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1 Introduction
To unify and generalize discrete and continuous analysis, in 1998, Hilger [1] introduced
the theory of time scales. Since then, many researchers have studied various aspects of the
theory and obtained a lot of interesting results on time scales [1-10]. The first purpose of
this paper is to give the definition of the triple Diamond-Alpha integral (triple diamond-«
integral or triple o, -integral) for functions of three variables on time scales.
Let u(x) and v(x) be continuous real-valued functions on [a, b], and let }17 + é =1
(I) if p>1 and if u(x) > 0, v(x) > 0, then the classical Holder inequality holds (see [11]):

b b 3 b :
/u(x)v(x)dxf(/ u”(x)dx) </ vq(x)dx) . (1)

(II) if0<p<1andif u(x) >0, v(x) >0, then the following reverse Holder inequality
(e.g., see [12]) holds:

b b x/ b :
/u(x)v(x)dxz(/ u”(x)dx) (/ vq(x)dx) . 2)

The classical Holder and reverse Holder inequalities play a very important role and
have wide applications in different branches of modern mathematics. A large number of
papers dealing with refinements, generalizations, and applications of the Holder and re-
verse Holder inequalities and their series analogues in different ares of mathematics have
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appeared. For example, Agahi et al. [13] gave generalizations of the Holder and reverse
Holder inequalities for the pseudo-integral. Zhao et al. [14] found that the Holder inequal-
ity for the pan-integral holds if the monotone measurer is subadditive. Tian [15-18] gave
some new properties and refinements of the Holder and reverse Holder inequalities. For
more detail, the reader may consult [19-25].

Among various extensions of (1) and (2), Agarwal, Bohner, and Peterson first presented
the time scale versions of (1) via the Delta-integral (A-integral).

Theorem A Assume that T is a time scale, a,b € T, and a < b. If p > 1 with p% +==1and

ifu,v e Cy(la,b],R), then

b b 3/ b :
f‘u(x)v(x)|Ax§(/ ’u(x)|pr) (/ |v(x)|qAx) . (3)

Later, in 2005, Wong et al. [26] gave the following Holder-type inequalities via the Delta-

1
q

integral.

Theorem B Assume that T is a time scale, a,b € T, and a < b. Let 1% + é =1and u,v,w €
Cr([a,b),R). If p> 1, then

b b % b %
/|w(x)||u(x)v(x)|Ax§</ |w(x)||u(x)|pr) (/ |w(x)||v(x)|qAx> . (4)

Ifp <0 orq <0, then inequality (4) is reversed.

In 2008, Ozkan et al. [27] presented the following time scale versions of inequalities (1)
and (2) via the Nabla-integral (V-integral) and Diamond-Alpha integral (¢, -integral).

Theorem C Assume that T is a time scale, a,b € T, and a < b. Let }7 + % =landu,v,w €
Cu([a,b],R). If p > 1, then

b b 1% b %
/|w(x)||u(x)v(x)|Vx§(/ |w(x)||u(x)|pVx> (/ |w(x)||v(x)|qu> ; (5)

Ifp <0 orq <0, then inequality (5) is reversed.

Theorem D Assume that T is a time scale, a,b € T, and a < b. Let 1% + = =1, and let

1
q
u,v,w: [a,b] — R be o4-integrable functions. If p > 1, then

b b 1% b %1
/|w(x)||u(x)v(x)|<>ax§(/ |a)(x)||u(x)|p<>o,x) </ |a)(x)||v(x)|q<>o,x> . (6)

a

Ifp<0orq <0, then inequality (6) is reversed.

Remark 1.1 If o = 0 in Theorem C, then inequality (6) reduces to inequality (5). If ¢ = 1 in
Theorem C, then inequality (6) reduces to inequality (4).

The second purpose of this paper is to give the time scale versions of the Holder and
reverse Holder inequalities for the triple Diamond-Alpha integral. Then we obtain some
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new generalizations of the Holder and reverse Holder inequalities for the triple Diamond-
Alpha integral on time scales. Moreover, using the obtained results, we present a new
generalization of the Minkowski inequality for the triple Diamond-Alpha integral on time
scales.

2 Main results
For details on time scales theory, the readers may consult [1, 3-9] and the references
therein. Now we give the definition of triple Diamond-Alpha integral for functions of three
variables.

