
Tian Journal of Inequalities and Applications  (2018) 2018:111 
https://doi.org/10.1186/s13660-018-1704-0

R E S E A R C H Open Access

Triple Diamond-Alpha integral and
Hölder-type inequalities
Jing-Feng Tian1*

*Correspondence:
tianjf@ncepu.edu.cn
1College of Science and
Technology, North China Electric
Power University, Baoding, P.R. China

Abstract
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generalization of the Minkowski inequality for the triple Diamond-Alpha integral on
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1 Introduction
To unify and generalize discrete and continuous analysis, in 1998, Hilger [1] introduced
the theory of time scales. Since then, many researchers have studied various aspects of the
theory and obtained a lot of interesting results on time scales [1–10]. The first purpose of
this paper is to give the definition of the triple Diamond-Alpha integral (triple diamond-α
integral or triple �α-integral) for functions of three variables on time scales.

Let u(x) and v(x) be continuous real-valued functions on [a, b], and let 1
p + 1

q = 1.
(I) if p > 1 and if u(x) ≥ 0, v(x) ≥ 0, then the classical Hölder inequality holds (see [11]):

∫ b

a
u(x)v(x) dx ≤

(∫ b

a
up(x) dx

) 1
p
(∫ b

a
vq(x) dx

) 1
q

. (1)

(II) if 0 < p < 1 and if u(x) > 0, v(x) > 0, then the following reverse Hölder inequality
(e.g., see [12]) holds:

∫ b

a
u(x)v(x) dx ≥

(∫ b

a
up(x) dx

) 1
p
(∫ b

a
vq(x) dx

) 1
q

. (2)

The classical Hölder and reverse Hölder inequalities play a very important role and
have wide applications in different branches of modern mathematics. A large number of
papers dealing with refinements, generalizations, and applications of the Hölder and re-
verse Hölder inequalities and their series analogues in different ares of mathematics have
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appeared. For example, Agahi et al. [13] gave generalizations of the Hölder and reverse
Hölder inequalities for the pseudo-integral. Zhao et al. [14] found that the Hölder inequal-
ity for the pan-integral holds if the monotone measurer is subadditive. Tian [15–18] gave
some new properties and refinements of the Hölder and reverse Hölder inequalities. For
more detail, the reader may consult [19–25].

Among various extensions of (1) and (2), Agarwal, Bohner, and Peterson first presented
the time scale versions of (1) via the Delta-integral (�-integral).

Theorem A Assume that T is a time scale, a, b ∈ T, and a < b. If p > 1 with 1
p + 1

q = 1 and
if u, v ∈ Crd([a, b],R), then

∫ b

a

∣∣u(x)v(x)
∣∣�x ≤

(∫ b

a

∣∣u(x)
∣∣p

�x
) 1

p
(∫ b

a

∣∣v(x)
∣∣q

�x
) 1

q
. (3)

Later, in 2005, Wong et al. [26] gave the following Hölder-type inequalities via the Delta-
integral.

Theorem B Assume that T is a time scale, a, b ∈ T, and a < b. Let 1
p + 1

q = 1 and u, v,ω ∈
Crd([a, b],R). If p > 1, then

∫ b

a

∣∣ω(x)
∣∣∣∣u(x)v(x)

∣∣�x ≤
(∫ b

a

∣∣ω(x)
∣∣∣∣u(x)

∣∣p
�x

) 1
p
(∫ b

a

∣∣ω(x)
∣∣∣∣v(x)

∣∣q
�x

) 1
q

. (4)

If p < 0 or q < 0, then inequality (4) is reversed.

In 2008, Özkan et al. [27] presented the following time scale versions of inequalities (1)
and (2) via the Nabla-integral (∇-integral) and Diamond-Alpha integral (�α-integral).

Theorem C Assume that T is a time scale, a, b ∈ T, and a < b. Let 1
p + 1

q = 1 and u, v,ω ∈
Cld([a, b],R). If p > 1, then

∫ b

a

∣∣ω(x)
∣∣∣∣u(x)v(x)

∣∣∇x ≤
(∫ b

a

∣∣ω(x)
∣∣∣∣u(x)

∣∣p∇x
) 1

p
(∫ b

a

∣∣ω(x)
∣∣∣∣v(x)

∣∣q∇x
) 1

q
; (5)

If p < 0 or q < 0, then inequality (5) is reversed.

