig+e+ip1=m
r+j-1 V-1
_ _( «/_ umFH-l Zzl( /- )Am—jﬂ,rﬂ—lB/(Ta(T)).

Finally, replacing x by T,(x) in (1.10) and using (4.3), we have: for any positive integer a,

Z Ua(z’1+1)—1(x) a(iz+1) l(x) a(t,+1+1 l(x)

i1+ip+-+ip1=m

r+ 1
= —(Up1 () ! Z 2 (r - )Am—/+l,r+j—lBj(Ta(x))-

5 Results and discussion

In this paper, we study sums of finite products of Chebyshev polynomials of the second
kind and of Fibonacci polynomials and derive Fourier series expansions of functions asso-
ciated with them. From these Fourier series expansions, we can express those sums of fi-
nite products in terms of Bernoulli polynomials and obtain some identities by using those
expressions. The Fourier series expansion of the Chebyshev polynomials and Fibonacci
polynomials are useful in computing the special values of zeta function or some special
functions (see [5, 7, 9, 11, 13—-15]). It is expected that the Fourier series of those polyno-
mials will find some applications in relationship to the generalizations of the special zeta

functions.

6 Conclusion
In this paper, we considered the Fourier series expansions of functions associated with
Chebyshev polynomials of the second kind and of Fibonacci polynomials. The Fourier

series are determined completely.
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