The triple Diamond-Alpha integral is defined as an iterated integral. Suppose that T is
a time scale and a;, b; € T with a; < b; (i = 1,2,3). Let f(x1,x2,x3) be a real-valued func-
tion on T x T x T. Because we need the notation of partial derivatives with respect to
variables x;, we denote the time scale partial derivatives of f(x1,%5,%3) with respect to x;
by f°3 (%1,%2,%3), i = 1,2,3. We now give the definition of these partial derivatives. Fixing
x9,x3 € T, the diamond-« derivative of a function

T — R,

x1 — f (%1, %2, %3)
is denoted by f % Next, fixing x1,x3 € T, the diamond-« derivative of a function

T — R,

x = f (%1, %2, %3)
is denoted by fog. Finally, fixing %1, %, € T, the diamond-« derivative of a function

T — R,
x3 = f (%1, %2, %3)
is denoted bnyg.

If a function f has a o} antiderivative F;, F; has a ¢? antiderivative F,, and F, has a o3
1 2 3
antiderivative F3, that is, Ff"’ =f, F;“‘ =F}, and F;“‘ =F,, then

by pby pbs
/ / S(x1,%0,%3) Oq X1 Og X2 O X3
ai a as

by b3
1=/ / (F1(b1,%2,%3) — Fi(a1,%2,%3)) 0o X2 Oa X3
a as

bs
= f [Fa(b1, b2, x3) — Fa(by, a3, %3) — (Fa(ar, by,x3) — Fy(ar, az, x3)) | 0a &3

3

= F3(b1, by, b3) — F3(b1, by, a3) — F3(b1, a2, b3) + F3(by, a2, a3)

— F3(ai1, by, b3) + F3(a1, by, a3) + F3(ay, as, bs) — Fz(a1, a, az). (7)

By this definition it is easy to obtain the following property for the triple Diamond-Alpha
integral.
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Proposition 2.1 Suppose that T is a time scale, a;,b; € T with a; < b; (i = 1,2,3), and
fx1,%0,%3) and g(x1,%2,%3) are o4-integrable functions on [zz,r,bi]% (i=1,2,3).
(1) Iff(x1,%2,%3) = 0 for all x; € [a;, bilr (i =1,2,3), then

by pby pbs
/ f S X1, %0,3) 0 X1 Og X2 O X3 > 0;
a1 Jay Jag

(i) Iff (%1, %2, %3) < g(x1,%0,%3) for all x; € [a;, bilr (i =1,2,3), then

by pby b3
f / S (%1, %0, %3) Oq X1 Og X2 Oq X3
ai az as

b1 pby b3
5/ / f g(x1,%2,%3) Oq X1 O X2 O X3;
a1 Jay Jaz

(ili) Iff(x1,%2,%3) > 0 for all x; € [a;, bi]r (i = 1,2,3), then f(x1,%2,%3) = 0 if and only if

b1 by pbs
/ / S (1, %2,%3) 0q X1 O X2 0¢ X3 = 0.
al a a3
To prove the main results, we need the following lemmas.
Lemma 2.2 (Bernoulli’s inequality; see [28]) Ifx >0 and p > 1, then
' >px+1l-p. (8)

Lemma 2.3 (Young inequality; see [11]) Leta,b > 0.
(i) Ifp,q>0with 1% + é =1, then

1 1
ab < —a’ + —b1. 9)
p q
(ii) Ifp>0,q<0with }7 + é =1, then
1 1
ab> —da’ + -b. (10)
p q

Lemma 2.4 (AG inequality; see [11]) Leto; >0 (i=1,2,3).

(i) If1<ry, dgyenshy <00 With Y 1) % =1, then

[T < o 11)

(il) ZfA1 >0, Agyenos hy <O with Y1 % =1, then

ﬁaizzm:();—ii. (12)
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Lemma 2.5 (Schlomilch’s inequality for triple Diamond-Alpha integral) Suppose that T
is a time scale, a;,b; € T witha; < b; (i=1,2, 3) omdf(xl,xg,xg) w(x1,%2,%3) : [ai,bi]% —
[0, +00) are o4 -integrable functions with f f f (X1, %2, %3) Oq X1 Oq X2 Og %3 > 0. Then,

fors>r>0,wehave

(f f f (X1, %2, %3)f* (X1, %2, X3) Og X1 Og X2 O xs)

f f f O(X1,%2,%3) O X1 O X3 O X3

(f f f (%1, %2, X3)f " (%1, %2, X3) Og X1 Oo X2 Og xs)

f f f w(X1,%2,%3) O X1 Og X2 o X3

Proof Without loss of generality, we may suppose that f f f bs h(%1,%0,%3) Oq X1 Og X2 O
x3=1.1fs > r >0, then % > 1. Therefore, by inequality (8) we have