Theorem D Assume that T is a time scale, a, b ∈ T, and a < b. Let 1
p + 1

q = 1, and let
u, v,ω : [a, b] →R be �α-integrable functions. If p > 1, then

∫ b

a

∣∣ω(x)
∣∣∣∣u(x)v(x)

∣∣ �α x ≤
(∫ b

a

∣∣ω(x)
∣∣∣∣u(x)

∣∣p �α x
) 1

p
(∫ b

a

∣∣ω(x)
∣∣∣∣v(x)

∣∣q �α x
) 1

q
. (6)

If p < 0 or q < 0, then inequality (6) is reversed.

Remark 1.1 If α = 0 in Theorem C, then inequality (6) reduces to inequality (5). If α = 1 in
Theorem C, then inequality (6) reduces to inequality (4).

The second purpose of this paper is to give the time scale versions of the Hölder and
reverse Hölder inequalities for the triple Diamond-Alpha integral. Then we obtain some
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new generalizations of the Hölder and reverse Hölder inequalities for the triple Diamond-
Alpha integral on time scales. Moreover, using the obtained results, we present a new
generalization of the Minkowski inequality for the triple Diamond-Alpha integral on time
scales.

2 Main results
For details on time scales theory, the readers may consult [1, 3–9] and the references
therein. Now we give the definition of triple Diamond-Alpha integral for functions of three
variables.

The triple Diamond-Alpha integral is defined as an iterated integral. Suppose that T is
a time scale and ai, bi ∈ T with ai < bi (i = 1, 2, 3). Let f (x1, x2, x3) be a real-valued func-
tion on T × T × T. Because we need the notation of partial derivatives with respect to
variables xi, we denote the time scale partial derivatives of f (x1, x2, x3) with respect to xi

by f �i
α (x1, x2, x3), i = 1, 2, 3. We now give the definition of these partial derivatives. Fixing

x2, x3 ∈ T, the diamond-α derivative of a function

T →R,

x1 → f (x1, x2, x3)

is denoted by f �1
α . Next, fixing x1, x3 ∈ T, the diamond-α derivative of a function

T →R,

x2 → f (x1, x2, x3)

is denoted by f �2
α . Finally, fixing x1, x2 ∈ T, the diamond-α derivative of a function

T →R,

x3 → f (x1, x2, x3)

is denoted by f �3
α .

If a function f has a �1
α antiderivative F1, F1 has a �2

α antiderivative F2, and F2 has a �3
α

antiderivative F3, that is, F�1
α

1 = f , F�2
α

2 = F1, and F�3
α

3 = F2, then

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (x1, x2, x3) �α x1 �α x2 �α x3

:=
∫ b2

a2

∫ b3

a3

(
F1(b1, x2, x3) – F1(a1, x2, x3)

) �α x2 �α x3

=
∫ b3

a3

[
F2(b1, b2, x3) – F2(b1, a2, x3) –

(
F2(a1, b2, x3) – F2(a1, a2, x3)

)] �α x3

= F3(b1, b2, b3) – F3(b1, b2, a3) – F3(b1, a2, b3) + F3(b1, a2, a3)

– F3(a1, b2, b3) + F3(a1, b2, a3) + F3(a1, a2, b3) – F3(a1, a2, a3). (7)

By this definition it is easy to obtain the following property for the triple Diamond-Alpha
integral.
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Proposition 2.1 Suppose that T is a time scale, ai, bi ∈ T with ai < bi (i = 1, 2, 3), and
f (x1, x2, x3) and g(x1, x2, x3) are �α-integrable functions on [ai, bi]3

T
(i = 1, 2, 3).

(i) If f (x1, x2, x3) ≥ 0 for all xi ∈ [ai, bi]T (i = 1, 2, 3), then

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (x1, x2, x3) �α x1 �α x2 �α x3 ≥ 0;

(ii) If f (x1, x2, x3) ≤ g(x1, x2, x3) for all xi ∈ [ai, bi]T (i = 1, 2, 3), then

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (x1, x2, x3) �α x1 �α x2 �α x3

≤
∫ b1

a1

∫ b2

a2

∫ b3

a3

g(x1, x2, x3) �α x1 �α x2 �α x3;

(iii) If f (x1, x2, x3) ≥ 0 for all xi ∈ [ai, bi]T (i = 1, 2, 3), then f (x1, x2, x3) = 0 if and only if

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (x1, x2, x3) �α x1 �α x2 �α x3 = 0.

