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1 Introduction

Asitis known, defining some new approximations toward fundamental constants plays an
important role in the field of mathematical constants. One of the most famous constants
is Euler’s constant y = 0.577215..., which is defined as the limit of the sequence

1
Yn = Z % — lnn (1'1)

and has numerous applications in many areas of pure and applied mathematics, such as
analysis, number theory, theory of probability, applied statistics, and special functions.

Up until now, many authors have devoted great efforts and achieved much in the area
of improving the convergence rate of the sequence (y,),>1. Among them, there are many
inspiring achievements. For example, the estimate

! L Young) (1.2)
—_— Y-y < — oun .
2(n+1) Y=V 2n &

was given in [1-4].
In [5, 6], a new sequence (D,),>1 converging faster to y was introduced, which is defined
as

1 1 1 1
Dy=1l+—+—-+---+=——-In|n+=). (1.3)
2 3 n 2

DeTemple also concluded that the speed of the new sequence to y is of order 772 since

1
2+ 12

D,-y< (DeTemple). (1.4)
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Another modification was provided by Vernescu [7] as

1 1 1 1
Ve=ld=—4—+--+ +— —Inn, (1.5)
2 3 n-1 2n
who proved that
V<2 (L6)
— <y V< —. .
DRu+12 VT e

It is easy to conclude that though (1.3) and (1.5) only make slight modifications on the
Euler’s sequence (1.1), but the convergent rates are significantly improved from n~! to
n2,

Moreover, Mortici obtained some sequences converging even faster than (1.1), (1.3), and

(1.5). More specifically, Mortici [8] constructed the following two sequences:

1 1 1 1
Up=1+—+—+---+ + —Inln+ — ), (1.7)
23 n-1"(6-2V6)n < JE)
1 1 1 1 1 | < 1 ) (1.8)
Vp=l+—+—+-+ + —In{n-—|. .
2 3 n-1 (6+2v6)n NG
Both (1.7) and (1.8) had been proved to converge to y as n>.
Moreover, Mortici [9] introduced the following class of sequences:
"1
Un(a,b) = Z % + ln(e”/(”+b) - 1) —Ina, (1.9)

k=1

where a,b € R, a > 0. They proved that, among the sequences (1, (a, b)),>1, in the case of
a=+/2/2 and b = (2 + v/2)/4 the privileged sequence offers the best approximations of y

since

lim n3<un<£, 2+—“/§) -~ y> = Q (1.10)

n—00 2 4‘

Recently, Lu, Song, and Yu [10] provided some approximations of Euler’s constant. A new

important sequence was defined as follows:

1 1 1 1 a
(s) 1
=l+-t-4-t——Inn--In{l4—m ), 1.11
Yk 2 3 n "7k ( n+ %) (11)
n+n+ g
where
k 2 -3k 3k% + 4
a ==, a)=——", a3 = ———
) T 12 > 1233k -2)
15k* — 30k3 + 60k% — 104k + 96
ﬂ4. = ’

20(3k — 2)(3k? + 4)
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Two particular sequences were provided as

@ . 11 1 @
=l+—-+—+-++—=Inn-In| 1+ , 1.12
Va1 273 n < n+az) (112
1 1 1 1 a
®) 1
=l+—+—+4---+——Inu——-In[1+ . 1.13
Yn 273 " 2 ( " ;3;3) (1.13)

These two sequences converge faster than all other sequences mentioned since for all
nel,

7
288(n + 1)3

7 1

d 1
and ———
288n3 180(m + 1)*

180(n — 1)4°

<V—Vr5,21)< <V—7/r5,32)<
On the other hand, Lu [11] introduced the following class of sequences:

11 1
Kfji:1+5+§+~~+——lnn

n
1 a, ay das as

__ln 1+_+_+_+...+_, 114‘
k ( n n* n ns) (19

where k,s € N. They also proved that, among the sequences (Kr(:,)()y,zl, in the case of

k k(3k —2) Kk -2)
a = -, a)=——, az=——,
2 24 48
k(15k% — 60k2 + 20k + 48)
as = N ooy
* 5760

the privileged sequence offers the best approximations of y since when s =1,

lim n*(K() - y) = 3/;; 2, (1.15)
when s =2,
lim (K - y) = K2k, (1.16)
00 : 48
when s = 3,
lim n*(K% - y) - 15k% — 60k* + 20k + 48 (1L17)

n—00 5760

These works motivated our study. In this paper, our main goal is to modify the sequence
based on the early works of DeTemple, Moritici, and Lu and provide a new convergent
sequence of relatively simple form with higher speed.

