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Abstract
Consider the linear regression model

yi = xTi β + ei , i = 1, 2, . . . ,n,

where ei = g(. . . ,εi–1,εi) are general dependence errors. The Bahadur representations
of M-estimators of the parameter β are given, by which asymptotically the theory of
M-estimation in linear regression models is unified. As applications, the normal
distributions and the rates of strong convergence are investigated, while {εi , i ∈ Z} are
m-dependent, and the martingale difference and (ε,ψ )-weakly dependent.
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1 Introduction
Consider the following linear regression model:

yi = xT
i β + ei, i = 1, 2, . . . , n, (1.1)

where β = (β1, . . . ,βp)T ∈ Rp is an unknown parametric vector, xT
i denotes the ith row

of an n × p design matrix X, and {ei} are stationary dependence errors with a common
distribution.

An M-estimate of β is defined as any value of β minimizing

n∑

i=1

ρ
(
yi – xT

i β
)

(1.2)

for a suitable choice of the function ρ , or any solution for β of the estimating equation

n∑

i=1

ψ
(
yi – xT

i β
)
xi = 0 (1.3)

for a suitable choice of ψ .
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There is a body of statistical literature dealing with linear regression models with in-
dependent and identically distributed (i.i.d.) random errors, see e.g. Babu [1], Bai et al.
[2], Chen [7], Chen and Zhao [8], He and Shao [24], Gervini and Yohai [23], Huber and
Ronchetti [28], Xiong and Joseph [50], Salibian-Barrera et al. [44]. Recently, linear regres-
sion models with serially correlated errors have attracted increasing attention from statis-
ticians; see, for example, Li [33], Wu [49], Maller [38], Pere [41], Hu [25, 26]. Over the last
40 years, M-estimators in linear regression models have been investigated by many au-
thors. Let {ηi} be i.i.d. random variables. Koul [30] discussed the asymptotic behavior of a
class of M-estimators in the model (1.1) with long range dependence errors ei = G(ηi). Wu
[49] and Zhou and Shao [52] discussed the model (1.1) with ei = G(. . . ,ηi–1,ηi) and derived
strong Bahadur representations of M-estimators and a central limit theorem. Zhou and
Wu [53] considered the model (1.1) with ei =

∑∞
j=0 ajηi–j, and obtained some asymptotic

results including consistency of robust estimates. Fan et al. [20] investigated the model
(1.1) with the errors ei = f (ei–1) + ηi and established the moderate deviations and strong
Bahadur representations for M-estimators. Wu [47] discussed strong consistency of an
M-estimator in the model (1.1) for negatively associated samples. Fan [19] considered the
model (1.1) with ϕ-mixing errors, and the moderate deviations for the M-estimators. In
addition, Berlinet et al. [4], Boente and Fraiman [5], Chen et al. [6], Cheng et al. [9], Gan-
naz [22], Lô and Ronchetti [37], Valdora and Yohai [45] and Yang [51] have also studied
some asymptotic properties of M-estimators in nonlinear models. However, no people
have investigated a unified the theory of M-estimation in linear regression models with
more general errors.

In this paper, we assume that

ei = g(. . . , εi–1, εi), (1.4)

where g(·) is a measurable function such that ei is a proper random variable, and {εi, i ∈ Z}
(where Z is the set of integers) are very general random variables, including m-dependent,
martingale difference, (ε,ψ)-weakly dependent, and so on.

We try to investigate the unified the theory of M-estimation in the linear regression
model. In the article, we use the idea of Wu [49] to study the Bahadur representative of
M-estimator, and we extend some results to general errors. The paper is organized as fol-
lows. In Sect. 2, the weak and strong linear representation of an M-estimate of the vector
regression parameter β in the model (1.1) are presented. Section 3 contains some appli-
cations of our results, including the m-dependent, (ε,ψ)-weakly dependent, martingale
difference. In Sect. 4, proofs of the main results are given.

2 Main results
In the section, we investigate the weak and strong linear representation of an M-estimate
of the vector regression parameter β in the model (1.1). Without loss of generality, we
assume that the true parameter β = 0. We start with some notation and assumptions.

For a vector v = (v1, . . . , vp), let |v| = (
∑p

i=1 vi
2) 1

2 . A random vector V is said to be in Lq, q >
0, if E(|V |q) < ∞. Let ‖V‖q = E(|V |q)

1
q , ‖V‖ = ‖V‖2, �n =

∑n
i=1 xixT

i = XT X and assume

that �n is positive definite for large enough n. Let xin = �
– 1

2
n xi,βn = �

– 1
2

n β . Then the model
(1.1) can be written as

yi = xT
inβn + ei, i = 1, 2, . . . , n, (2.1)
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with
∑n

i=1 xinxT
in = Ip, where Ip is an identity matrix of order p. Assume that ρ has deriva-

tive ψ . For l ≥ 0 and a function f , write f ∈ Cl if f has derivatives up to lth order and f (l)

is continuous. Define the function

ψk(t;Fi) = E
(
ψ(ek + t)|Fi

)
,ψk

(
t;F∗

i
)

= E
(
ψ
(
e∗

k + t
)|F∗

i
)
, k ≥ 0, (2.2)

where F∗
i = (. . . , ε–1, ε′

0, ε1, . . . , εi–1, εi),Fi = (. . . , ε–1, ε0, ε1, . . . , εi–1, εi), let ε′
i be an i.i.d. copy

of εi, and e∗
k = g(F∗

k ).
Throughout the paper, we use the following assumptions.
(A1) ρ(·) is a convex function, Eψ(ei) = 0, 0 < Eψ2(ei).
(A2) ϕ(t) ≡ Eψ(ei + t) has a strictly positive derivative at t = 0.
(A3) m(t) ≡ E|ψ(ei + t) – ψ(ei)|2 is continuous at t = 0.
(A4) rn ≡ max1≤i≤n |xin| = max1≤i≤n(xT

i �–1
n xi)

1
2 = o(1).

(A5) There exists a δ0 > 0 such that

Li ≡ sup
|s|,|t|≤δ0,s 
=t

|ψi+1(s;Fi) – ψi+1(t;Fi)|
|s – t| ∈ L1. (2.3)

(A6) Let ψi(·;Fi–1) ∈ Cl, l ≥ 0. For some δ0 > 0, max1≤i≤n sup|δ|≤δ0 ‖ψ (l)
i (δ;Fi–1)‖ < ∞

and

∞∑

i=0

sup
|δ|<δ0

∥∥E
(
ψ

(l)
i (δ;Fi–1)|F0

)
– E

(
ψ

(l)
i
(
δ;F∗

i–1
)|F∗

0
)∥∥ < ∞. (2.4)

(A7)

∞∑

i=0

sup
|δ|<δ0

∥∥E
(
ψ

(l)
i
(
δ;F∗

i–1
)|F0

)
– E

(
ψ

(l)
i
(
δ;F∗

i–1
)|F–1

)∥∥ < ∞, (2.5)

∞∑

i=0

sup
|δ|<δ0

∣∣Eψ (l)(ei + δ) – Eψ (l)(e∗
i + δ

)∣∣ < ∞. (2.6)

Remark 1 Conditions (A1)–(A5) and (A6) are imposed in the M-estimation considering
the theory of linear regression models with dependent errors (Wu [49]; Zhou and Shao
[52]). Condition (2.6) is similar to (7) of Wu [49]. ‖E(ψ (l)

i (δ;Fi–1)|F0) – E(ψ (l)
i (δ;F∗

i–1)|F∗
0 )‖

measures the difference of the contribution of ε0 and its copy ε′
0 in predicting ψ(ei + δ).

However, ‖E(ψ (l)
i (δ;F∗

i–1)|F0) – E(ψ (l)
i (δ;F∗

i–1)|F–1)‖ measures the contribution of ε0 in
predicting ψ(ei + δ) under the given copy of ε0: ε′

0.

If {εi} are i.i.d., then (A6) and (A7) hold. For the other settings, (A6) and (A7) are very
easily satisfied. The following proposition provides some sufficient conditions for (A6)
and (A7).

Proposition 2.1 Let Fi(u|F0) = P(ei ≤ u|F0) and fi(u|F0) be the conditional distribution
and density function of ei at u given F0, respectively. Let fi(u) and f ∗

i (u) be the density
function of ei and e∗

i , respectively.
(1) Let fi(·|Fi) ∈ Cl, l ≥ 0, ω(i) =

∫
R ‖fi(u|F0) – fi(u|F∗

0 )‖ψ(u; δ0) du and
ψ(u; δ0) = |ψ(u + δ0)| + |ψ(u – δ0)|. If

∑∞
i=1 ω(i) < ∞, then (A6) holds.
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(2) Let

ω(i) =
∫

R

∥∥f (l)
i (u|F0) – f (l)

i
(
u|F∗

0
)∥∥ψ(u; δ0) du

and ω̃(i) =
∫

R |fi(u) – f ∗
i (u)|ψ (l)(u; δ0) du. If

∑∞
i=1 ω(i) < ∞ and

∑∞
i=1 ω̃(i) < ∞, then

assumption (A7) holds.

Proof (1) By the conditions of (1), we have

∞∑

i=1

sup
|δ|≤δ0

∥∥E
(
ψ

(l)
i (δ;Fi–1)|F0

)
– E

(
ψ

(l)
i
(
δ;F∗

i–1
)|F∗

0
)∥∥

=
∞∑

i=1

sup
|δ|≤δ0

∥∥∥∥
∫

R
ψ (l)(u + δ)

[
fi(u|F0) – fi

(
u|F∗

0
)]

du
∥∥∥∥

+ sup
|δ|≤δ0

∥∥∥∥
∫

R
ψ (l)(u + δ)

[
f0(u|F–1) – f0(u|F–1)

]
du

∥∥∥∥

≤
∞∑

i=1

∫

R

∥∥f (l)
i (u|F0) – f (l)

i
(
u|F∗

0
)∥∥ψ(u + δ0) du

=
∞∑

i=1

ω(i) < ∞. (2.7)

Namely (A6) holds.
(2) (A7) follows from

∞∑

i=1

sup
|δ|≤δ0

∥∥E
(
ψ

(l)
i
(
δ;F∗

i–1
)|F0

)
– E

(
ψ

(l)
i
(
δ;F∗

i–1
)|F–1

)∥∥

=
∞∑

i=1

sup
|δ|≤δ0

∥∥∥∥
∫

R
ψ (l)(u + δ)

[
f (l)
i (u|F0) – f (l)

i (u|F–1)
]

du
∥∥∥∥

+ sup
|δ|≤δ0

∥∥∥∥
∫

R
ψ (l)(u + δ)

[
f0(u|F–1) – f0

(
u|F∗

–1
)]

du
∥∥∥∥

≤
∞∑

i=1

∫

R

∥∥f (l)
i (u|F0) – f (l)

i (u|F–1)
∥∥ψ(u + δ0) du =

∞∑

i=1

ω(i) < ∞

and

∞∑

i=1

sup
|δ|≤δ0

∣∣E(ψ (l)(ei + δ) – E(ψ (l)(e∗
i + δ

)∣∣

=
∞∑

i=1

sup
|δ|≤δ0

∣∣∣∣
∫

R
ψ (l)(u + δ)

(
fi(u) – f ∗

i (u)
)∣∣∣∣

≤
∞∑

i=1

∫

R

∣∣fi(u) – f ∗
i (u)

∣∣ψ (l)(u; δ0) du =
∞∑

i=1

ω̃(i) < ∞.