To prove the main results, we need the following lemmas.

Lemma 2.2 (Bernoulli’s inequality; see [28]) If x > 0 and p > 1, then

xp ≥ px + 1 – p. (8)

Lemma 2.3 (Young inequality; see [11]) Let a, b > 0.
(i) If p, q > 0 with 1

p + 1
q = 1, then

ab ≤ 1
p

ap +
1
q

bq. (9)

(ii) If p > 0, q < 0 with 1
p + 1

q = 1, then

ab ≥ 1
p

ap +
1
q

bq. (10)

Lemma 2.4 (AG inequality; see [11]) Let αi > 0 (i = 1, 2, 3).
(i) If 1 < λ1, λ2, . . . ,λn < ∞ with

∑n
i=1

1
λi

= 1, then

n∏
i=1

αi ≤
n∑

i=1

α
λi
i

λi
. (11)

(ii) If λ1 > 0, λ2, . . . ,λm < 0 with
∑m

i=1
1
λi

= 1, then

m∏
i=1

αi ≥
m∑

i=1

α
λi
i

λi
. (12)
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Lemma 2.5 (Schlömilch’s inequality for triple Diamond-Alpha integral) Suppose that T
is a time scale, ai, bi ∈ T with ai < bi (i = 1, 2, 3), and f (x1, x2, x3),ω(x1, x2, x3) : [ai, bi]3

T
→

[0, +∞) are �α-integrable functions with
∫ b1

a1

∫ b2
a2

∫ b3
a3

ω(x1, x2, x3)�α x1 �α x2 �α x3 > 0. Then,
for s > r > 0, we have

(∫ b1
a1

∫ b2
a2

∫ b3
a3

ω(x1, x2, x3)f s(x1, x2, x3) �α x1 �α x2 �α x3∫ b1
a1

∫ b2
a2

∫ b3
a3

ω(x1, x2, x3) �α x1 �α x2 �α x3

) 1
s

≥
(∫ b1

a1

∫ b2
a2

∫ b3
a3

ω(x1, x2, x3)f r(x1, x2, x3) �α x1 �α x2 �α x3∫ b1
a1

∫ b2
a2

∫ b3
a3

ω(x1, x2, x3) �α x1 �α x2 �α x3

) 1
r
.

Proof Without loss of generality, we may suppose that
∫ b1

a1

∫ b2
a2

∫ b3
a3

h(x1, x2, x3)�α x1 �α x2 �α

x3 = 1. If s > r > 0, then s
r > 1. Therefore, by inequality (8) we have

∫ b1

a1

∫ b2

a2

∫ b3

a3

[(
f (x1, x2, x3)∫ b1

a1

∫ b2
a2

∫ b3
a3

ω(x1, x2, x3)f (x1, x2, x3) �α x1 �α x2 �α x3

) s
r

× ω(x1, x2, x3)
]

�α x1 �α x2 �α x3

≥
∫ b1

a1

∫ b2

a2

∫ b3

a3

[( s
r f (x1, x2, x3)∫ b

a
∫ b

a · · · ∫ b
a ω(x1, x2, x3)f (x1, x2, x3) �α x1 �α x2 �α x3

+ 1 –
s
r

)

× ω(x1, x2, x3)
]

�α x1 �α x2 �α x3

= 1,

which implies
∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)f
s
r (x1, x2, x3) �α x1 �α x2 �α x3

≥
(∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)f (x1, x2, x3) �α x1 �α x2 �α x3

) s
r
. (13)

Replacing f by f r in (13), we find

∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)f s(x1, x2, x3) �α x1 �α x2 �α x3

≥
(∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)f r(x1, x2, x3) �α x1 �α x2 �α x3

) s
r
.

Then

(∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)f s(x1, x2, x3) �α x1 �α x2 �α x3

) 1
s

≥
(∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)f r(x1, x2, x3) �α x1 �α x2 �α x3

) 1
r
.

Thus, the proof of Lemma 2.5 is completed. �
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Now, we give the following Hölder and reverse Hölder inequalities for triple Diamond-
Alpha integral.

Theorem 2.6 Suppose that T is a time scale, ai, bi ∈ T with ai < bi (i = 1, 2, 3), and
f (x1, x2, x3), g(x1, x2, x3), ω(x1, x2, x3) : [ai, bi]3

T
→R are �α-integrable functions.

