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Abstract

We present a variant of the classical integration by parts to introduce a new type of
Taylor series expansion and to present some closed forms for integrals involving
Jacobi and Laguerre polynomials, which cannot be directly obtained by usual
symbolic computation programs, i.e., only some very specific values can be
computed by the mentioned programs. An error analysis is given in the sequel for the
introduced expansion.
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1 Introduction

Let {x;} € [a,b] and {fj}.,, which may be samples of a function, say f(x), be given. The
main aim of an interpolation problem is to find an appropriate model to approximate f(x)
at any arbitrary point of [a, b] other than x;. In other words, if ¥(x;ay,...,a,) is a family
of functions of a single variable x with 7 + 1 free parameters {4}, then the interpolation
problem for W consists of determining {a;}, so that, for 1 + 1 given real or complex pairs
of distinct numbers {(x;, ﬁ)}]’io, we have

W (xj; a0; ... an) = fj.

For a polynomial type interpolation problem, various classical methods, such as La-
grange, Newton, and Hermite interpolations, are used. Lagrange’s interpolation as a clas-
sical method for approximating a continuous function f : [a,b] — R at n+ 1 distinct nodes
a <xp<---<x, <bisapplied in several branches of numerical analysis and approxima-

tion theory. It is expressed in the form [1, pp. 39-40]

n

Pu(f;x) = Y f()" ()

j=0

for

Wy(x)

(n) _
G @ = (o — )Wl (x)”

where w,(x) = [ 1", (x—x;) is the node polynomial and ¢

(n) .
j ;" (x) are the Lagrange polynomials.
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Then P,(f;x) is a unique element in the space of all polynomials of degree at most #, say

‘P, which solves the interpolation problem

P.(fix) =fx), j=0,1,2,...,nm.

For non-polynomial type interpolation problems, an interpolating function of the form

Yax) = Z aju;(x)

j=0

is usually considered [2], where {u;(x) };’zo is a set of linearly independent real-valued con-

tinuous functions on [a, b] and {a; Lo are determined by the initial conditions

VUnlx) =f(x), j=0,1,...,n.

The function v, (x) exists and is unique in the space of span{u,»};’=0 forall f € Cla, b] if and
only if the matrix {u,»(xk)};szo is nonsingular.

The general case of an interpolation problem was proposed by Davis [3] containing all
the above-mentioned cases. It is indeed concerned with reconstructing functions on a
basis of certain functional information, which are linear in many cases. Let I1 be a linear
space of dimension # + 1 and Lo, L1, ..., L, be n + 1 given linear functionals defined on IT,
which are independent in IT* (the algebraic conjugate space of IT). For a given set of values

Wo, W1,..., Wy, we can find an element f € IT such that
Li(f)=w;, j=0,1,...,n.

Hence, one can construct new interpolation formulae using linear operators [4]. For

instance, considering IT = P, and linear independent functionals as
Li(f) :f(j)(xo), forj=0,1,...,n,

leads to Taylor’s interpolation problem.

Davis also mentioned that the expansion of a function based on a series of predeter-
mined (basis) functions can be interpreted as an interpolation problem with an infinite
number of conditions. See also [5] in this regard.

The problem of the representation of an arbitrary function by means of linear combina-
tions of prescribed functions has received a lot of attention in approximation theory. It is
well known that a special case of this problem directly leads to the Taylor series expansion
where the prescribed functions are monomial bases [6].

The main aim of this paper is to introduce a new type of Taylor series expansion through
a variant of the classical integration by parts. In the next section, we present the general
form of this expansion and consider some interesting cases of it leading to new closed
forms for integrals involving Jacobi and Laguerre polynomials. Also, an error analysis is

given in Sect. 3 for the introduced expansion.
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2 A new type of Taylor series expansion
Let F and G be two smooth enough functions such that repeated differentiation and re-
peated integration by parts are allowed for them. The rule of integration by parts [7] allows
one to perform successive integrations on the integrals of the form [ F(¢)G(¢) dt without
tedious algebraic computations.

By the general rule

/udV:uV—/vdu,

one obtains

b
/ F(®)G(®)dt = (F(©)G1(t) - F (DGalt) + - - - + (1) 'F""V(6)G, (1)) |

b
+(=1)" / F" ()G, (¢) dt

n-1 b
- S CDHENOG@)] 1 [ F0G. 0, M

k=0

where G,, denotes the nth antiderivative of G.
Formula (1) provides a straightforward proof for Taylor’s theorem with an integral re-
mainder term, according to the following result.