Hence, the proposition is proved. �
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Define the M-processes

Kn(βn) = �n(βn) – E
(
�n(βn)

)
, K̃n(β) = �̃n(β) – E

(
�̃n(β)

)
,

where

�n(βn) =
n∑

i=1

ψ
(
ei – xT

inβn
)
xin, �̃n(β) =

n∑

i=1

ψ
(
ei – xT

i β
)
xi.

Theorem 2.1 Let {δn, n ∈ N} be a sequence of positive numbers such that δn → ∞ and
δnrn → 0. If (A1)–(A5), and (A6) and (A7) with l = 0, 1, . . . , p hold, then

sup
|β|≤δn

∣∣Kn(βn) – Kn(0)
∣∣ = Op

(
√

τn(δn) log n + δn

√√√√
n∑

i=1

|xin|4
)

, (2.8)

where

τn(δ) =
n∑

i=1

|xin|2
(
m2(|xin|δ

)
+ m2(–|xin|δ

))
, δ > 0.

Corollary 2.1 Assume that (A1)–(A5), and (A6) and (A7) with l = 0, 1, . . . , p hold. If ϕ(t) =
tϕ′(0) + O(t2) as t → 0, �(β̂n) = Op(rn), then, for |β̂n| ≤ δn,

ϕ′(0)β̂n –
n∑

i=1

ψ(ei)xin = Op
(√

τn(δn) log n + δ2
nrn

)
. (2.9)

Moreover, if, as t → 0, m(t) = O(|t|λ) for some λ > 0, then

ϕ′(0)β̂n –
n∑

i=1

ψ(ei)xin = Op

(√√√√
n∑

i=1

|xin|2+2λ log n + rn

)
. (2.10)

Remark 2 If {ei} i.i.d., then |β̂n| ≤ δn follows from (3.2) of Rao and Zhao [42]. If {εi} i.i.d.,
then |β̂n| ≤ δn follows from Theorem 1 of Wu [49] and Zhou and Shao [52]. If ei = f (ei–1) +
εi, where the function f : R × R → R satisfies some condition and {εi} i.i.d., then |β̂n| ≤
δn follows from Theorem 2.2 of Fan et al. [20]. If {εi} NA, then |β̂n| ≤ δn follows from
Theorem 1 of Wu [47]. Therefore the condition |β̂n| ≤ δn is not strong. In the paper, we
do not discuss it.

Theorem 2.2 Assume that (A1)–(A3), (A5), and (A6) and (A7) with l = 0, 1, . . . , p hold.
Let λn be the minimum eigenvalue of �n, bn = n– 1

2 (log n)3/2(log log n)1/2+υ , υ > 0, ñ =
2�log n/log 2
 and q > 3

2 . If lim infn→∞ λn/n > 0,
∑n

i=1 |xi|2 = O(n) and r̃n = max1≤i≤n |xi| =
O(n1/2(log n)–2), then

sup
|β|≤bn

∣∣K̃n(β) – K̃n(0)
∣∣ = Oa.s.(Lñ + Bñ),
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where Ln =
√

τ̃n(2bn)(logn)q, Bñ = bn(
∑n

i=1 |xi|4)1/2(log n)3/2(log log n)(1+υ)/2 and

τ̃n(δ) =
n∑

i=1

|xi|2
(
m2(|xi|δ

)
+ m2(–|xi|δ

))
, δ > 0.

Corollary 2.2 Assume that ϕ(t) = tϕ′(0) + O(t2) and m(t) = O(
√

t) as t → 0, and �̃n =
Oa.s.(r̃n). Under the conditions of Theorem 2.2, we have:

(1) β̃n = Oa.s.(bn);
(2) ϕ′(0)�nβ̃n –

∑n
i=1 ψ(ei)xi = Oa.s.(Lñ + Bñ + b2

n
∑n

i=1 |xi|3 + r̃n),
where β̃n is the minimizer of (1.2).

Remark 3 From the above results, we easily obtain the corresponding conclusions of
Wu [49].

From the corollary below, we only derive convergence rates of β̃n. However, it is to be
regretted that we cannot give laws of the iterated logarithm n1/2(log log n)1/2, which is still
an open problem.

Corollary 2.3 Under the conditions of Corollary 2.2, we have

�nβ̃n = Oa.s.

(
max

{
(
n1/2(log n)3/2(log log n)1/2+υ

)
,

(
n1/2(log n)–1/4+q(log log n)1/4+υ/2),

( n∑

i=1

ψ(ei)xi

)})
.

Proof Note that ñ = 2�log n/ log 2
 = O(n) and m(t) = O(
√

t) as t → 0; we have

Lñ =
√

τ̃n(2bn)(log n)q =

√√√√O

( n∑

i=1

|xi|2|xi|bn

)
(log n)q

=
√

O
(
nn1/2(log n)–2n–1/2(log n)3/2(log log n)1/2+υ

)
(log n)q

= O
(
n1/2(log n)–1/4+q(log log n)1/4+υ/2),

Bñ = O
(
n–1/2(log n)3/2(log log n)1/2+υ

(
nr̃2

n
)1/2(log n)3/2(log log n)(1+υ)/2)

= O
(
n1/2(log n)(log log n)1+3υ/2)

and

b2
n

n∑

i=1

|xi|3 = O
(
n–1(log n)3(log log n)1+2υnn1/2(log n)–2)

= O
(
n1/2(log n)(log log n)1+2υ

)
.

By Corollary 2.2, we have

ϕ′(0)�nβ̃n =
n∑

i=1

ψ(ei)xi + Oa.s.
(
n1/2(log n)–1/4+q(log log n)1/4+υ/2) (2.11)
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and

�nβ̃n = Oa.s.(nbn) = Oa.s.
(
n1/2(log n)3/2(log log n)1/2+υ

)
. (2.12)

Thus the conclusion follows from (2.11) and (2.12). �

3 Applications
In the following three subsections, we shall investigate some applications of our results.
In Sect. 3.1, we consider that εi is a m-dependent random variable sequence. We shall
investigate that {εi} are (ε,ψ)-weakly dependent in Sect. 3.2, and martingale difference
errors {εi} in Sect. 3.3.

3.1 m-dependent process
In the subsection, we shall firstly show that the m-dependent sequence satisfies condi-
tions (A6) and (A7) and secondly obtain the asymptotic normal distribution and strong
convergence rates for M-estimators of the parameter. Koul [30] discussed the asymptotic
behavior of a class of M-estimators in the model (1.1) with long range dependence er-
rors ei = g(εi), where εi i.i.d. Here we assume that εi is a m-dependent sequence, of which
the definition was given by Example 2.8.1 in Lehmann [32]. For m-dependent sequences
or processes, there are some results (e.g., see Hu et al. [27], Romano and Wolf [43] and
Valk [46]).

Proposition 3.1 Let εi in (1.4) be a m-dependent sequence. Then (A6) and (A7) hold.

Proof Note that εi is a m-dependent sequence, we have

∞∑

i=1

sup
|δ|≤δ0

∥∥E
(
ψ

(l)
i (δ;Fi–1)|F0

)
– E

(
ψ

(l)
i
(
δ;F∗

i–1
)|F∗

0
)∥∥

=
∞∑

i=1

sup
|δ|≤δ0

∥∥E
(
ψ (l)(ei + δ)|F0

)
– E

(
ψ (l)(e∗

i + δ
)|F∗

0
)∥∥

+ sup
|δ|≤δ0

∥∥E
(
ψ (l)(ei + δ)|F–1

)
– E

(
ψ (l)(e∗

i + δ
)|F–1

)∥∥

=
∞∑

i=1

sup
|δ|≤δ0

∥∥E
(
ψ (l)(ei + δ)

)
– E

(
ψ (l)(e∗

i + δ
))∥∥

= 0 < ∞ (3.1)

and

∞∑

i=1

sup
|δ|≤δ0

∥∥E
(
ψ

(l)
i
(
δ;F∗

i–1
)|F0

)
– E

(
ψ

(l)
i
(
δ;F∗

i–1
)|F–1

)∥∥

=
∞∑

i=1

sup
|δ|≤δ0

∥∥E
(
ψ (l)(e∗

i + δ
)|F0

)
– E

(
ψ (l)(e∗

i + δ
)|F–1

)∥∥

+ sup
|δ|≤δ0

∥∥E
(
ψ (l)(e0 + δ)|F–1

)
– E

(
ψ (l)(e∗

0 + δ
)|F–1

)∥∥



Hu Journal of Inequalities and Applications  (2018) 2018:123 Page 8 of 32

=
∞∑

i=1

sup
|δ|≤δ0

∥∥Eψ (l)(e0 + δ) – Eψ (l)(e∗
i + δ

)∥∥

= 0 < ∞. (3.2)

Therefore, (A6) and (A7) follow from (3.1), (3.2) and Eψ (l)(ei + δ) = Eψ (l)(e∗
i + δ). �

Corollary 3.1 Assume that (A1)–(A5) hold. If ϕ(t) = tϕ′(0) + O(t2) and m(t) = O(|t|λ) for
some λ > 0 as t → 0, �(β̂n) = 0 and 0 < σ 2

ψ = E[ψ(ei)]2 < ∞, then

n–1/2β̂n/
([

ϕ′(0)
]–1

σψ

)→ N(0, Ip), n → ∞.

In order to prove Corollary 3.1, we give the following lemmas.

Lemma 3.1 (Lehmann [32]) Let {ξi, i ≥ 1} be a stationary m-dependent sequence of ran-
dom variables with Eξi = 0 and 0 < σ 2 = Var(ξi) < ∞, and Tn =

∑n
i=1 ξi. Then

n–1/2Tn/τ → N(0, 1),

where τ 2 = limn→∞ Var(n–1/2Tn) = σ 2 + 2
∑m+1

i=2 Cov(ξ1, ξi).

Using the argument of Lemma 3.1, we easily obtain the following result. Here we omit
the proof.

Lemma 3.2 Let {ξi, i ≥ 1} be a stationary m-dependent sequence of random variables with
Eξi = 0 and 0 < σ 2

i = Var(ξi) < ∞, and Tn =
∑n

i=1 ξi. Then

n–1/2Tn/τ → N(0, 1),

where τ 2 = Var(n–1/2Tn) = n–1 ∑n
i=1 σ 2

i + 2n–1 ∑m+1
i=2 (n – i) Cov(ξ1, ξi).