LI i)
f f @ (%1, %2, X3)f (X1, %2, X3) O X1 O X2 O X3

X w(xl,xz,xs)} O X1 Og X2 O X3

N /b1 /bz /bs |:( ff(xl,xz,xg) el E)
= b b b
ap Jay Jag fa fa s fa @(x1,%2,%3)f (X1, %2, %3) O X1 O X2 Oq X3 r

X w(xl,xz,xs)} O X1 Og X2 O X3

=1,

which implies

b1 pby pbs s
/ / / (1, %0, %3)f 7 (X1, %2, %3) Og X1 O X2 Oy X3
ai ap as

b1 bz b3 r
> ( / / / (1, %2, 23)f (X1, %2, X3) Oq X1 Oq X2 O xs) . (13)
al a as

Replacing f by f” in (13), we find

by pby pbs
/ / / (%1, %0, %3)f* (%1, %2, X3) Og X1 Og X Og X3
ay ap as

S
by pby pbs ¥
= / f / (1, %0, %3)f" (%1, %2, %3) Og X1 Og X2 Og X3 | .
ai az as

1
s

Then
1

b1 pby by
(/ / f w(x1,%2,%3)f* (X1, %2, %3) Oq X1 O X2 Oy x3>
ay Jay Jaz
by by b3 ¥
= (/ / / w(xl)x2yx3yr(xl)x2rx3) O X1 Og X2 Oy x3> .
al a as

Thus, the proof of Lemma 2.5 is completed. d
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Now, we give the following Holder and reverse Holder inequalities for triple Diamond-

Alpha integral.

Theorem 2.6 Suppose that T is a time scale, a;,b; € T with a; < b; (i = 1,2,3), and
S(x1,%0,%3), g1, %2, %3), @(x1, %, %3) : [a;, b;]3 — R are oq-integrable functions.
(i) Ifp,q >0 aresuch thatl% + 011 =1, then

by pby b
f / / | (1, 262, 23)f (31, %2, 63)g (%1, %2, 3) | O X1 O X2 O X3
a; Jay Jas

1

by pby b3 » iz
= </ f / |a)(x1,x2,x3)| v(x17x21x3)| O X1 Oq X2 Cu x3>
al ap as
1

b1 by pbs q q
x (/ / / (1, %2, 53) || g1, %2, %3) T 00 X1 04 %2 0 xs) . (14
al a as

(i) Ifq <0 issuch that}% + é =1, then

bi by b3
/ / / |w(x1)x2; x3)_f(x1:x2; x3)g(x1>x2> x3)| Oq X1 Og X2 Oy X3
al ay Jas

1

b1 by pb3 » P
> </ / / (1, 20, 53) | [ £ (01, %2, %3) [ 00 %1 04 %2 0 xs)
al a as
1

b1 by b3 q q
x </ / / (1, %0, %3) | |g (1, %2, %3) |7 00 %1 <>ax2<>ax3> . (15)
a1 Jay Jaz

Proof Case (i): Let p,q > 0 with }7 +
that

% = 1. Without loss of generality, we may suppose

by by b3
f f f |a)(x1,x2,x3)‘ V(xbxz,xs) |p Og X1 O X3 Oq %3 7 0
a az as

and

b1 pby pbs .
f / / |a)(x1,x2,x3)‘ !g(xbxz,xs)l Og X1 Og X3 O %3 7 0.
al ay Jasz
Let

1
|u)(x1,x2,x3)|l’ lf(xl,xz;x3)|

T by by b I
o Jor S No(er, w2, 23) [f (01, %2, 23) [P 0 %1 0 2 O ¥3)7

and

1
|1, 00, %3)| 71 (%1, %2, %3)|

T b by b T
Jay Jud oy (e, %2, 23) g (%1, 22, %3) |1 0 %1 0g %2 O X3)4




Tian Journal of Inequalities and Applications (2018) 2018:111 Page 7 of 14

From the Young inequality (9) we get

b1 by b3
/ / f Y O X1 O X2 Og X3
al a) as
by by b3
/ / / <—+—> Qg X1 Og X9 O X3
/‘” /bz f"( | (31, %, %3)|
b
f ° a5 001,22, %3)[[f (%1, %2, %3) [P 04 %1 O X2 O %3