The rest of this paper is arranged as follows. In Sect. 2, we provide the main results and,
in Sect. 3, we prove them.

2 The main results
Lemma 2.1 For any fixed a,b € R, we have the following convergent sequence for Euler’s
constant:

1 1 1 1
Nygp=l+—-+=-+---+ +— —In(n+b). (2.1)
2 3 n-1 an
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Moreover, for a =1 and b = 0, we have

. 1
lim n(N1,0-v) == (2.2)

n—00

fora=1andb=1/2, we have

1

. 2 _ .
Jim (N, 1y = 7) = YK (2.3)
fora=2andb =0, we have
lim 2Nz~ ¥) = o (24)
ningo” (n20)— V)= 2’ .

fora=6-2+6and b =1//6, we have

1
nli)nolo” (N6 26,1 Y)= —m; (2.5)

and for a = 6 + 2+/6 and b = —1/+/6, we have

1
nli)ngo}’l (Nn6+2f )/) = m. (26)

Using Lemma 2.1, we have the following conclusion.

Corollary 2.2 The fastest possible sequence (N ,p)n>1 is obtained only for

and

1 3b3 1
lim B*(Nyup—y)===--b*-—=—-b-= 2.7
nggon( ab—Y) 3<d 5 4) (2.7)

Theorem 2.3 For any fixed s € N, there exist k € N and a,b € R such that the following
sequence converges to Euler’s constant:

1 1 1
~ ., (8
ywyn,skya,b=1+§+§+~~+n_1+%—ln(n+b)
1 ai a) as 25
——In{l+—+=+—<+-+—), 2.8
kn< n n2 n rt5> @8)
where
a) = <——b——>
1 b 1 (2k—2¢bk—ak)2 2k — 2abk — ak
= —-— — — — + N
2T T2 e 8a2k 4ak
k bk bk bk k a ai a3
a3=——-———--""—"—"—"-—""—"—"—-—""=—-—"— - — +dy+aiday; — —,
3a 3 2 3 12 3 2 3
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Furthermore, let

W 11 1
n,k,u,b:1+_+_+“'+n_1
1 1 1
@)
Vn,k,a,h:1+§+§+”'+n_1

1 1 1
(3>' =l+—-+-+--+

n—-1

Then we also have, for s =1,

lim 7 (ya )~ 7)

n—00

1 1
+——1n(n+b)——1n<1+
an k

1 1
+——1n(n+b)——ln<1+ +
an k n

1 1
+——1n(n+b)——ln<1+ +—
an k n

4k — 4ab’k — 6ab’*k — 4abk — ak — 4aa, — 6aa; — 4aal

12ak
fors=2,
4 2
TR S B R S
nll)r{.lo}’l (yn,k,a,b_y)__4ﬂ + 4 + 2 4+ 201
and for s = 3,
5 4 3 2
fm (0, y) o LBV W P b 1
H> 00 n,a,b,k 54 5 D) 3 9 5 30
a, 3as 2aia, apaz 2aias
+—= -+ + -
k 5k k k k
alas aal 2alay ala, af
_ _ + + _a
k k k k 2k
243 da3
3k 25°

ay

n

ay

a

Lemma 2.4 If (x,,),>1 converges to zero and there exists the limit

lim n*(x, — %,.1) = 1 € [-00, +00]

n—00

with s > 1, then

lim #*!

n—00

l
Xy= ——.
" s-1
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(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Lemma 2.4 was first proved by Moritici [12]. From Lemma 2.4 we can see that the speed

of convergence of the sequence (x,,),>1 increases together with the value s satisfying (2.15).