Theorem 2.1 Letf € C"*'[a, b] and x, € [a, b]. Then, for all a < x < b, we have

n

fe=3 ) ) + / ey e )

Proof For a classical proof using different arguments, see, e.g., [3]. However, if in (1) one
chooses F(t) = %(x —1)", G(t) = f"*D(¢) and then calculates

1 X
o | wmorear
n'J,
formula (2) is obtained. O

For a given function f, assume in (1) that G(¢) = f"*V(¢) and F(t) = p,(x — t), where
Pulx) =Y 1o ckx* is an arbitrary polynomial of degree 7. So, we have

/ ’ palx—)f " V() dt
Z( l)k( dkpn(x O " () - pn(x ). J“‘“(a))
+(—1)"/; @pn(x—t)f’(t)dt

n-1 dk
= kXZO:(—l)k ((—l)kk!ckf(n—k) () — @py,(x — t)z_yf(n—k)(d))
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+(=1)" /x(—l)”n!cnf’(t) dt

Z(k'ckfn 9) - (-1 dkpn(x B)0uf " k(a))

k=0

= D _(Kaf " @) - p (x - a) "N (@),
k=0
which is equivalent to
Zk‘ckf” P (x) = Z PP - a)f"P(a) + / (= )f "D () dt, 3)

k=0

and can be written as
Sfx) = (ank)(x a)f" M (a) - Zk‘ckf "R (x) + /xp,,(x —O)f " D(p) dt).

Remark1 If p,(x —t) = %(x— t)”, then¢; =0 foreveryj=0,1,...,n—1landc, = % In this

case, (3) is reduced to

k
f()—Z x 613()‘ nk(a +_/(x t)nfn+l(t)dt

which is the same as formula (2).

Now, let us consider some particular examples of the main formula (3). We would like
to notice here that the closed forms for the integrals involving Jacobi and Laguerre poly-
nomials in the following examples are new in the literature (see, e.g., [8, 9]) to the best of
our knowledge, and they can be computed only for specific values of the parameters by

using symbolic computation.

Example2.2 Letp,(x) = P(,,a’ﬂ ) () be the Jacobi polynomials [10]. It is known that, for o, 8 >
-1,

P}(qa,ﬁ)(x)zzcl((a,ﬁ,n)xk, C(aﬁn Z( 1)/ /(2 - <Vl+0l+/3+]> (}’Z+O[> <2>
_ ]
k=0

j=k "=
satisfies the orthogonality relation
1 1 )
/ (1 -x)*(1 + )’ P@P (x)P“P (x) dx = ( / (1 -x)*(1 +x)? (PP (x)) dx> Smns
-1 -1
where

1, m=n,

0, m#n.

5n,m =



Masjed-Jamei et al. Journal of Inequalities and Applications (2018) 2018:116

Moreover, they satisfy the important relation

k
d_p(ayﬁ)(x) _

dxk "

F(Ol+ﬁ+l’l+ 1+k) (+k,B+k)

ZkF(a+ﬁ+n+1) n—k ), k=<n.

Now, according to (3), we obtain

D kP ) ()

k=0

n n-k

: k ") (e, Bjn—))
"TasBintD > r 1+/)C
F(a+ﬂ+n+1>kzx V2 @+ pansle)

£yt / (- "D (0) dt.
k=0 “

For instance, if f(x) = l%x, then
SOR@) = (L= 2 kD,

and relation (4) for a = 0 and x < 1 reads as

X
/ PP ()t —x+ 1)~ dt
0

—(n+l) -1
n+1 anﬂn)< ) (1-2)

n n-k

1
_(n+1)!1“(n+oz+,3+1)k0

j=0
Also if for example f(x) = €*, then for a = 0 we obtain

1 n n—k

1 +ﬂ+n—)
e = F(a+ﬁ+n+1+1)C‘” e
Ta+B+n+1)> Ok'C“ﬂ" kXO:;):Q/

S xS 2T T+ e+ B+ 14 )CETEI,
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(4)

Remark 2 In Example 2.2, choosing o = B = —1 gives the first kind of Chebyshev polyno-

mials [10] as

n
T,(x) = cos(narccosx) = Z C,((")x",
k=0

with

1
C(”):22n 1Y~k n+j-— 1)( 2) <1)
v () per () ()G
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This means that

2m\ 7' 11
Tn(x)=cos(narccosx):22”( n) pr2 (),
n

Hence, replacing p,(x) = T,(x) in (3) gives

n
> ki
k=0

k x
; - cos(narccos(x —a))f " (a) + / cos(narccos(x — 8))f"D(¢) dt

221 n n—k ) ) i1l .
= oy @ o2 G )
" k=0 j=0

+ / cos(narccos(x — )" () dt, n>1.
a

For instance, if f(x) = €*, then

n n
dk xX—a
KICY = e cos(narccos(x — a +/ e~ cos(narccost) dt,
Sk -3 cotrats-0) s [ teotransonn

k=0

and for x = a we obtain

n

n dk
Z kc? = Z o cos(narccos(x)) lezo
k=0

k=0

g T (-1 j-L nj)

_ - . FJ— 5]

T E 27(m+j-1)'C, .
j=0

Another special case of Jacobi polynomials is the Legendre polynomials, which are di-
rectly derived from the definition of PP

(x) for « = B = 0 and has the explicit represen-
tation [10]

M
P,(x) = > Z( %xn—ﬂ'

Hence, according to (4), we obtain

(5]

n-k
> -2 (x) = Z(x a3 " 27N @) (n + rcy
1=0 j=0
+ / xPn(x— Of " O(8) dt, (5)
in which
Sgn) _ (—l)l (21’1 - 21)!