Proof of Corollary 3.1 By (2.10), we have

n–1/2β̂n = n–1/2[ϕ′(0)
]–1

n∑

i=1

ψ(ei)xin + Op
(
n–1/2rλ

n log n
)
. (3.3)

Since {ξi, i ≥ 1} is a stationary m-dependent sequence, so is {[ϕ′(0)]–1ψ(ei)xin, i ≥ 1}. Let
u ∈ Rp, |u| = 1. Then E(uT [ϕ′(0)]–1ψ(ei)xin) = 0 and

σ 2
i = E

(
uT[ϕ′(0)

]–1
ψ(ei)xin

)2 =
[
ϕ′(0)

]–2uT xinxT
inuE

[
ψ(ei)

]2.

Therefore, by rn = o(1) and 0 < σ 2
ψ = E[ψ(ei)]2 < ∞, we have

τ 2 = n–1
n∑

i=1

[
ϕ′(0)

]–2uT xinxT
inuE

[
ψ(ei)

]2

+ 2n–1
m+1∑

i=2

(n – i) Cov
(
uT[ϕ′(0)

]–1
ψ(e1)x1n, uT[ϕ′(0)

]–1
ψ(ei)xin

)
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=
[
ϕ′(0)

]–2n–1

{ n∑

i=1

E
[
ψ(ei)

]2 + 2
m+1∑

i=2

(n – i)uT xinxT
inu Cov

(
ψ(e1),ψ(ei)

)
}

→ [
ϕ′(0)

]–2
σ 2

ψ . (3.4)

Thus the corollary follows from Lemma 3.2, (3.3) and (3.4). �

Corollary 3.2 Assume that (A1)–(A5) hold. If ϕ(t) = tϕ′(0) + O(t2) and m(t) = O(
√

t) as
t → 0, and �̃n(β̃n) = Oa.s.(r̃n), 0 < σ 2

ψ = E[ψ(ei)]2 < ∞, then

β̃n = Oa.s.
(
n–1/2(log n)3/2(log log n)1/2+υ

)
.

Proof The corollary follows from Proposition 3.1 and Corollary 2.2. �

3.2 (ε,ψ )-weakly dependent process
In the subsection, we assume that {εi} are (ε,ψ)-weakly dependent (Doukhan and
Louhichi [14] and Dedecker et al. [11]) random variables. In 1999, Doukhan and Louhichi
proposed a new idea of (ε,ψ)-weakly dependence which focuses on covariance rather
than the total variation distance between joint distributions and the product of the cor-
responding marginal. It has been shown that this concept is more general than mixing
and includes, under natural conditions on the process parameters, essentially all classes
of processes of interest in statistics. Therefore, many researchers are interested in the
(ε,ψ)-weakly dependent and related possesses, and one obtained lots of sharp results.
For example, Doukhan and Louhichi [14], Dedecker and Doukhan [10], Dedecker and
Prieur [12], Doukhan and Neumann [16], Doukhan and Wintenberger [17], Bardet et al.
[3], Doukhan and Wintenberger [18], Doukhan et al. [13]. However, a few people (only
Hwang and Shin [29], Nze et al. [40]) investigated regression models with (ε,ψ)-weakly
dependent errors. Nobody has investigated a robust estimate for the regression model
with (ε,ψ)-weakly dependent errors. To give the definition of the (ε,ψ)-weakly depen-
dence, let us consider a process ξ = {ξn, n ∈ Z} with values in a Banach space (E ,‖ · ‖). For
h : Eu → R, u ∈ N , we define the Lipschitz modulus of h,

Liph = sup
y
=x

∣∣h(y) – h(x)
∣∣/‖y – x‖1, (3.5)

where we have the l1-norm, i.e., ‖(y1, y2, . . . , yu)‖1 =
∑u

i=1 |yi|.

Definition 1 (Doukhan and Louhich [14]) A process ξ = {ξn, n ∈ Z} with values in Rd

is called a (ε,ψ)-weakly dependent process if, for some classes of functions Eu,Ev →
R, Fu, Gv:

ε(r) = sup
u,v

sup
s1≥s2≥···≥su ,t1≥t2≥···≥tv ,r=t1–su

sup
f ∈Fu ,g∈Gv

|Cov(f (ξs1 , ξs2 , . . . , ξsu ), g(ξt1 , ξt2 , . . . , ξtv ))|
�(f , g)

→ 0

as r → ∞.
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According to the definition, mixing sequences (α,ρ,β ,ϕ-mixing), associated sequences
(positively or negatively associated), Gaussian sequences, Bernoulli shifts and Markovian
models or time series bootstrap processes with discrete innovations are (ε,ψ)-weakly de-
pendent (Doukhan et al. [15]).

From now on, assume that the classes of functions contain functions bounded by 1.
Distinct functions � yield η, θ ,κ and a λ weak dependence of the coefficients as follows
(Doukhan et al. [15]):

�(f , g) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

uLipf + vLipg then denote ε(r) = η(r),

vLipg then denote ε(r) = θ (r),

uvLipf · Lipg then denote ε(r) = κ(r),

uLipf + vLipg + uvLipf · Lipg then denote ε(r) = λ(r),

uLipf + vLipg + uvLipf · Lipg + u + v then denote ε(r) = ω(r).

(3.6)

In Corollary 3.3, we only consider λ and η-weakly dependence. Let {εi} be λ or η-weakly
dependent, and assume that g satisfies: for each s ∈ Z, if x, y ∈ RZ satisfy xi = yi for each
index i 
= s

∣∣g(x) – g(y)
∣∣≤ bs

(
sup
i
=s

|xi|l ∨ 1
)
|xs – ys|. (3.7)

Lemma 3.3 (Dedecker et al. [11]) Assume that g satisfies the condition (3.7) with l ≥ 0
and some sequence bs ≥ 0 such that

∑
s |s|bs < ∞. Assume that E|ε0|m′ < ∞ with lm < m′

for some m > 2. Then:
(1) If the process {εi, i ∈ Z} is λ-weakly dependent with coefficients λε(r), then en is

λ-weakly dependent with coefficients

λe(k) = c inf
r≤[k/2]

(∑

i≥r

bi

)
∨ [

(2r + 1)2λε(k – 2r)
m′–1–l
m′–1+l

]
. (3.8)

(2) If the process {εi, i ∈ Z} is η-weakly dependent with coefficients ηε(r), then en is
η-weakly dependent and there exists a constant c > 0 such that

ηe(k) = c inf
r≤[k/2]

(∑

i≥r

bi

)
∨ [

(2r + 1)1+ 1
m′–1 ηε(k – 2r)

m′–2
m′–1

]
.

Lemma 3.4 (Bardet et al. [3]) Let {ξn, n ∈ Z} be a sequence of Rk-valued random variables.
Assume that there exists some constant C > 0 such that max1≤i≤k ‖ξi‖p ≤ C, p ≥ 1. Let h be
a function from Rk to R such that h(0) = 0 and for x, y ∈ Rk , there exist a in [1, p] and c > 0
such that

∣∣h(x) – h(y)
∣∣≤ c|x – y|(1 + |x|α–1 + |y|α–1). (3.9)

Now we define the sequence {ζn, n ∈ Z} by ζn = h(ξn). Then:
(1) If the process {ξi, i ∈ Z} is λ-weakly dependent with coefficients λξ (r), then {ζn, n ∈ Z}

is also with coefficients

λζ (r) = O
(
λ

p–a
p+a–2
ξ (r)

)
. (3.10)
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(2) If the process {ξi, i ∈ Z} is ζ -weakly dependent with coefficients ηξ (r), so is {ζn, n ∈ Z}
with coefficients ηζ (r) = O(η

p–a
p–1
ξ (r)).

Lemma 3.5 (Dedecker et al. [11]) Let {ξi, i ∈ Z} be a centered and stationary real-valued
sequence with E|ξ0|2+ς < ∞, ς > 0, σ 2 =

∑
k∈Z Cov(ξ0, ξk) and Sn =

∑n
i=1 ξi. If λξ (r) = O(r–λ)

for λ > 4 + 2/ς , then n–1/2Sn → N(0,σ 2) as n → ∞.

Corollary 3.3 Let {εi} be λ-weakly dependent with coefficients λε(r) = O(exp(–rλ)) for
some λ > 0, and bi = O(exp(–ib)) for some b > 0. Assume that ψ(0) = 0, and, for x, y ∈ R,
there exists a constant c > 0 such that

∣∣ψ(x) – ψ(y)
∣∣≤ c|x – y|. (3.11)

Under the conditions of Corollary 2.1, we have

ϕ′(0)n–1/2Tn → N(0,�) as n → ∞, (3.12)

where � =
∑n

i=1 x1n Cov(ψ(e1),ψ(ei))xT
in.

Proof Note that {εi} is λ-weakly dependent. By Lemma 3.3, we find that {ei} is λ-weakly
dependent with coefficients

λe(r) = O
(

r2 exp

(
–λr

b(m′ – 1 – l)
b(m′ – 1 + l + 2α(m′ – 1 – l))

))
, α > 0 (3.13)

from (3.8) and Proposition 3.1 in Chap. 3 (Dedecker et al. [11]).
Let u ∈ Rp, |u| = 1, and ζi = h(ei) = uψ(0)xin = 0. Then h(0) = 0 = uψ(0)xin = 0. Choose

p = 2, a = 1, in (3.9), and by (3.11), we have

∣∣h(x) – h(y)
∣∣ = |xin|

∣∣ψ(x) – ψ(y)
∣∣≤ c|x – y| (3.14)

for x, y ∈ R and c > 0. Therefore, by Lemma 3.4, {ζi, i ∈ N} is λ-weakly dependent with
coefficients

λζ (r) = O
(
ruv

n λ
p–a

p+a–2
e (r)

)
= O

(
ruv

n λe(r)
)
. (3.15)

By Corollary 2.1, we have

ϕ′(0)n–1/2β̂n = n–1/2
n∑

i=1

ψ(ei)xin + op(1). (3.16)

By (3.13) and (3.15), there exist b > 0, a > 0, l ≥ 0 and m′ > lm for some m > 2 such that

λζ (r) = O
(

ruv
n r2 exp

(
–λr

b(m′ – 1 – l)
b(m′ – 1 + l) + 2α(m′ – 1 – l)

))
= O

(
r–λ

)
(3.17)

for enough large r and λ > 4 + 2/ς with ς > 0.
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By Lemma 3.5 and (3.16)–(3.17), we have

ϕ′(0)n–1/2uTn → N
(
0,σ 2),

where σ 2 =
∑n

i=1 uT x1n Cov(ψ(e1),ψ(ei))xT
inu. Using the Cramer device, we complete the

proof of Corollary 3.3. �

Lemma 3.6 (Dedecker et al. [11]) Suppose that {ξi, 1 ≤ i ≤ n} are stationary real-valued
random variables with Eξi = 0 and P(|ξi| ≤ M < ∞) = 1 for all i = 1, 2, . . . , n. Let � : N2 →
N be one of the following functions:

�(u, v) = 2v, �(u, v) = u + v, �(u, v) = uv,

�(u, v) = α(u + v) + (1 – α)uv,
(3.18)

for some 0 < α < 1. We assume that there exist constants K , L1, L2 < ∞,μ ≥ 0 and a nonin-
creasing sequence of real coefficients {ρ(n), n ≥ 0} such that, for all u-tuples (s1, . . . , su) and
all v-tuples (t1, . . . , tv) with 1 ≤ s1 ≤ · · · ≤ su ≤ t1 ≤ · · · ≤ tv ≤ n, the following inequality is
fulfilled:

∣∣Cov(ξs1 , . . . , ξsu ; ξt1 , . . . , ξtv )
∣∣≤ K2Mu+v–2�(u, v)ρ(t1 – su), (3.19)

where

∞∑

s=0

(s + 1)kρ(s) ≤ L1Lk
2(k!)μ, ∀k ≥ 0. (3.20)

Let Sn =
∑n

i=1 ξi and σ 2
n = Var(

∑n
i=1 ξi). If σ 2 = limn→∞ σ 2

n /n > 0, then

lim sup
n→∞

|Sn|
σ (2n log log n)1/2 ≤ 1. (3.21)

Corollary 3.4 Let {εi} be η-weakly dependent with coefficients ηε(r) = O(exp(–rη)) for
some η > 0, and bi = O(exp(–ib)) for some b > 0. Assume that ψ(0) = 0 and (3.11) hold. Un-
der the conditions of Corollary 2.2 with r̃n = O(n1/2(log n)–2) replaced by 0 < min1≤i≤n |xij| <
max1≤i≤n |xij| < ∞, and 0 < σ 2

ψ = Eψ2(ei) < ∞, we have:
(1) for 3/2 < q ≤ 7/4,�nβ̃n = Oa.s.(nbn) = Oa.s.(n1/2(log n)3/2(log log n)1/2+υ);
(2) for q ≥ 7/4,�nβ̃n = Oa.s.(n1/2(log n)–1/4+q(log log n)1/4+2/υ).

Proof Let ξi = ψ(ei)xij, j = 1, . . . , p. Then for ∀μn → ∞ as n → ∞

P
{∣∣ψ(ei)xij

∣∣ > μn
}≤ E|ψ(ei)xij|2

μ2
n

=
σ 2

ψ max1≤i≤n |x2
ij|

μ2
n

→ 0. (3.22)

Therefore, there exists some 0 < M < ∞ such that

P
{∣∣ψ(ei)xij

∣∣≤ M
}

= 1. (3.23)
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Similar to the proofs of (3.13) and (3.15), we easily obtain

ηζ (r) = O
(
r̃uv

n η
p–a

p+a–2
e (r)

)
= O

(
r̃uv

n ηe(r)
)
, (3.24)

where

ηe(r) = O
(

r
m′–1–l
m′–1 exp

(
–ηr

b(m′ – 2)
b(m′ – 1) + 2η(m′ – 2)

))
. (3.25)

By (3.24) and (3.25), we have

∣∣Cov(ξs1 , . . . , ξsu ; ξt1 , . . . , ξtv )
∣∣

≤ (u + v)ηζ (r) ≤ (u + v)r̃uv
n ηe(r)

≤ (u + v)r̃uv
n r

m′–1–l
m′–1 exp

(
–ηr

b(m′ – 2)
b(m′ – 1) + 2η(m′ – 2)

)
. (3.26)

Let �(u, v) = u + v, K2 = ruv
n M1(u+v–2) and

ρ(s) = r
m′–1–l
m′–1 exp

(
–ηr

b(m′ – 2)
b(m′ – 1) + 2η(m′ – 2)

)
. (3.27)

Thus (3.19) holds. Since lims→∞ ln(s + 1)/s = 0, there exist b > 0,η > 0, l ≥ 0 and m′ > lm
for some m > 2 and m′ > 2 such that

exp

(
–ηs

b(m′ – 2)
b(m′ – 1) + 2η(m′2)

)
≤ (s + 1)–(2+k), ∀k ≥ 0. (3.28)

Thus

∞∑

s=0

(s + 1)kρ(s) ≤
∞∑

s=0

(s + 1)k+ m′–1–l
m′–1 exp

(
–ηs

b(m′ – 2)
b(m′ – 1) + 2η(m′ – 2)

)

≤
∞∑

s=0

(s + 1)–2+ m′–1–l
m′–1 < ∞, (3.29)

σ 2 = lim
n→∞

{
n–1

n∑

i=1

Eψ2(ei)x2
ij + n–1

n∑

i,k=1;i
=k

xijxkj Cov
(
ψ(ei),ψ(ek)

)
}

= lim
n→∞

{
n–1

n∑

i=1

Eψ2(ei)x2
ij +

n – 1
2

O
(
x2

ij
) n–1∑

i=1

(n – i) Cov
(
ψ(e1),ψ(ei+1)

)
}

= σ 2
ψ x̄·j > 0. (3.30)

By Lemma 3.6 and Corollary 2.3, we have

�nβ̃n = Oa.s.
(
(2n log log n)1/2) + Oa.s.

(
n1/2(log n)–1/4+q(log log n)1/4+υ/2)

= Oa.s.
(
n1/2(log n)–1/4+q(log log n)1/4+υ/2). (3.31)

Therefore, by Corollary 2.3, (3.23) and (3.31), we complete the proof of Corollary 3.4. �
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3.3 Linear martingale difference processes
In the subsection, we will investigate martingale difference errors {εi}. We shall provide
some sufficient conditions for (A6) and (A7) and give the central limit theorem and strong
convergence rates.

Let {εi} be a martingale difference sequence, and aj be real numbers such that ei =∑∞
j=0 ajεi–j exists. It is well known that the theory of martingales provides a natural uni-

fied method for dealing with limit theorems. Under its influence, there is great interest
in the martingale difference. Liang and Jing [34] were concerned with the partial linear
model under the linear com of martingale differences and obtained asymptotic normal-
ity of the least squares estimator of the parameter. Nelson [39] has given conditions for
the pointwise consistency of weighted least squares estimators from multivariate regres-
sion models with martingale difference errors. Lai [31] investigated stochastic regression
models with martingale difference sequence errors and obtained strong consistency and
asymptotic normality of the least squares estimate of the parameter.

Let Fε be the distribution function of ε0 and let fε be its density.

Proposition 3.2 Suppose that Eε0 = 0, ε0 ∈ L4/(2–γ ), κγ =
∫

R ψ2(u)ω–γ (du) < ∞, 1 < γ <
2 and

∑p
k=0

∫
R |f (k)

ε (v)|2ωγ (dv) < ∞, where ωγ (dv) = (1 + |v|)γ . If
∑∞

j=0 |aj| < ∞, then∑∞
i=0 ω(i) < ∞,

∑∞
i=0 ω̄(i) < ∞ and

∑∞
i=0 ω̃(i) < ∞.

Proof Let Zn =
∑∞

j=0 ajεn–j, Z∗
n = Zn – anε0 – anε

′, and

Rn =
∫

R

[
fε(t – Un) – fε(t – Un – a0εn)

]2
ωγ (dt), (3.32)

where Un = Zn – anε0. By the Schwartz inequality, we have

ω2(n) =
(∫

R

∥∥fε(t – Zn) – fε
(
t – Z∗

n
)∥∥(1 + |t|)γ · ψ(t; ε0)

(
1 + |t|)–γ dt

)2

≤
∫

R
ψ2(t; ε0)ω–γ (dt) ·

∫

R

∥∥fε(t – Zn) – fε
(
t – Z∗

n
)∥∥2

ωγ (dt)

= κγ

∫

R

∥∥fε(t – Zn) – fε
(
t – Z∗

n
)∥∥2

ωγ (dt) ≤ CE(Rn). (3.33)

Note that

fε(t – Un) – fε(t – Un – anε0) =
∫ anε0

0
f ′
ε (t – Un – v) dv (3.34)

and
∫

R

[
f ′
ε (t – u)

]2
ωγ (dt) =

(
1 + |u|)γ

∫

R

[
f ′
ε (v)

]2(1 + |u|)–γ (1 + |u + v|)γ dv

≤ (
1 + |u|)γ

∫

R

[
f ′
ε (v)

]2
ωγ (dv) ≤ I1

(
1 + |u|)γ . (3.35)

Let Ik =
∫

R[f (k)
ε (v)]2ωγ (dv). By the Schwartz inequality, we have

Rn ≤
∫

R

∣∣∣∣
∫ anε0

0
12 dv ·

∫ anε0

0

[
f ′
ε (t – Un – v)

]2 dv
∣∣∣∣ωγ (dt)



Hu Journal of Inequalities and Applications  (2018) 2018:123 Page 15 of 32

≤ |anε0|
∫ anε0

0
I1
(
1 + |Un + v|)γ dv

≤ |anε0|2
[(

1 + |Un|
)γ +

(
1 + |Un + anε0|

)γ ]

≤ C|anε0|2
[(

1 + |Un|
)γ + |anε0|γ

]
. (3.36)

By supj Eε2
j < ∞ and Chatterji’s inequality (Lin and Bai [35]), we have

EU2
n ≤

∞∑

j 
=n,j=1

a2
j Eε2

n–j ≤
∞∑

j=0

a2
j . (3.37)

By (3.33)–(3.37) and the Schwartz inequality, we have

E(Rn) ≤ CE
{|anε0|2 + |anε0|2+γ + |anε0|2|Un|γ

}

≤ C
{|1 + |an|γ + E

[|ε0|2|Un|γ
]}

≤ Ca2
n
{|1 + |an|γ +

(
E|Un|2

)γ /2}

≤ Ca2
n

{
|1 + |an|γ +

( ∞∑

j=0

a2
j

)γ /2}
. (3.38)

Note that
∑∞

j=0 |aj| < ∞ implies
∑∞

j=0 a2
j < ∞ and

∑∞
j=0 |aj|1+γ /2 < ∞, and by (3.33) and

(3.39), we have

∞∑

i=0

ω(i) ≤
∞∑

n=0

max
(|an|, |an|1+γ /2) < ∞. (3.39)

The general case k ≥ 1 similarly follows. Similar to the proof of (3.39), we easily prove the
other results. �

From Propositions 2.1 and 3.2, (A6) and (A7) hold. Hence, we can obtain the following
two corollaries from Corollaries 2.1 and 2.2. In order to prove the following two corollaries,
we first give some lemmas.

Lemma 3.7 (Liptser and Shiryayev [36]) Let ξ = (ξk)–∞<k<∞ be a strictly stationary se-
quence on a probability space (�,F , P), and G be a σ -algebra of invariant sets of the se-
quence ξ and Fk = σ (. . . , ξk–1, ξk). For a certain p ≥ 2, let E|ξ0|p < ∞ and

∑
k≥1 γk(p) < ∞,

where γk(p) = {E|E(ξk|F0)| p
p–1 } p–1

p . Then

Zn =
1√
n

n∑

k=1

ξk
d−→ Z(stably),

where the random variable Z has the characteristic function E exp(– 1
2λ2σ 2), and σ 2 =

E(ξ 2
0 |G) + 2

∑
k≥1 E(ξ0ξk|G).