3 The proof of Theorem 2.3

Based on the argument of Theorem 2.1 in [13] or Theorem 5 in [14], we need to find the

value of a; € R that produces the most accurate approximation of the form

1 1
Nn,a,b:1+§+§+"'+

n-1

1
+ — —In(n + b).
an

(3.1)
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To measure the accuracy of this approximation, a method is to say that an approximation
(3.1) is better as N,, ., — y faster converges to zero. Using (3.1), we have

N, N, 1 —1 L
mab —Np+lab = —— * -
b hab n an amn+1)
—In(n+b) +In(n+1+b). (3.2)

Developing in power series in 1/n, we have

1 1\ 1 1 N1
Nyab = Nuitap = <— -b- —>— + <—— +b*+b+ —)—3
a n

2 ) n? a 3
1 3b? 1\ 1
== -=—-p-2)=
a 2 4 ) n*
Iy 3 2 1 1
+ | =——+Db"+2°+2b°+b+1)—+0O| — ). (3.3)
a n® n®

From Lemma 2.4 we know that the speed of convergence of the sequence (Ny4p)u>1 is
even higher than the value s satisfying (2.15). Thus, using Lemma 2.4, we have:
(i) If i -b- % #0, then the convergence rate of the sequence (N, ;. — ¥)u>1 is 1/n since

1 1
lim n(Ny,p—y)=—-b—-=#0.
a 2

n—00

(ii) If i -b- % =0, then from (3.3) we have

1 1\ 1 1 3b% 1\ 1
Nyas - N ==+ 4br= )=+ --PP-—-b-- )=
n,a,b n+l,a,b ( (l+ + +3>I’13+<0I 9 4)

1 1 1
+<——+b4+2b3+2b2+b+1)—5+0< )
a n

n
If —% +b*+b+ % #0, then the rate of convergence of the sequence (N, — ¥)u>1 is 172
since
bz

b
lim n*(Nyap=y)=—o-+ —+ 5+
n—00 2

1
2a 2 6

If -1+ 5%+ b+ 1 =0, then from (3.3) we have

2 4 ) n*

1 1 1
+(——+b4+2h3+2b2+b+1>—5+0< ),
a n

7

1 3b? 1\ 1
Nn,a,b _Nn+1,a,b = <; - bs -—-b- _>

3

and the rate of convergence of the sequence (N, .5 — ¥)u>1 is n™° since

1 ¥ v b1
limns(Nn,a,b_)/)z_————————,
n—00 3a

Moreover, for a = 1 and b = 0, we have
. 1
lim #(N,1,00-v) = =5 (3.4)

n—00 2
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fora=1and b=1/2, we have

. 1
lim nZ(N(n,L;) -y)=

n— o0 2 g;
for a =2 and b = 0, we have

li Z(N )_ 1 .
nirlgon (n2,0) — V)= %

for a =6 —2+/6 and b = 1/+/6, we have

1
lim n3(N, —y)=———;
A, Nows-2v5, 4 = ¥) 186

and for a = 6 + 24/6 and b = —1/+/6, we have

1
lim (N —-y)=——.
A WasaveJ =)= 5 7

Proof of Theorem 2.3 We define the sequence (Vyf,sg,b,k)nzl by the relations

) 1 1 1
V“’Vn,k,a,b:1+§+§+"'+n_1

1 a, ap as dg
—-hn(l+—+—=+—++—
k n n* nmn ns

1
+— —1In(n+b)
an

and

11 1 1
1
R T B e i LICRY)

1 ay
——In(1+—).
k n( " n )
Using a similar method as in (3.1)—(3.3), we have
1)

o o
yn,k,a,b J/;'1-*—1,k,az,b

_ =3k +3ab’k + 3abk + ak + 3aa, + 3aa}

3akn’
2k — 2abk — ak — 2aa;
2akn?
4k — 4ab®k — 6ab’k — 4abk — ak — 4aa, — 6aa’ - 4aa’
i dakn*
—5k + 5ab*k + 10ab’k + 10ab’k + 5abk + ak — 5aa; + 10aa?
¥ 5akn®

10aa? + 10aa’ + 5aa} < 1 )
o .