3
X |f(x1,x2,x3)| ) Oq X1 Og X2 O X3

+ 1 / /b2 /b3< | (xl;xZ;x3)|
. b
qJam f e Ia)(xl,x2,x3)|[f(xl,xz,x3)|q Og X1 Og X2 O X3

x [f(xl,xz,xs)lq> Oq X1 O %2 Oq X3

1
=—+-=1
r 4

Therefore, we get the desired inequality (14).
Case (ii). Let g < 0 with }7 + %1 =1. Write o = —§,ﬂ 1 . Then l + l =1 with , 8 > 0.

Setting f(x1,%2,%3) = F(x1,%,%3) and g(x1, %2, %3) = G(xl,xz,xg) in (14) we get

b1 pby b3
/ / / |w(x1,xz,xs)F(xl,xz,m)G(xbxz,x3)| O X1 Og X2 O X3
as

by pby b "
= (/ f / |a)(x1,x2,x3)| ’F(xl,xz,x3)| O X1 Oq X2 Cu x3>
al a as

R~

b1 by b3 8 %
x (/ / / | (%1, %2, %3) || G (%1, %2, %3) | 00 X1 Oa %2 04 xs) : (16)
al a as
Putting F(x1,%2,%3) = f~9(x1,%,%3) and G(x1,%2,%3) = f(x1, %, %3)g%(x1, %2, %3) in equal-
ity (16), we immediately obtain the desired inequality (15). O

Next, we present the following generalizations of inequalities (14) and (15).

Theorem 2.7 Suppose that T is a time scale, a;,b; € T with a; < b; (i = 1,2,3), and
fx1,%0,%3), g(x1,%2,%3), @(x1,%2,%3) : [a;, bi]:’[} — R are o,-integrable functions.
(i) Letl% + é = % with p,q,r e R-{0}, p>0and qg>00rp>0,q<0,andr<0. Then

b1 by b3
(/ f / |a)(x1,x2,x3)f’(x1,xz,xg)g’(xl,xz,x3)| O X1 Qg X2 Ou xs)
ay an as

1

by by b3 » iz
= (/ f / |a)(x1,x2,x3)| v(x17x21x3)| Qo ¥1 Co X2 Oq xa)
ai ar as
b1 by b3 J i
2 (/ / / |a)(x1,x2,x3)| |g(x1,xz,x3)| O X1 Oq X2 Qo x3> . 17)
ai az as

1
-
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(ii) Let%+%1:%wz’thp,q,reR—{0},p>0,q<0,andr>0orp<0andq<0. Then

1
-

171 bz b3
(/ / / |a)(x1,x2,x3)fr(x1,xz,xg)gr(xl,xz,x3)| O X1 O X2 Cq xs)
ai az as

1

b1 by pb3 » P
> </ / / |1, 20, 53) | |[f (01, %2, %3) [ 00 %1 04 %2 0 xs)
al a as
1

b1 by b3 q q
x </ / / | (1, %2, %3) | |g (w1, %2, %3) |7 00 %1 O %2 O xa) . (18)
a1 Jay Jaz

Proof (i) Case 1. Whenp >0, g > 0, by 1% + %1 = % we get
1 1
P >1, —+—=1
r plr  qlr
Then, by (14) we find that

b1 pby pbs
/ / / | (1, 202, 23)f" (%1, %2, 23)g (%1, %2, X3) | O 1 O X2 O X3
ay Jay Jag

by pby b3 r é
< (/ / / | (1, 20, 23)f " (%1, 52, %3) |7 00 X1 O %2 O xs)
a1 Jay Jasg

b1 pby b3
X (/ / / |w(x1,x2,x3)g’(x1,x2,x3)
ail an as

r
q

q
T Oy X1 Oy X2 Oy x3> .