Corollary 3.5 Assume that (A1)–(A5) hold, ϕ(t) = tϕ′(0) + O(t2) and m(t) = O(|t|λ) for
some λ > 0 as t → 0, �(β̂n) = Op(rn). Under the conditions of Proposition 3.2, E|ψ(ek)| p

p–1 <
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∞, p ≥ 2 and
∑n

k=1 |xkn| < ∞, we have

n–1/2β̂n
d−→ Z(stably), (3.40)

where the random variable Z has the characteristic function E exp(– 1
2λ2σ 2), and σ 2 =

(ϕ′(0))–2xT
1nx1nE(ψ2(e1)|G) + 2(ϕ′(0))–2xT

1n
∑

k≥2 xknE(ψ(e1)ψ(ek)|G).

Proof By Proposition 2.1, Proposition 3.2 and Corollary 2.1, we have

n–1/2β̂n = n–1/2(ϕ′(0)
)–1

n∑

i=1

ψ(ei)xin + Op
(
n–1/2(rλ

n log1/2 n + rn
))

= n–1/2(ϕ′(0)
)–1

n∑

i=1

ψ(ei)xin + op(1). (3.41)

By E|ψ(ek)| p
p–1 < ∞ and

∑n
k=1 |xkn| < ∞, we have

γk(p) =
{

E
∣∣E
(
ψ(ek)xkn|F0

)∣∣ p
p–1

} p–1
p

≤ {
E
[
E
(∣∣ψ(ek)xkn

∣∣ p
p–1 |F0

)]} p–1
p

=
{

E
∣∣ψ(ek)xkn

∣∣ p
p–1

} p–1
p } ≤ C|xkn|, (3.42)

∑

k≥1

γk(p) =
n∑

k=1

|xkn| < ∞ (3.43)

and

σ 2 =
(
ϕ′(0)

)–2E
((

ψ(e1)x1n
)2|G) + 2

(
ϕ′(0)

)–2 ∑

k≥2

E
(
ψ(e1)x1nψ(ek)xkn|G

)

=
(
ϕ′(0)

)–2x2
1nE

(
ψ2(e1)|G) + 2

(
ϕ′(0)

)–2x1n
∑

k≥2

xknE
(
ψ(e1)ψ(ek)|G).

By Proposition 2.1, Proposition 3.2 and Corollary 2.2, we easily obtain the following
result. Here we omit the proof. �

Corollary 3.6 Assume that (A1)–(A5) hold, ϕ(t) = tϕ′(0) + O(t2) and m(t) = O(
√

t) as
t → 0, �̃n(β̃n) = Oa.s.(r̃n). Under the conditions of Proposition 3.2, we have

β̃n = Oa.s
(
n–1/2(log n)3/2(log log n)1/2+υ

)
, υ > 0.

4 Proofs of the main results
For the proofs of Theorem 2.1 and Theorem 2.2, we need some lemmas as follows.

Lemma 4.1 (Freedman [21]) Let τ be a stopping time, and K a positive real number.
Suppose that P{|ξi| ≤ K , i ≤ τ } = 1, where {ξi} are measurable random variables and
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E(ξi|Fi–1) = 0. Then, for all positive real numbers a and b,

P

{ n∑

i=1

ξi ≥ a and Tn ≤ b, for some n ≤ τ

}
≤
((

b
Ka + b

)Ka+b

eKa
)K–2

≤ exp

(
–

a2

2(Ka + b)

)
.

Lemma 4.2 Let

Mn(βn) =
n∑

i=1

{
ψ
(
ei – xT

inβn
)

– E
(
ψ
(
ei – xT

inβn
)|Fi–1

)}
xin. (4.1)

Assume that (A5) and (A6) hold. Then

sup
|βn|≤δn

∣∣Mn(βn) – Mn(0)
∣∣ = Op

(√
τn(δn) log n + n–3). (4.2)

Proof Note that p =
∑n

i=1 xT
inxin ≤ (max1≤i≤n |xin|)2n = nr2

n, and δnrn → 0, we have δn =
o(n1/2). For any positive sequence μn → ∞, let

φn = 2μn
√

τn(δn) log n, tn = μn
√

τn(δn)/ logμn, un = t2
n,

ηi(βn) =
(
ψ
(
ei – xT

inβn
)

– ψ(ei)
)
xin, Tn = max

1≤i≤n
sup

|βn|≤δn

∣∣ηi(βn)
∣∣

and

Un =
n∑

i=1

E
{[

ψ
(
ei + |xin|δn

)
– ψ

(
ei – |xin|δn

)]2|Fi–1
}|xin|2.

By the monotonicity of ψ and δ ≥ 0, we have

sup
|βn|≤δ

∣∣ηi(βn)
∣∣≤ |xin| sup

|βn|≤δ

∣∣ψ
(
ei – xT

inβn
)

– ψ(ei)
∣∣

≤ |xin|max
{
ψ
(
ei – |xin|δ

)
– ψ(ei),ψ

(
ei + |xin|δ

)
– ψ(ei)

}

≤ |xin|
{
ψ
(
ei + |xin|δ

)
– ψ

(
ei – |xin|δ

)}
. (4.3)

By (4.3), the cr-inequality and (A3), we have

E
(

sup
|βn|≤δn

∣∣ηi(βn)
∣∣2
)

≤ E
{|xin|

[
ψ
(
ei + |xin|δ

)
– ψ

(
ei – |xin|δ

)]}2

≤ 2|xin|2
{

E
[
ψ
(
ei + |xin|δ

)
– ψ(ei)

]2 + E
[
ψ
(
ei – |xin|δ

)
– ψ(ei)

]2}

= 2|xin|2
[
m2(|xin|δ

)
+ m2(–|xin|δ

)]
.

Thus

E
(
T2

n
)

= E
(

max
1≤i≤n

sup
|βn|≤δn

∣∣ηi(βn)
∣∣2
)

≤
n∑

i=1

E
(

sup
|βn|≤δn

∣∣ηi(βn)
∣∣2
)
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≤ 2
n∑

i=1

|xin|2
[
m2(|xin|δn

)
+ m2(–|xin|δn

)]
= 2τn(δn). (4.4)

By the Chebyshev inequality,

P
(|Tn| ≥ tn

)≤ E
(
T2

n
)
/t2

n ≤ 2τn(δn)/t2
n = 2 log2 μn/μ2

n → 0. (4.5)

Similarly,

P
(|Un| ≥ tn

)≤ E(Un)/un = O
(
(logμn/μn)2)→ 0. (4.6)

Let xin = (xi1n, . . . , xipn)T = (xi1, . . . , xip)T , Dx(i) = (2 × 1xi1≥0 – 1, . . . , 2 × 1xip≥0 – 1) ∈
�p,�p = {–1, 1}p. For d ∈ �p, j = 1, 2, . . . , p, define

Mn,j,d(βn) =
n∑

i=1

[
ψ
(
ei – xT

inβn
)

– E
(
ψ
(
ei – xT

inβn
)|Fi–1

)]
xij1Dx(i)=d. (4.7)

Since Mn(βn) =
∑

d∈�p (Mn,1,d(βn), . . . , Mn,p,d(βn))T , it suffices to prove that Lemma 4.2
holds with Mn(βn) replaced by (Mn,j,d(βn).

Let |βn| ≤ δn,ηi,j,d(βn) = (ψ(ei – xT
inβn) – ψ(ei))xij1Dx(i)=d and

Bn(βn) =
n∑

i=1

E
(
ηi,j,d(βn)1|ηi,j,d(βn)|>tn |Fi–1

)
. (4.8)

Note that

un

tnφn
=

tn

φn
=

μn
√

τn(δn)/ logμn

2μn
√

τn(δn) log n
=

1
2 log n logμn

→ 0. (4.9)

By (4.9), for large enough n, we have

P
(∣∣Bn(βn)

∣∣≥ φn, Un ≤ un
)

= P

(∣∣∣∣∣

n∑

i=1

E
(
ηi,j,d(βn)1|ηi,j,d(βn)|>tn |Fi–1

)
∣∣∣∣∣≥ φn, Un ≤ un

)

≤ P

(
t–1
n

n∑

i=1

E
(
ηi,j,d(βn)1|ηi,j,d(βn)|>tn |Fi–1

)≥ φn, Un ≤ un

)

≤ P
(
t–1
n Un ≥ φn, Un ≤ un

)
= P(tnφn ≤ Un ≤ un) = 0. (4.10)

Let the projections Pk(·) = E(·|Fk) – E(·|Fk–1). Since

E
{
Pi
(
ηi,j,d(βn)1|ηi,j,d(βn)|≤tn

)|Fi–1
}

= E
{[

E
(
ηi,j,d(βn)1|ηi,j,d(βn)|≤tn |Fi

)
– E

(
ηi,j,d(βn)1|ηi,j,d(βn)|≤tn |Fi–1

)]|Fi–1
}

= E
(
ηi,j,d(βn)1|ηi,j,d(βn)|≤tn |Fi–1

)
– E

(
ηi,j,d(βn)1|ηi,j,d(βn)|≤tn |Fi–1

)
= 0. (4.11)

Note that {Pi(ηi,j,d(βn)1|ηi,j,d(βn)|≤tn )} are bound martingale differences. By Lemma 4.1 and
(4.10), for |βn| ≤ tn, we have

P
{∣∣Mn,j,d(βn) – Mn,j,d(0)

∣∣≥ 2φn, Tn ≤ tn, Un ≤ un
}
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≤ P

{∣∣∣∣∣

n∑

i=1

Pi
(
ηi,j,d(βn)1|ηi,j,d(βn)|≤tn

)
∣∣∣∣∣≥ φn, Tn ≤ tn, Un ≤ un

}

+ P

{∣∣∣∣∣

n∑

i=1

Pi
(
ηi,j,d(βn)1|ηi,j,d(βn)|>tn

)
∣∣∣∣∣≥ φn, Tn ≤ tn, Un ≤ un

}

≤ C exp

(
–

φ2
n

4tnφn + 2un

)
+ P

(∣∣Bn(βn)
∣∣≥ φn, Un ≤ un

)

= O
(

exp

(
–

φ2
n

4tnφn + 2un

))
. (4.12)

Let l = n8 and Kl = {(k1/l, . . . , kp/l) : ki ∈ Z, |ki| ≤ n9}. Then #Kl = (2n9 + 1)p, where the
symbol # denotes the number of elements of the set Kl . It is easy to show

tnφn log n = o
(
φ2

n
)

and un log n = o
(
φ2

n
)
. (4.13)

By (4.12) and (4.13), for ∀ς > 1, we have

P
{

sup
βn∈Kl

∣∣Mn,j,d(βn) – Mn,j,d(0)
∣∣≥ 2φn, Tn ≤ tn, Un ≤ un

}

≤
∑

#Kl

P
{∣∣Mn,j,d(βn) – Mn,j,d(0)

∣∣≥ 2φn, Tn ≤ tn, Un ≤ un
}

≤ Cn9p exp

(
–

φ2
n

4tnφn + 2un

)
= Cn9p exp

(
–

log n
4tnφn log n/φ2

n + 2un log n/φ2
n

)

= Cn9p exp

(
–

log n
o(1)

)
= o

(
n–ςp). (4.14)

By (4.5), (4.6) and (4.14), we have

P
{

sup
βn∈Kl

∣∣Mn,j,d(βn) – Mn,j,d(0)
∣∣≥ 2φn

}
→ 0, n → ∞. (4.15)

For a, let 〈a〉l,–1 = �a
l = �al
/l and 〈a〉l,1 = �a�l = �al�/l. For a vector βn = (β1n, . . . ,βpn)T ,
let 〈βn〉l,d = (〈β1n〉l,d1 , . . . , 〈βpn〉l,dp ).