(i) If p, q > 0 are such that 1
p + 1

q = 1, then

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f (x1, x2, x3)g(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f (x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g(x1, x2, x3)

∣∣q �α x1 �α x2 �α x3

) 1
q

. (14)

(ii) If q < 0 is such that 1
p + 1

q = 1, then

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f (x1, x2, x3)g(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

≥
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f (x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g(x1, x2, x3)

∣∣q �α x1 �α x2 �α x3

) 1
q

. (15)

Proof Case (i): Let p, q > 0 with 1
p + 1

q = 1. Without loss of generality, we may suppose
that

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f (x1, x2, x3)

∣∣p �α x1 �α x2 �α x3 	= 0

and

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g(x1, x2, x3)

∣∣q �α x1 �α x2 �α x3 	= 0.

Let

μ =
|ω(x1, x2, x3)| 1

p |f (x1, x2, x3)|
(
∫ b1

a1

∫ b2
a2

∫ b3
a3

|ω(x1, x2, x3)||f (x1, x2, x3)|p �α x1 �α x2 �α x3)
1
p

and

ν =
|ω(x1, x2, x3)| 1

q |g(x1, x2, x3)|
(
∫ b1

a1

∫ b2
a2

∫ b3
a3

|ω(x1, x2, x3)||g(x1, x2, x3)|q �α x1 �α x2 �α x3)
1
q

.
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From the Young inequality (9) we get

∫ b1

a1

∫ b2

a2

∫ b3

a3

μν �α x1 �α x2 �α x3

≤
∫ b1

a1

∫ b2

a2

∫ b3

a3

(
μp

p
+

νq

q

)
�α x1 �α x2 �α x3

=
1
p

∫ b1

a1

∫ b2

a2

∫ b3

a3

( |ω(x1, x2, x3)|∫ b1
a1

∫ b2
a2

∫ b3
a3

|ω(x1, x2, x3)||f (x1, x2, x3)|p �α x1 �α x2 �α x3

× ∣∣f (x1, x2, x3)
∣∣p

)
�α x1 �α x2 �α x3

+
1
q

∫ b1

a1

∫ b2

a2

∫ b3

a3

( |ω(x1, x2, x3)|∫ b1
a1

∫ b2
a2

∫ b3
a3

|ω(x1, x2, x3)||f (x1, x2, x3)|q �α x1 �α x2 �α x3

× ∣∣f (x1, x2, x3)
∣∣q

)
�α x1 �α x2 �α x3

=
1
p

+
1
q

= 1.

Therefore, we get the desired inequality (14).
Case (ii). Let q < 0 with 1

p + 1
q = 1. Write α = – p

q ,β = 1
q . Then 1

α
+ 1

β
= 1 with α,β > 0.

Setting f (x1, x2, x3) = F(x1, x2, x3) and g(x1, x2, x3) = G(x1, x2, x3) in (14), we get

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)F(x1, x2, x3)G(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣F(x1, x2, x3)

∣∣α �α x1 �α x2 �α x3

) 1
α

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣G(x1, x2, x3)

∣∣β �α x1 �α x2 �α x3

) 1
β

. (16)

Putting F(x1, x2, x3) = f –q(x1, x2, x3) and G(x1, x2, x3) = f q(x1, x2, x3)gq(x1, x2, x3) in equal-
ity (16), we immediately obtain the desired inequality (15). �

Next, we present the following generalizations of inequalities (14) and (15).

Theorem 2.7 Suppose that T is a time scale, ai, bi ∈ T with ai < bi (i = 1, 2, 3), and
f (x1, x2, x3), g(x1, x2, x3), ω(x1, x2, x3) : [ai, bi]3

T
→R are �α-integrable functions.

(i) Let 1
p + 1

q = 1
r with p, q, r ∈R – {0}, p > 0 and q > 0 or p > 0, q < 0, and r < 0. Then

(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f r(x1, x2, x3)gr(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

) 1
r

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f (x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g(x1, x2, x3)

∣∣q �α x1 �α x2 �α x3

) 1
q

. (17)
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(ii) Let 1
p + 1

q = 1
r with p, q, r ∈R – {0}, p > 0, q < 0, and r > 0 or p < 0 and q < 0. Then

(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f r(x1, x2, x3)gr(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

) 1
r

≥
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f (x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g(x1, x2, x3)

∣∣q �α x1 �α x2 �α x3

) 1
q

. (18)

Proof (i) Case 1. When p > 0, q > 0, by 1
p + 1

q = 1
r we get

p
r

> 1,
1

p/r
+

1
q/r

= 1.