220 (n = Di(n =20
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For instance, replacing f(x) = cosx for a = 0 in (5) gives

(4)-1

(1] [~
<Z(n —4k)isy) = > (n-2- 4k)!sg’;’+1> cosx
k=0

k=0

n

n-k
! i ; N e
= o Zxk Zz—l(n +})!cos((n _])E)Cl((// j)
k=0 i=0
’ b4
+ / P,(x— t)cos(t +(n+ 1)5> dt,
0

generating many new identities for different values of x.

Example 2.3 For a > -1, let p,(x) = Lﬁ,“)(x) be the Laguerre polynomials [10] given by

. o 1 (n+a
-3, e (77
k=0 ’

It is known that

d—kagf‘)(x) = (—l)kaf‘_;(k) (x) foranyk <mn.

Hence, according to (3), we have

- ok [P iy " (-1)% ~ kn_k_ | n+a (n—))
g( 1) (n_k)f (x)—k=0 - x-a) ]203( g /@

+ / L (x - )" () dt.

As a special case, assume that f(x) = xe*. Since %(xex) = (x + k)e*, we get

P " n+uo
e kX_o:(—l)k(n_k)(x+n—k)

:eﬂi("l)k(x—a)kg:(—ni( e )(a+n—j)
P k! pan n—k—j
+ / x(t+n+1)e‘L£,"‘)(x—t)dt. (6)

For instance, if x = 1 and @ = 0 in (6), then

1
/ (n+2-t)e ' L(t) dt
0

N E (Zii) (n-k+1) -y
k=0 k=0

DFEE o n+a .
o ;(_ly(n—k—j)(n_])' ?)
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For o = 0, the right-hand side of (7) can be expressed in terms of hypergeometric series

and evaluations of Laguerre polynomials as

n2Fi(1-n21) - L9 (1)

mFo(1—n; ;1) +1 Fo(-n; ;1) + L
en-1)

For o #0, the right-hand side of (7) can be written as

n

(@n+a+m?+n-DMNa+n-1) D (nla +n) -0 (o +n—1)
Mo)'(n+1) —¢ kZO k! IMNa+KI(-k+n+1)

where the latter sum can be expressed in terms of hypergeometric series as

" (D) (e +n) - T (@ +n—-1)
kZO: k! Mo+ kI (-k+n+1)

A0 -ma+ DN ae+n-1) (@+ml(a+n-1)
B [+ 1)[(n) * ['(a)I'(n)

1F1(-n5051).

For more certain new, interesting, and useful integrals and expansion formulas involving

the hypergeometric function and the Laguerre polynomials, see [11].

3 Error analysis

It is clear that relation (3) can be considered as an approximation. This means that the
expression Y ;_o klcxf " (x) can be approximated by Y ;_, pqu) (x — a)f" P (a), which is
indeed a polynomial of degree n. Hence, the exact remainder [3] of this approximation

reads as
E,(x;f) = / ’ palx = t)f " V() dt.

Now, if f € C"*1[a, b], a direct result for the corresponding error term is that

’En (x;f) ‘ =

f ’ pulx =) ") dt' < / x|pn(x —Of " ()| dt
<M, /x|pn(x— t)| dt,

where M,, = max,<;<, |[f"*D(¢)|.
Moreover, if the polynomial p,(-) is nonnegative on [0,x — 4], e.g., when the coefficients

{ck}io are all nonnegative, then we have

n

x xX—a Cr 1
n(x—t)| dt = WO dt =3 = (x— a)fH,
Alp (e~ 0)|de /0 puOdi=3 e

and therefore

n c
Enif)] <My Y ——(x—a)"
pare k+1
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For instance, let us consider the function f € C"*D[0, 1] and choose the polynomial as
n

pa@) =) %x".

Then we obtain

) = sl 01 Y s

As another example, consider the polynomial p,(x) = > ;_, %xk for 0 < m < 1, where
(m)y = Hf;ol(m +J) is the Pochhammer symbol. If f € C1[0,1], then for any x € [0,1] we

obtain
- (M 4, - (m)e (1) x*
) = s 0] 3 s - sl ol
Now if n — oo, then we get
|Eq(x:0)| < max[f”+1 (t)|x Z % 5 —qulf(”“ () |%2F1 (m, 152 ), (8)

k=0

where o F1(m, 1;2; x) denotes the Gauss hypergeometric function [12]. For instance, replac-
ing f(x) = €* in (8) yields

|En (x;€%) | <xe3F(m,1;2;%),

and the error bound for x = 1 can be computed as

' -m)

|Eq(L;€¥)| < exF1(m,1;251) = T@—m®

where we have used the Gauss formula [13, 14]

L) (c—b-a)

hilabicl) = Tc-b)(c-a)
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