5akn® b
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(3.5)

(3.7)

(3.9

(3.10)

(3.11)
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The fastest possible sequence (y,ila))b, n=1 is obtained when

2k—2abk-ak-2aa; _ 0
2ak -
—3k+3ab?k+3abk+ak+3aa; +3aa%

3ak =0.
Then we have
: 3(,,(1
lim n (Viapk =)
_ 4k — 4ab*k — 6ab’k — 4abk — ak — 4aa, — 6aa; — 4aa;
- 12ak ’

and the rate of convergence is n73.

For example, for a =2 and b = 1/(24/3),

i 3( ) ) —k +3+/3k + 33k - k3
im n —) = )
n—00 yngJﬁvk Y 72ﬁk

and the rate of convergence is #n~3.

Next, we define the second sequence with the previous conclusions:

1 1 1
yfk),avh:1+§+§+---+n_1+E—ln(n+b)
1 ay a)
——Inl{1+—+—=, 3.12
k ( n ,,,2) (312)
where a; = 2k—2zzsz—ak
Then we get the equation
() 2
J/n,k,zz,b - yn+1,k,a,b
1 aj a1 243\ 1
(=4 +b+-+ L -2 )=
( a 3 k k Kk )n3
(Lo 3, L 34 3aa) 1
a 2 4 2k k n*
(-5 (o
k k ) n
e L, B A 2a? 2a;
+20°+ b+ -+ ———+ — + —
kK k k k
6ara, 24 4ala, at\ 1 1
- +— = +—)—=+0|—<). 3.13
k k k k ) n® nt (3.13)
Taking
ar=%-—bk-%,



Jia et al. Journal of Inequalities and Applications (2018) 2018:136

we obtain the fastest sequence (yfa),b, n=1 With convergent rate n~* since

lim n4(7/rf,2;,h,k - V) =

n— o0

1 ]9_4 ]9_3 2b2 b 1 ay a

—— ot —
da 4 2 4 4k  k
a} 3aiay ai alay aj
+—= - - —— 4 .

2k 2k 2k k 4k

Moreover, for

a1=k—bk—l§(

2
_ kL Pk WLk, D a4
M=—9,t 3 Tttt t5

we define the third sequence with the previous conclusions:

1

e e e
4 20

1 1 a a
3 1 2
=l4+—-+—-+-- 4 +—-Inn+b)—-In{1l+—+—=+ . 3.14
yn,k,a,h 2 3 n—1 an ( ) k ( n 2 n ) ( )
Then we have the equality
(3) (3)
yn,k,a,b - J/;'1-*—1,k,az,b
- l_bg_B_bz_h_l_ﬂ_Bu%+%_%+3a1a2_a_§
a 2 4 k 2k k k k k
1 1 1 a 4a
S () SES) S 2 e i
n* a 5 k k
2a3 6a; 24’ 243 6ayay 4dayaz datay at)\ 1
+ +—+ — - + - +—
k k k k k k k k ) n®
1 . 5b* 100 5b* 1 a1 5ay 3as
+|l--V-—-—— b+ — - —
a 2 3 2 6 k k k
10a1a; 5aza;  10mas 5aias ~ 5a,a3 N 10a3a;
k k k k k k
Saia, 5a7 10aj 4ai) 1 of L (3.15)
k 2k 3k 5 )ns n’ '
Taking
ga=k Pk _Pk_bk_k _a _d _4
353,73 3 "3 1273 2 tThrtdida— 3,
2 2 3
—é+b4+2b3+2bj+b+4é+“71—4“72+2“72+6Z3 ey
6 4, 4asay a
S dde o,
we obtain the fastest sequence (yfa),b, n=1 With convergent rate n~> since
: 5(,,3)
Jim 7 (Viapik =)
1 b5 b4 2b3 b2 b 1 ay ay 36{3 2611612 a)ds
- — P + —=
5a¢ 5 2 3 2 5 30 5k k 5k k k
2mas diay ma;  2aiap N aja, ai 24 4a3 .
k k k k k 2k 3k 25°
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