Then, by (14) we find that

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f r(x1, x2, x3)gr(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f r(x1, x2, x3)
∣∣ p

r �α x1 �α x2 �α x3

) r
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)gr(x1, x2, x3)
∣∣ q

r �α x1 �α x2 �α x3

) r
q

.

Therefore

(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f r(x1, x2, x3)gr(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

) 1
r

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f r(x1, x2, x3)
∣∣ p

r �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)gr(x1, x2, x3)
∣∣ q

r �α x1 �α x2 �α x3

) 1
q

.

Case 2. When p > 0, q < 0, and r < 0, by the same method as in Case 1, we can obtain
inequality (17).

(ii) Case I. When p > 0, q < 0, and r > 0, we find from 1
p + 1

q = 1
r that

r
p

> 1,
1

r/p
+

1
–q/p

=
p
r

–
p
q

= p
(

1
r

–
1
q

)
= 1.

Then, by inequality (14) we get

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f p(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

=
∫ b1

a1

∫ b2

a2

∫ b3

a3

(∣∣ω(x1, x2, x3)f p(x1, x2, x3)
∣∣
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× ∣∣gp(x1, x2, x3)g–p(x1, x2, x3)
∣∣
)

�α x1 �α x2 �α x3

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f p(x1, x2, x3)gp(x1, x2, x3)

∣∣ r
p �α x1 �α x2 �α x3

) p
r

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g–p(x1, x2, x3)

∣∣– q
p �α x1 �α x2 �α x3

)– p
q

=
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f r(x1, x2, x3)gr(x1, x2, x3)

∣∣ �α x1 �α x2 �α x3

) p
r

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣gq(x1, x2, x3)

∣∣ �α x1 �α x2 �α x3

)– p
q

,

which implies

(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f p(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

) 1
p

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f r(x1, x2, x3)gr(x1, x2, x3)

∣∣ �α x1 �α x2 �α x3

) 1
r

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣gq(x1, x2, x3)

∣∣ �α x1 �α x2 �α x3

)– 1
q

. (19)

Thus from inequality (19) we obtain

(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f r(x1, x2, x3)gr(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

) 1
r

≥
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f (x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g(x1, x2, x3)

∣∣q �α x1 �α x2 �α x3

) 1
q

.

Case II. When p < 0 and q < 0, by the same method as in Case I, we can obtain the desired
inequality (18). The proof of Theorem 2.7 is completed. �

We present another generalization of inequality (14).

Theorem 2.8 Suppose that T is a time scale, ai, bi ∈ T with ai < bi (i = 1, 2, 3), and that
f (x1, x2, x3), g(x1, x2, x3), ω(x1, x2, x3) : [ai, bi]3

T
→ R are �α-integrable functions. If p > 0,

q > 0 are such that 0 < 1
p + 1

q < 1, then

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f (x1, x2, x3)g(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f (x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g(x1, x2, x3)

∣∣q �α x1 �α x2 �α x3

) 1
q

. (20)



Tian Journal of Inequalities and Applications  (2018) 2018:111 Page 10 of 14

Proof Denote γ := 1
p + 1

q , ζ = γ p, δ = qγ . Then ζ > 1, δ > 1, and 1
ζ

+ 1
δ

= 1. Hence from
Lemma 2.5 with ζ < p, δ < q and inequality (14) we find that

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f (x1, x2, x3)g(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f (x1, x2, x3)

∣∣ζ �α x1 �α x2 �α x3

) 1
ζ

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g(x1, x2, x3)

∣∣δ �α x1 �α x2 �α x3

) 1
δ

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣f (x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣g(x1, x2, x3)

∣∣q �α x1 �α x2 · · · �α xn

) 1
q

.

The proof of Theorem 2.8 is completed. �

Theorem 2.9 Suppose that T is a time scale, ai, bi ∈ T with ai < bi (i = 1, 2, 3), and that
fi(x1, x2, x3) (i = 1, 2, . . . , m), ω(x1, x2, x3) : [ai, bi]3

T
→R are �α-integrable functions.