Therefore

1
r

b1 pby pbs
< / / / | (31,2, %3)f " (%1, %2, %3)g" (%1, %2, X3) | 00 X1 Oa X2 04 xs)
ay Jay Jaz

by pby b3 r Il7
= (/ / / |w(x1,x2,x3yr(x1,x2,x3)| " Og X1 Og X2 0o x:—s)
al a as

by pby pbs P :
X (/ / / ’w(xl,xz,%)gr(xbxz,&)’ " Og X1 Og X2 Og xs) .
ai az a3

Case 2. When p > 0, g < 0, and r < 0, by the same method as in Case 1, we can obtain
inequality (17).
(ii) Case I. When p > 0, g < 0, and r > 0, we find from }7 + é = % that

r 1 1 p b (1 1)
->1, — + =———==p|-—-—-)=1
p rlp —qlp r q r q

Then, by inequality (14) we get

b1 by b3
/ / / |w(x1,x2,x3yp(x17x2,x3)| O X1 Oq X2 Co X3
ay ap as

by pby b3
= / / f <|w(x1,xz,x3yp(x1,xz,x3)|
ai a as
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X |gp(x1,x2,x3)g_p(xlrx2rx3)|> O X1 Og X2 O X3

b1 by b3
=< (/ f / |a)(x1,x2,x3)| Vp(xl,xz,xg)gp(xl,xz,xg)
al a) as

by pby by g -
X (/ / / ’w(xl;xZ;xS)’ ‘g_p(xl,xz,xg)’ P Oq X1 Og X2 O xs)
ay ay as

b1 pby pbs
</ / / | (r, 22, 23) | |[f7 (61, %2, 3) g (%1, %2, %3) | 4 X1 O %2 O xs)
a1 Jay Jaz

b1 pby b -
x (/ / / | (%1, %2, %3) || g7 (%1, %2, 63) | Oq X1 O %2 O xs) ,
al a as

which implies

=

r
r O X1 Og X2 Oy xS)

QS

4
7

Qs

1

by by b3 p
(/ / / ’w(xl;xZ:xB) p(xl,xg,xg)‘ Oq X1 Og X2 O x3)
ay an as

by pby pbs
< (/ f / | (21, 52, %3)| |7 (361, %2, %3)g" (1, %2, %3) | O X1 O X2 O x3>
ay Jay Jaj

bl bz b3 “q
X (/ / / | (1,2, 3) || g7 (%1, %2, 3) | O X1 O X2 O x3) . (19)
a1 Jay Jas

Thus from inequality (19) we obtain

1
7

1

r

by pby pbs
(/ / f |a)(x1,x2,x3)f’(x1,xz,xg)g’(xl,xz,xg){ O X1 Oq X2 Qo x3>
al a as

1

b1 by pb3 » r
= (/ / / |a)(x1,x2,x3)| lf(x1;x2,x3)| Oq X1 Cq X2 o xs)
a; Jay Jaz
b1 by b3 q ‘li
X (/ / / |w(x1,x2;x3)||g(xlrx2»x3)i Oq X1 O X2 Oy x3) .
ay Jay Jas

Case II. When p < 0 and g < 0, by the same method as in Case I, we can obtain the desired
inequality (18). The proof of Theorem 2.7 is completed. O

We present another generalization of inequality (14).

Theorem 2.8 Suppose that T is a time scale, a;,b; € T with a; < b; (i = 1,2,3), and that
Sx1,0,%3), gloe1,%2,%3), w(x1,%2,%3) : [a;,b;]3 — R are oq-integrable functions. If p > 0,

q>0aresuchthat0<}7+ %1 <1, then

b1 by b3
f / / |w(x1,xz,xsb”(xl,xz,xs)g(xl,xz,xs)| Oq X1 Oq X2 Oo X3
al a) as

b1 pby b3 » 5
= (f / / |a)(x1,x2,x3)| V(xl,xz,x3)| Ca X1 O X2 Oq xs)
al ap as

1

by pby pbs . 7
X (/ / f | (1, %2, %3) | |g(1, %2, %3) T 00 X1 04 %2 0O xs) . (20)
ai az as
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Proof Denote y := }7 + %, =yp,8=qy.Then¢ >1,8>1, and % + % = 1. Hence from
Lemma 2.5 with ¢ < p, § < g and inequality (14) we find that