By (A5), for |s|, |t| ≤ rnδn and large n, we have

∣∣E
{[

ψ(ei – t) – ψ(ei – s)
]|Fi–1

}∣∣≤ Li–1|s – t|.

Let Vn =
∑n

i=1 Li–1. By condition (A5), the Markov inequality and Li ∈ L1, we have

P
(
Vn ≥ n4)≤ EVn/n4 =

n∑

i=1

ELi–1/n4 ≤ Cn–3. (4.16)

Note that |βn – 〈βn〉l,d| ≤ Cl–1, which implies max1≤i≤n |xT
in(βn – 〈βn〉l,d)| = o(l–1). Thus

sup
|βn|≤δn

∣∣∣∣∣

n∑

i=1

E
{[

ηi
(〈βn〉l,d

)
– ηi(βn)

]|Fi–1
}

xin

∣∣∣∣∣
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≤ sup
|βn|≤δn

n∑

i=1

∣∣E
((

ψ
(
ei – xT

in〈βn〉l,d
)

– ψ(ei)
)

–
(
ψ
(
ei – xT

inβn
)

– ψ(ei)
)|Fi–1

)
xin

∣∣

= sup
|βn|≤δn

n∑

i=1

∣∣E
(
ψ
(
ei – xT

in〈βn〉l,d
)

– ψ
(
ei – xT

inβn
)|Fi–1

)
xin

∣∣

≤ sup
|βn|≤δn

n∑

i=1

|xin|Li–1
∣∣xT

in
(〈βn〉l,d – βn

)∣∣≤ Cl–1Vn. (4.17)

Without loss of generality, assume that j = 1 in the following proof.
Let d = (1, –1, 1, . . . , 1). Then 〈βn〉l,d = (�β1n�l, �β2n
l, �β3n�l, . . . , �βpn�l) and 〈βn〉l,–d =

(�β1n
l, �β2n�l, �β3n
l, . . . , �βpn
l). Since ψ is nondecreasing,

ηi,1,d
(〈βn〉l,–d

)≤ ηi,1,d(βn) ≤ ηi,1,d
(〈βn〉l,d

)
.

Note that

ηi,1,d
(〈βn〉l,–d

)
– E

[
ηi,1,d

(〈βn〉l,–d
)|Fi–1

]
+ E

[
ηi,1,d

(〈βn〉l,–d
)|Fi–1

]

– E
[
ηi,1,d(βn)|Fi–1

]

≤ ηi,1,d(βn) – E
[
ηi,1,d(βn)|Fi–1

]

≤ ηi,1,d
(〈βn〉l,d

)
– E

[
ηi,1,d

(〈βn〉l,d
)|Fi–1

]
+ E

[
ηi,1,d

(〈βn〉l,d
)|Fi–1

]

– E
[
ηi,1,d(βn)|Fi–1

]
.

Namely

n∑

i=1

{
ηi,1,d

(〈βn〉l,–d
)

– E
[
ηi,1,d

(〈βn〉l,–d
)|Fi–1

]

+ E
[(

ηi,1,d
(〈βn〉l,–d

)
– ηi,1,d(βn)

)|Fi–1
]}

xi11Dx(i)=d

≤
n∑

i=1

{
ηi,1,d(βn) – E

[
ηi,1,d(βn)|Fi–1

]}
xi11Dx(i)=d

≤
n∑

i=1

{
ηi,1,d

(〈βn〉l,d
)

– E
[
ηi,1,d

(〈βn〉l,d
)|Fi–1

]

+ E
[(

ηi,1,d
(〈βn〉l,d

)
– ηi,1,d(βn)

)|Fi–1
]}

xi11Dx(i)=d.

Therefore

Mn,1,d
(〈βn〉l,–d

)
– Mn,1,d(0) +

n∑

i=1

E
{[

ηi,1,d
(〈βn〉l,–d

)
– ηi,1,d(βn)

]|Fi–1
}

xi11Dx(i)=d

≤ Mn,1,d(βn) – Mn,1,d(0)

≤ Mn,1,d
(〈βn〉l,d

)
– Mn,1,d(0)

+
n∑

i=1

E
{[

ηi,1,d
(〈βn〉l,d

)
– ηi,1,d(βn)

]|Fi–1
}

xi11Dx(i)=d. (4.18)
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By (4.17) and (4.18), we have

Mn,1,d
(〈βn〉l,–d

)
– Mn,1,d(0) – Cl–1Vn ≤ Mn,1,d(βn) – Mn,1,d(0)

≤ Mn,1,d
(〈βn〉l,d

)
– Mn,1,d(0) + Cl–1Vn. (4.19)

Note that l–1Vn = Op(n–8n4) = Op(n–4), (4.2) immediately follows from (4.15) and (4.19). �

Lemma 4.3 Assume that the processes Xt = g(Ft) ∈ L2. Let gn(F0) = E(g(Fn)|F0), n ≥ 0.
Then

∥∥gn(F0) – gn
(
F∗

0
)∥∥≤ ∥∥g(Fn) – g

(
F∗

n
)∥∥,

‖P0Xn‖ ≤ ∥∥gn(F0) – gn
(
F∗

0
)∥∥ + R,

(4.20)

where R = ‖E[gn(F∗
0 )|F–1] – E[gn(F∗

0 )|F0]‖.

Proof Since

E
{[

g(Fn) – g
(
F∗

n
)]|(F–1, ε′

0, ε0
)}

= E
[
g(Fn)|(F–1, ε0)

]
– E

[
g
(
F∗

n
)|(F–1, ε′

0
)]

= gn(F0) – gn
(
F∗

0
)
,

we have

E
∣∣E
{[

g(Fn) – g
(
F∗

n
)]|(F–1, ε′

0, ε0
)}∣∣2 = E

∣∣gn(F0) – gn
(
F∗

0
)∣∣2. (4.21)

By the Jensen inequality, we have

E
∣∣E
{[

g(Fn) – g
(
F∗

n
)]|(F–1, ε′

0, ε0
)}∣∣2 ≤ E

{
E
[∣∣g(Fn) – g

(
F∗

n
)∣∣2|(F–1, ε′

0, ε0
)]}

= E
∣∣g(Fn) – g

(
F∗

n
)∣∣2. (4.22)

By (4.21) and (4.22), we have

E
∣∣gn(F0) – gn

(
F∗

0
)∣∣2 ≤ E

∣∣g(Fn) – g
(
F∗

n
)∣∣2.

That is,

∥∥gn(F0) – gn
(
F∗

0
)∥∥≤ ∥∥g(Fn) – g

(
F∗

n
)∥∥. (4.23)

Note that

E
[
gn(F0)|F–1

]
= E

[
E
(
g(Fn)|F0

)|F–1
]

= E
(
gn
(
F∗

0
)|F–1

)
(4.24)

and

E
[
gn(F0)|F–1

]
= E

[
gn
(
F∗

0
)|F0

]
+ E

[
gn
(
F∗

0
)|F–1

]
– E

[
gn
(
F∗

0
)|F0

]
. (4.25)
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By (4.24), (4.25) and the Jensen inequality, we have

‖P0Xn‖ =
∥∥E

(
g(Fn)|F0

)
– E

(
g(Fn)|F–1

)∥∥

=
∥∥E

[
gn(F0)|F0

]
– E

[
gn(F0)|F–1

]∥∥

=
∥∥E

[
gn(F0)|F0

]
– E

[
gn
(
F∗

0
)|F0

]
– E

[
gn
(
F∗

0
)|F–1

]
+ E

[
gn
(
F∗

0
)|F0

]∥∥

≤ ∥∥E
[
gn(F0)|F0

]
– E

[
gn
(
F∗

0
)|F0

]∥∥ +
∥∥E

[
gn
(
F∗

0
)|F–1

]
– E

[
gn
(
F∗

0
)|F0

]∥∥

≤ ∥∥gn(F0) – gn
(
F∗

0
)∥∥ + R. (4.26)

�

Remark 4 If {εi} i.i.d., then R = 0. In this case, the above lemma becomes Theorem 1 of
Wu [48].

Lemma 4.4 Let {δn, n ∈ N} be a sequence of positive numbers such that δn → ∞ and
δnrn → 0. If (A6)–(A7) hold, then

∥∥∥ sup
|βn|≤δn

∣∣Nn(βn) – Nn(0)
∣∣
∥∥∥ = O

(√√√√
n∑

i=1

|xin|4δn

)
, (4.27)

where

Nn(βn) =
n∑

i=1

{
ψi
(
–xT

inβn;Fi–1
)

– ϕ
(
–xT

inβn
)}

xin.

Proof Let I = {n1, . . . , nq} ∈ {1, 2, . . . , p} be a nonempty set and 1 ≤ n1 < · · · < nq, and uI =
(u111∈I , . . . , up1p∈I), with vector u = (u1, . . . , up). Write

∫ βn,I

0

∂qNn(uI)
∂uI

duI

=
∫ βn,m1

0
· · ·

∫ βn,mq

0

∂qNn(uI)
∂um1 · · · ∂umq

dum1 · · ·dumq , wi = xinxim1 · · ·ximq .