(I) Let 1 < λ1, λ2, . . . ,λm < ∞ such that
∑m

i=1
1
λi

= 1. Then

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣∣∣∣ω(x1, x2, x3)

( m∏
i=1

fi(x1, x2, x3)

)∣∣∣∣∣ �α x1 �α x2 �α x3

≤
m∏

i=1

(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣fi(x1, x2, x3)

∣∣λi �α x1 �α x2 �α x3

) 1
λi

. (21)

(II) Let λ1 > 0, λ2, . . . ,λm < 0 be such that
∑m

i=1
1
λi

= 1. Then inequality (21) is reversed.

Proof Case (I). Without loss of generality, we may suppose that

m∏
i=1

(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣fi(x1, x2, x3)

∣∣λi �α x1 �α x2 �α x3

) 1
λi 	= 0.

Write

αi =
|ω(x1, x2, x3)| 1

λi |fi(x1, x2, x3)|
(
∫ b1

a1

∫ b2
a2

∫ b3
a3

|ω(x1, x2, x3)||fi(x1, x2, x3)|λi �α x1 �α x2 �α x3)
1
λi

for i = 1, 2, . . . , m.
From AG inequality (11) we have

∫ b1

a1

∫ b2

a2

∫ b3

a3

m∏
i=1

αi �α x1 �α x2 �α x3

≤
∫ b1

a1

∫ b2

a2

∫ b3

a3

( m∑
i=1

α
λi
i

λi

)
�α x1 �α x2 �α x3
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=
m∑

i=1

1
λi

∫ b1

a1

∫ b2

a2

∫ b3

a3

( |ω(x1, x2, x3)|∫ b1
a1

∫ b2
a2

∫ b3
a3

|ω(x1, x2, x3)||fi(x1, x2, x3)|λi �α x1 �α x2 �α x3

× ∣∣fi(x1, x2, x3)
∣∣λi

)
�α x1 �α x2 �α x3

=
m∑

i=1

1
λi

= 1.

Therefore, we get the desired inequality (21).
Case (II). By the same method as in Case (I) and using the reversed inequality (11), we

can obtain the desired result. �

Theorem 2.10 Suppose that T is a time scale, ai, bi ∈ T with ai < bi (i = 1, 2, 3), and that
fi(x1, x2, x3), ω(x1, x2, x3) : [ai, bi]3

T
→ [0, +∞) (i = 1, 2, . . . , m) are �α-integrable functions

with
∫ b1

a1

∫ b2
a2

∫ b3
a3

ω(x1, x2, x3) �α x1 �α x2 �α x3 = 1. Let 0 < λ1, λ2, . . . ,λm < 1 be such that
λ1 + λ2 + · · · + λm = k < 1. Then

∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)

( m∏
i=1

f λi
i (x1, x2, x3)

)
�α x1 �α x2 �α x3

≤
m∏

i=1

(∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)fi(x1, x2, x3) �α x1 �α x2 �α x3

)λi

. (22)

Proof Denote ξi = λi
k (i = 1, 2, . . . , m). Then

ξ1 + ξ2 + · · · + ξm = 1.

Write

ψi(x1, x2, x3) = f k
i (x1, x2, x3) (i = 1, 2, . . . , m).

From Theorem 2.9 and Lemma 2.5 we have

∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)
m∏

i=1

f λi
i (x1, x2, x3) �α x1 �α x2 �α x3

=
∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)
m∏

i=1

ψ
ξi
i (x1, x2, x3) �α x1 �α x2 �α x3

≤
m∏

i=1

(∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)ψi(x1, x2, x3) �α x1 �α x2 �α x3

)ξi

=
m∏

i=1

(∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)f k
i (x1, x2, x3) �α x1 �α x2 �α x3

) λi
k

≤
m∏

i=1

(∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)fi(x1, x2, x3) �α x1 �α x2 �α x3

)λi

(23)

for k < 1. Therefore the proof of Theorem 2.10 is completed. �
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Let f λi
i (x1, x2, x3)=μi(x1, x2, x3), that is, fi(x1, x2, x3)=μ

1
λi
i (x1, x2, x3) for i = 1, 2, . . . , m. Then

from Theorem 2.10 we get the following Hölder-type inequality.