In the following, we will prove that

∣∣∣∣
∂qNn(uI)

∂uI

∣∣∣∣ =

∣∣∣∣∣

n∑

i=1

{
ψ

(q)
i
(
–xT

inuI ;Fi–1
)

– ϕ(q)(–xT
inuI

)}
wi

∣∣∣∣∣ = O

(√√√√
n∑

i=1

|xin|2+2q

)
(4.28)

uniformly over |u| ≤ pδn.
In fact, let

Tn =
n∑

i=1

{
ψ

(q)
i
(
–xT

inuI ;Fi–1
)

– ϕ(q)(–xT
inuI

)}
wi

and

Jk =
n∑

i=1

Pi–k
{
ψ

(q)
i
(
–xT

inuI ;Fi–1
)

– ϕ(q)(–xT
inuI

)}
wi.
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Then Tn =
∑∞

k=0 Jk , and Jk are martingale differences. By the orthogonality of martingale
differences and the stationarity of {ei}, and Lemma 4.3, we have

‖Jk‖2 =
n∑

i=1

∥∥Pi–k
{
ψ

(q)
i
(
–xT

inuI ;Fi–1
)

– ϕ(q)(–xT
inuI

)}
wi
∥∥2

=
n∑

i=1

|wi|2
∥∥P0

{
ψ

(q)
k
(
–xT

knuI ;Fk–1
)

– ϕ(q)(–xT
knuI

)}∥∥2. (4.29)

By Lemma 4.3, ψi(·;Fi–1) ∈ Cl, l ≥ 0 and the cr-inequality, for k ≥ 0, we have

∥∥P0
{
ψ

(q)
k
(
–xT

knuI ;Fk–1
)

– ϕ(q)(–xT
knuI

)}∥∥2

≤ ∥∥E
{[

ψ
(q)
k
(
–xT

knuI ;Fk–1
)

– ϕ(q)(–xT
knuI

)]|F0
}

– E
{[

ψ
(q)
k
(
–xT

knuI ;Fk–1
)

– ϕ(q)(–xT
knuI

)]|F∗
0
}∥∥2 + R2

k

≤ 2
∥∥E

{
ψ

(q)
k
(
–xT

knuI ;Fk–1
)|F0

}
– E

{
ψ

(q)
k
(
–xT

knuI ;F∗
k–1

)|F∗
0
}∥∥2

+ 2
∥∥E

{
ϕ(q)(–xT

knuI
)|F0

}
– E

{
ϕ(q)(–xT

knuI
)|F∗

0
}∥∥2 + R2

k

≤ 2
∥∥E

{
ψ

(q)
k
(
–xT

knuI ;Fk–1
)|F0

}
– E

{
ψ

(q)
k
(
–xT

knuI ;F∗
k–1

)|F∗
0
}∥∥2

+ 2
∣∣Eψ (q)(ek – xT

knuI
)

– Eψ (q)(e∗
k – xT

knuI
)∣∣2 + R2

k , (4.30)

where

R2
k =

∥∥E
{[

ψ
(q)
k
(
–xT

knuI ;F∗
k–1

)
– ϕ(q)(–xT

knuI
)]|F–1

}

– E
{[

ψ
(q)
k
(
–xT

knuI ;F∗
k–1

)
– ϕ(q)(–xT

knuI
)]|F0

}∥∥2.

Note that Eψ (q)(ei + δ) = dqEψ(ei+t)
dtq |t=δ , we have

R2
k ≤ ∥∥E

[
ψ

(q)
k
(
–xT

knuI ;F∗
k–1

)|F–1
]

– E
[
ψ

(q)
k
(
–xT

knuI ;F∗
k–1

)|F0
]∥∥2

+
∥∥E

[
ϕ(q)(–xT

knuI
)|F–1

]
– E

[
ϕ(q)(–xT

knuI
)|F0

]∥∥2

=
∥∥E

[
ψ

(q)
k
(
–xT

knuI ;F∗
k–1

)|F–1
]

– E
[
ψ

(q)
k
(
–xT

knuI ;F∗
k–1

)|F0
]∥∥2

+
∥∥Eψ

(q)
k
(
ek – xT

knuI
)

– Eψ
(q)
k
(
ek – xT

knuI
)∥∥2

=
∥∥E

[
ψ

(q)
k
(
–xT

knuI ;F∗
k–1

)|F–1
]

– E
[
ψ

(q)
k
(
–xT

knuI ;F∗
k–1

)|F0
]∥∥2. (4.31)

By the conditions (A6), (A7) and (4.29)–(4.31), we have

‖Tn‖ =

√√√√
n∑

i=1

|wi|2
∞∑

k=0

‖Jk‖ = O

(√√√√
n∑

i=1

|wi|2
)

= O

(√√√√
n∑

i=1

|xin|2+2q

)
.
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Let |u| ≤ pδn. By max1≤i≤n |xinu| ≤ pδnrn → 0. Note that δn → ∞ and δnrn → 0. By (4.28),
we have

∥∥∥∥ sup
|βn|≤δn

∫ βn,I

0

∣∣∣∣
∂pNn(uI)

∂uI

∣∣∣∣duI

∥∥∥∥≤
∥∥∥∥
∫ δn

–δn

· · ·
∫ δn

–δn

∣∣∣∣
∂pNn(uI)

∂uI

∣∣∣∣duI

∥∥∥∥

≤
∫ δn

–δn

· · ·
∫ δn

–δn

∥∥∥∥
∂pNn(uI)

∂uI

∥∥∥∥duI

= O

(
δq

n

√√√√
n∑

i=1

|xin|2+2q

)
= O

(
δn

√√√√
n∑

i=1

|xin|4
)

. (4.32)

Since

Nn(βn) – Nn(0) =
∑

I∈{1,2,...,p}

∫ βn,I

0

∂ |I|Nn(uI)
∂uI

duI , (4.33)

the result (4.27) follows from (4.32) and (4.33). �

Lemma 4.5 Let πi, i ≥ 1 be a sequence of bounded positive numbers, and let there exist
a constant c0 ≥ 1 such that max1≤i≤2d πi ≤ c0 min1≤i≤2d πi holds for all large n. And let
ωd = 2c0π2d and q > 3/2. Assume that (A5) and r̃n = O(

√
n) hold. Then as d → ∞

sup
|βn|≤ωd

max
n<2d

∣∣M̃n(β) – M̃n(0)
∣∣ = Op

(√
τ̃2d (ωd) dq + 2–5d/2),

where M̃n(β) =
∑n

i=1{ψ(ei – xT
i β) – E(ψ(ei – xT

i β)|Fi–1)}xi.

Proof Let

μn = (log n)q–1, φ̃n = 2μ2d
√

τ̃2d (ωd) log
(
2d), t̃2d = μ2d

√
τ̃2d (ωd)/ logμ2d ,

μ̃2d = t̃2
2d , η̃i(β) =

(
ψ
(
ei – xT

i β
)

– ψ(ei)
)
xi, T̃2d = max

1≤i≤2d
sup

|βn|≤ωd

∣∣η̃i(β)
∣∣

and

Ũ2d =
2d∑

i=1

E
{[

ψ
(
ei + |xi|ωd

)
– ψ

(
ei – |xi|ωd

)]2|Fi–1
}|xi|2.

Since q > 3/2 and 2(q – 1) > 1,
∑∞

d=2(μ–1
2d logμ2d )2 < ∞. By the argument of Lemma 4.2 and

the Borel–Cantelli lemma, we have

P(T̃2d ≥ t̃2d , i.o.) = 0 and P(Ũ2d ≥ ũ2d , i.o.) = 0. (4.34)

Similar to the proof of (4.12), we have

P
{

max
k≤2d

∣∣M̃k,j,d(β) – Mk,j,d(0)
∣∣≥ 2φ̃2d , T̃2d ≤ t̃2d , Ũ2d ≤ ũ2d

}

= O
(

exp

(
–

φ̃2
2d

4t̃2d φ̃2d + 2ũ2d

))
. (4.35)
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Let l = n8d and Kl = {(k1/l, . . . , kp/l) : ki ∈ Z, |ki| ≤ n9d}. Then #Kl = (2n9d + 1)p. By (4.34)
and (4.35), for ∀ς > 1, we have

P
{

sup
β∈Kl

∣∣M̃k,j,d(β) – Mk,j,d(0)
∣∣≥ 2φ̃2d , T̃2d ≤ t̃2d , Ũ2d ≤ ũ2d

}
= O

(
n–ςdp). (4.36)

Therefore,

P
{

sup
β∈Kl

∣∣M̃k,j,d(β) – Mk,j,d(0)
∣∣≥ 2φ̃2d , i.o.

}
→ 0, n → ∞. (4.37)

Since r̃n = O(
√

n) and max1≤i≤2d |xT
i (β –〈β〉l,d)| = O(22d l–1), Cl–1V in (4.17) can be replaced

by Cl–122d V , and the lemma follows from P(V2d ≥ 25d, i.o.) = 0. �

Lemma 4.6 Let πi, i ≥ 1 be a sequence of bounded positive numbers, and let there exist a
constant c0 ≥ 1 such that max1≤i≤2d π ≤ c0 min1≤i≤2d πi and πn = o(n–1/2(log n)2) hold for
all large n. And let ωd = 2c0π2d . Assume that (A6), (A7) and r̃n = O(

√
n(log n)–2) hold. Then

∥∥∥ sup
|β|≤πn

∣∣Ñn(β) – Ñn(0)
∣∣
∥∥∥ = O

(√√√√
n∑

i–1

|xi|4πn

)
, (4.38)

and, as d → ∞, for any υ > 0,

sup
|β|≤ωd

max
n<2d

∣∣Ñn(β) – Ñn(0)
∣∣2 = oa.s.

( 2d∑

i=0

|xi|4ω2
dd5(log d)1+υ

)
, (4.39)

where Ñn(β) =
∑n

i=1{ψ1(–xT
i β ;Fi–1) – ϕ(–xT

i β)}xn.

Proof Let Qn,j(β) =
∑n

i=1 ψ1(–xT
i β ; Fi–1)xij, i ≤ j ≤ p, and

Sn(β) = Qn,j(β) – Qn,j(0). (4.40)

Note that

πnr̃n = o
(
n–1/2(log n)2)O

(√
n(log n)–2) = o(1). (4.41)

It is easy to see that the argument in the proof of Lemma 4.4 implies that there exists a
positive constant C < ∞ such that

E
{∣∣∣ sup

|β|≤ωd

∣∣Sn(β) – Sn′ (β)
∣∣
∣∣∣
2}≤ C

p∑

q=1

ω
2q
d

n∑

i=n′+1

|xi|2 + 2q (4.42)

holds uniformly over 1 ≤ n′ < n ≤ 2d . Therefore (4.38) holds.
Let � =

∑d
r=0 μ–1

r , where

μr =

{2d–r∑

m=1

∥∥∥ sup
|β|≤ωd

∣∣S2rm(β) – S2r(m–1)(β)
∣∣
∥∥∥

2
}–1/2

. (4.43)
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For a positive integer k ≤ 2d , write its dyadic expansion k = 2r1 + · · · + 2rj , where 0 ≤ rj <
· · · < r1 ≤ d, and k(i) = 2r1 + · · · + 2ri . By the Schwartz inequality, we have

sup
|β|≤ωd

∣∣Sk(β)
∣∣2 ≤

{ j∑

i=1

sup
|β|≤ωd

∣∣Sk(i)(β) – Sk(i–1)(β)
∣∣
}2

=

{ j∑

i–1

μ–1/2
ri

· μ1/2
ri

sup
|β|≤ωd

∣∣Sk(i)(β) – Sk(i–1)(β)
∣∣
}2

≤
j∑

i–1

μ–1
ri

j∑

i–1

μri sup
|β|≤ωd

∣∣Sk(i)(β) – Sk(i–1)(β)
∣∣2

≤ �

j∑

i–1

μri

2d–η∑

m=1

sup
|β|≤ωd

∣∣S2ηm(β) – S2η(m–1)(β)
∣∣2

≤ �

d∑

r=0

μr

2d–r∑

m=1

sup
|β|≤ωd

∣∣S2rm(β) – S2r(m–1)(β)
∣∣2. (4.44)