Corollary 2.11 Suppose that T is a time scale, ai, bi ∈ T with ai < bi (i = 1, 2, 3), and that
gi(x1, x2, x3), ω(x1, x2, x3) : [ai, bi]3

T
→ [0, +∞) (i = 1, 2, . . . , m) are �α-integrable functions

with
∫ b1

a1

∫ b2
a2

∫ b3
a3

ω(x1, x2, x3) �α x1 �α x2 �α x3 = 1. Let 0 < λ1, λ2, . . . ,λm < 1 be such that
λ1 + λ2 + · · · + λm = k < 1. Then

∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)

( m∏
i=1

gi(x1, x2, x3)

)
�α x1 �α x2 �α x3

≤
m∏

i=1

(∫ b1

a1

∫ b2

a2

∫ b3

a3

ω(x1, x2, x3)g
1
λi

i (x1, x2, x3) �α x1 �α x2 �α x3

)λi

. (24)

3 Application
In this section, using the obtained results, we give the following generalization of the
Minkowski inequality for the triple Diamond-Alpha integral on time scales.

Theorem 3.1 Suppose that T is a time scale, ai, bi ∈ T with ai < bi (i = 1, 2, 3), and that
fi(x1, x2, x3) (i = 1, 2, . . . , m) and ω(x1, x2, x3) : [ai, bi]3

T
→R are �α-integrable functions.

(I) If p > 1, then

[∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣∣∣∣ω(x1, x2, x3)

( m∑
i=1

fi(x1, x2, x3)

)p∣∣∣∣∣ �α x1 �α x2 �α x3

] 1
p

≤
m∑

i=1

(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣fi(x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

. (25)

(II) If 0 < p < 1, then inequality (25) is reversed.

Proof We prove only case (I). Write (x1, x2, x3) =
∑m

i=1 fi(x1, x2, x3). Without loss of gen-
erality, we may assume that

∫ b1
a1

∫ b2
a2

∫ b3
a3

ω(x1, x2, x3)p(x1, x2, x3)�α x1 �α x2 �α x3 	= 0. From
inequality (14) for p, q > 0 and 1

p + 1
q = 1 we have

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣fi(x1, x2, x3)ω(x1, x2, x3)p–1(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣fi(x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣(x1, x2, x3)

∣∣(p–1)q �α x1 �α x2 �α x3

) 1
q

=
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣fi(x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p

×
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣(x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
q

.
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Therefore we get

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)p(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

=
∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)(x1, x2, x3)p–1(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

=
∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)f1(x1, x2, x3)p–1(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

+ · · · +
∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)fm(x1, x2, x3)p–1(x1, x2, x3)
∣∣ �α x1 �α x2 �α x3

≤
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣(x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
q

×
[ m∑

i=1

(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣ω(x1, x2, x3)
∣∣∣∣fi(x1, x2, x3)

∣∣p �α x1 �α x2 �α x3

) 1
p
]

.

Thus we obtain the desired inequality (25). �

4 Conclusions
As is well known, the Hölder inequality and its various extensions play a very important
role in mathematical analysis. In this paper, based on the definition of the triple Diamond-
Alpha integral for functions of three variables, we have presented the Hölder and reverse
Hölder inequalities for the triple Diamond-Alpha integral on time scales. Moreover, we
gave some new generalizations of the Hölder and reverse Hölder inequalities for the triple
Diamond-Alpha integral. Finally, using the obtained results, we have obtained a new gen-
eralization of the Minkowski inequality for the triple Diamond-Alpha integral on time
scales. In the future research, we will continue to explore other inequalities for the triple
Diamond-Alpha integral on time scales.

Acknowledgements
This work was supported by the Fundamental Research Funds for the Central Universities (Nos. 2015ZD29 and 13ZD19)
and the Higher School Science Research Funds of Hebei Province of China (No. Z2015137).

Competing interests
The author declares that there is no conflict of interests regarding the publication of this paper.

Authors’ contributions
The author read and approved the final manuscript.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 12 February 2018 Accepted: 26 April 2018

References
1. Hilger, S.: Ein Maßkettenkalk ül mit Anwendung auf Zentrumsmannigfaltigkeiten. Ph.D. thesis, Universität Würzburg

(1988)
2. Agarwal, R.P., Bohner, M., Peterson, A.: Inequalities on time scales: a survey. Math. Inequal. Appl. 4(4), 535–557 (2001)
3. Bohner, M., Peterson, A.: Dynamic Equations on Time Scales. Birkhäuser, Basel (2001)
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