Thus

∥∥∥max
n≤2d

sup
|β|≤ωd

∣∣Sn(β)
∣∣
∥∥∥ =

∥∥∥∥∥

2d∑

n=1

sup
|β|≤ωd

∣∣Sn(β)
∣∣
∥∥∥∥∥

≤
2d∑

n=1

∥∥∥ sup
|β|≤ωd

∣∣Sn(β)
∣∣
∥∥∥≤

2d∑

n=1

{
E
∣∣∣ sup
|β|≤ωd

∣∣Sn(β)
∣∣
∣∣∣
2}1/2

≤
d∑

r=0

{
E

∣∣∣∣∣�
d∑

r=0

μr

2d–r∑

m=1

∣∣∣ sup
|β|≤ωd

∣∣S2rm(β) – S2r(m–1)(β)
∣∣
∣∣∣
2
∣∣∣∣∣

}1/2

≤
d∑

r=0

{
�

d∑

r=0

μr

2d–r∑

m=1

∥∥∥ sup
|β|≤ωd

∣∣S2rm(β) – S2r(m–1)(β)
∣∣
∥∥∥

2
}1/2

≤
d∑

r=0

{
�

d∑

r=0

μrμ
–2
R

}1/2

=
d∑

r=0

{
�

d∑

r=0

μ–1
r

}1/2

= d�. (4.45)

Since υ > 0 and ω
2q
d
∑2d

i=1 |xi|2+2q = O(ω2
d
∑2d

i=1 |xi|4), (4.42) implies that

∞∑

d=2

‖maxn≤2d sup|β|≤ωd
|Sn(β)|‖2

ω2
d
∑2d

i=1 |xi|4d5(log d)1+υ
=

∞∑

d=2

O(d2(d + 1)2)
d5(log d)1+υ

< ∞. (4.46)

By the Borel–Cantelli lemma, (4.39) follows from (4.46). �

Lemma 4.7 Under the conditions of Theorem 2.2, we have:
(1) sup|β|≤bn |K̃n(β) – K̃n(0)| = Oa.s.(Lñ + Bñ);
(2) for and υ > 0, K̃n(0) = Oa.s.(hn), where hn = n1/2(log n)3/2(log log n)1/2+υ/4.

Proof Observe that K̃n(β) = M̃n(β) + Ñn(β). Since n–5/2 = o(Bñ), (1) follows from Lem-
ma 4.5 and 4.6. �
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As with the argument in (4.29), we have K̃n(0) = O(
√

n).

Proof of Theorem 2.1 Observe that

Kn(βn) =
n∑

i=1

ψ
(
ei – xT

inβn
)
xin – E

( n∑

i=1

ψ
(
ei – xT

inβn
)
xin

)

=
n∑

i=1

{
ψ
(
ei – xT

inβn
)

– E
(
ψ
(
ei – xT

inβn
)|Fi–1

)}
xin

+
n∑

i=1

{
E
(
ψ
(
ei – xT

inβn
)|Fi–1

)
– Eψ

(
ei – xT

inβn
)}

xin

= Mn(βn) + Nn(βn). (4.47)

By (4.47), Lemma 4.2 and Lemma 4.4, we have

sup
|βn|≤δn

∣∣Kn(βn) – Kn(0)
∣∣≤ sup

|βn|≤δn

∣∣Mn(βn) – Mn(0)
∣∣ + sup

|βn|≤δn

∣∣Nn(βn) – Nn(0)
∣∣

= Op
(√

τn(δn) log n + n–3) + O

(√√√√
n∑

i=1

|xin|4δn

)

= Op

(
√

τn(δn) log n + δn

√√√√
n∑

i=1

|xin|4
)

. (4.48)

This completes the proof of Theorem 2.1. �

Proof of Corollary 2.1 Take an arbitrary sequence δn → ∞, which satisfies the assumption
of Theorem 2.1. Note that

Kn(0) =
n∑

i=1

ψ(ei)xin – E

( n∑

i=1

ψ(ei)xin

)
=

n∑

i=1

ψ(ei)xin (4.49)

and

Kn(β̂n) =
n∑

i=1

ψ
(
ei – xT

inβ̂n
)
xin – E

( n∑

i=1

ψ
(
ei – xT

inβ̂n
)
xin

)

=
n∑

i=1

ψ
(
yi – xT

inβ̂n
)
xin –

n∑

i=1

ϕ
(
–xT

inβ̂n
)
xin

= –
n∑

i=1

ϕ
(
–xT

inβ̂n
)
xin + OP(rn) (4.50)

for |β̂n| ≤ δn. By Theorem 2.1 and (4.49), we have

Kn(β̂n) =
n∑

i=1

ψ(ei)xin + Op

(
√

τn(δn) log n + δn

√√√√
n∑

i=1

|xin|4
)

. (4.51)
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By (4.50) and (4.51), we have

–
n∑

i=1

ϕ
(
–xT

inβ̂n
)
xin + Op(rn)

=
n∑

i=1

ψ(ei)xin + Op

(
√

τn(δn) log n + δn

√√√√
n∑

i=1

|xin|4
)

. (4.52)

By (4.52), ϕ(t) = tϕ′(0) + O(t2) as t → 0, and
∑n

i=1 xinxT
in = Ip, we have

–
n∑

i=1

{(
–xT

inβ̂n
)
ϕ′(0) + O

((
–xT

inβ̂n
)2)}xin –

n∑

i=1

ψ(ei)xin

= Op

(
√

τn(δn) log n + δn

√√√√
n∑

i=1

|xin|4
)

– Op(rn)

and

n∑

i=1

xinxT
inϕ

′(0)β̂n –
n∑

i=1

ψ(ei)xin

= –
n∑

i=1

O
((

–xT
inβ̂n

)2)xin + Op

(
√

τn(δn) log n + δn

√√√√
n∑

i=1

|xin|4
)

– Op(rn).

Namely

ϕ′(0)β̂n –
n∑

i=1

ψ(ei)xin

= Op
(√

τn(δn) log n
)

+ Op

(
δn

√√√√
n∑

i=1

|xin|4 +
n∑

i=1

(
–xT

inβ̂n
)2xin + rn

)

= Op
(√

τn(δn) log n
)

+ Op

(
δn

√√√√
n∑

i=1

|xin|4 + |β̂n|2
n∑

i=1

|xin|3 + rn

)

= Op
(√

τn(δn) log n
)

+ Op
(
δnrn + δ2

nrn + rn
)

= Op
(√

τn(δn) log n + δ2
nrn

)
. (4.53)

By m(t) = O(|t|λ) (t → 0) for some λ > 0, we have

τn(δn) = 2
n∑

i=1

|xin|2
(|xin|δn

)2λ = 2δ2λ
n

n∑

i=1

|xin|2+2λ. (4.54)

Then it follows from (4.53) and (4.54) that

ϕ′(0)β̂n –
n∑

i=1

ψ(ei)xin
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= Op
(√

τn(δn) log n + δ2
nrn

)

= Op

(√√√√
n∑

i=1

|xin|2+2λδλ
n log n + δ2

nrn

)
(4.55)

for any δn → ∞, which implies

ϕ′(0)β̂n –
n∑

i=1

ψ(ei)xin = Op

(√√√√
n∑

i=1

|xin|2+2λ log n + rn

)
. (4.56)

�

Proof of Theorem 2.2 By Lemma 4.7, we have Theorem 2.2. �

Proof of Corollary 2.2 (1) By Lemma 4.7, we have

sup
|βn|≤bn

∣∣K̃n(βn)
∣∣≤ sup

|βn|≤bn

∣∣K̃n(βn) – K̃n(0)
∣∣ + K̃n(0) = Oa.s.(Lñ + Bñ + hn), (4.57)

where bn = n–1/2(log n)3/2(log log n)1/2+υ . Let

�n(β) =
n∑

i=1

[
ρ
(
ei – xT

i β
)

– ρ(ei)
]

(4.58)

and

An(β) = –
n∑

i=1

∫ 1

0
ϕ
(
–xT

i β
)
xT

i β dt. (4.59)

Note that

ρ(ei) – ρ
(
ei – xT

i β
)

=
∫ 1

0
ψ
(
ei – xT

i β
)
xT

i β dt. (4.60)

By (4.57)–(4.60), we have

sup
|βn|≤bn

∣∣�n(β) – An(β)
∣∣ = sup

|βn|≤bn

∣∣∣∣∣

n∑

i=1

∫ 1

0

[
ψ
(
ei – xT

i β
)

– ϕ
(
–xT

i β
)]

xT
i β dt

∣∣∣∣∣

= sup
|βn|≤bn

∣∣∣∣
∫ 1

0
K̃n(βt)β dt

∣∣∣∣

= Oa.s.
(
(Lñ + Bñ + hn)bn

)
. (4.61)

It is easy to show that b3
n
∑n

i=1 |xi|3 = O(nr̃n)b3
n = o(nb2

n). By ϕ(t) = tϕ′(0) + O(t2), we have

inf
|βn|=bn

An(β) = inf
|βn|=bn

{
–

n∑

i=1

∫ 1

0
ϕ
(
–xT

i β
)
xT

i β dt

}

= inf
|βn|=bn

{
–

n∑

i=1

∫ 1

0

[
ϕ(0) + ϕ′(0)

(
–xT

i β
)

+ O
((

–xT
i β

)2)]xT
i β dt

}
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= inf
|βn|=bn

{ n∑

i=1

[
1
2
ϕ′(0)

(
–xT

i β
)2|10 –

1
3

O
((

–xT
i β

)3)|10
]}

=
1
2
ϕ′(0)

n∑

i=1

xT
i xib2

n –
1
3

inf
|βn|=bn

{
b2

n

n∑

i=1

O
(
xT

i xi
)
xT

i β

}

≥ 1
2
ϕ′(0)Snb2

n –
1
3

b2
n

n∑

i=1

|xi|3bnO(1)

≥ 1
6
ϕ′(0)nb2

n lim inf
n→∞ λn/n. (4.62)

By m(t) = O(
√

n) as t → 0, we have (Lñ + Bñ + hn)bn = o(nb2
n). Thus

inf
|βn|=bn

�n(β) ≥ inf
|βn|=bn

An(β) – sup
|βn|≤bn

∣∣�n(β) – An(β)
∣∣

≥ 1
6
ϕ′(0)nb2

n lim inf
n→∞ λn/n + Oa.s.

(
(Lñ + Bñ + hn)bn

)

≥ 1
4
ϕ′(0)nb2

n lim inf
n→∞ λn/n, a.s. (4.63)

By the convexity of the function �n(·), we have

{
inf

|βn|≥bn
�n(β) ≥ 1

4
ϕ′(0)nb2

n lim inf
n→∞ λn/n

}

=
{

inf
|βn|=bn

�n(β) ≥ 1
4
ϕ′(0)nb2

n lim inf
n→∞ λn/n

}
. (4.64)

Therefore the minimizer β̂n satisfies β̂n = Oa.s.(bn).
(2) Let |β̂n| ≤ bn. By a Taylor expansion, we have

–
n∑

i=1

ϕ
(
–xT

i β
)
xi =

n∑

i=1

[
ϕ′(0)xT

i β + O
(∣∣xT

i β
∣∣2)]xi

= ϕ′(0)�nβ + O

(
b2

n

n∑

i=1

|xi|3
)

. (4.65)

Therefore (2) follows from Theorem 2.2 and (1). �
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