by pby b
/ / / |w(x1,xz,xs)f(xl,xz,xs)g(xl,xz,xs)| Oq X1 O X2 O X3
ai a as

by by b3 ¢ %
= (/ / / |a)(x1,x2,x3)| lf(x1;x2,x3)| O X1 Cq X2 Cq xs)
al a as
1

by pby b3 5 5
X (/ / / |w(x1,x2,x3)| Ig(xl,xz,xg)l Ca X1 O X2 Oq x3)
al ap as

1

by pby b3 » r
< (/ / / | (1, 20, 23) | [f (01, %2, %3) [ 00 %1 0 %2 0 xs)
a1 Jay Jag
b1 by b3 q %
x (/ / / | (1,2, %3) | |g (1, %2, %3)| T 06 21 0 22+ 0 xn) :
ay Jay Jaz

The proof of Theorem 2.8 is completed. O

Theorem 2.9 Suppose that T is a time scale, a;, b; € T with a; < b; (i = 1,2,3), and that
Sfilxr,x0,x3) (i =1,2,...,m), w(x1,%,%3) [a;,bi]% — R are o,-integrable functions.
(I) Let 1 <A1, Agy..oshy <00 such thaty - = = 1. Then

by by b3
1

m by by b3 N ;
: H(/ / / | (1, 22,03) |1, 2, 23)[ 0 %1 00 %2 0 .?Cg) . (21)
i=1 ay Jay Jag

1
A

Oa X1 Oy X2 Og X3

(%1, %, %3) (]‘[f,»(xl,xz,xs)>

i=1

(1) Let A1 >0, Ay,..., Am <O be such that y_ )\% = 1. Then inequality (21) is reversed.

Proof Case (I). Without loss of generality, we may suppose that

L
%

m b1 by b3 L i
1_[ (/ / / (1, 20, 23) | |[fio1, %2, 53) | 04 %1 00 X2 04 xs) #0.
i=1 al az as

Write

1
le(e1, 22, 3) | % |fi(%1, %2, %3) |

a;

T by by b , =
Uit S [ leo(er, 0, 23)|[fi(1, %2, %3) M 0 21 0 %3 0 %5)

fori=1,2,...,m.
From AG inequality (11) we have

by pby pb3 M
/ / / HO[,' Qg X1 Og X9 O X3
ai az a3 =1

A

by by b3 m o i
5/ / / § — Ca X1 O X2 O X3
a an as i1 }"l’



Tian Journal of Inequalities and Applications (2018) 2018:111 Page 11 of 14

Z /”1 /b2 /b< |1, %5, %3)|
h .
3 |60(x1,x2, x3)|lﬁ(x1’ X2, x3)|)hl Og X1 O X2 O X3

A
X lﬂ(‘xl)xZNXS)’ l) Qg X1 Og X2 Oy X3

“1
DN

i=1

Therefore, we get the desired inequality (21).
Case (II). By the same method as in Case (I) and using the reversed inequality (11), we
can obtain the desired result. O

Theorem 2.10 Suppose that T is a time scale, a;, b; € T with a; < b; (i = 1,2,3), and that
fi(xl,xz,xg) w(x1,%,%3) : [a;, ;)3 — [0,+00) (i = 1,2,...,m) are o4-integrable functions
with f f f (X1, %2, %3) Oq X1 O X2 Oq X3 = 1. Let 0 < Ay, Agy...s A < 1 be such that
M+Ay+--+A,=k<1. Then

by pby b3 m N
/ / / (1, x2,53) | [ [ (1,20, %5) | 0a %1 00 2 00 23
al az a3 i=1
m by by b3 Ai
s]‘[(/ [ w(xl,xz,xsm(xl,xQ,xs)oax1oaxzoaxs) . (22)
i=1 ai az a3

Proof Denote §; = % (i=1,2,...,m). Then

EitEr b=l

Write

wi(x1;x2;x3) :f;'k(xl:xZ;xB) (l: 1;2y~~~;m)‘

From Theorem 2.9 and Lemma 2.5 we have

by pby b3 m
hi
/ / / w(xlyxZ)x?J) 1_[]‘; (xlfo)xS) Ca X1 Og X2 Og X3
ai a as i=1
b1 by b3 m
_ &
= / / f (X1, %2,%3) H Ut (1, %2, %3) O X1 O X2 O X3
ai az a3 i=1

bl b2 b3 Ei
</ / / (X1, %2, X3) i (X1, X2, X3) Og X1 O X2 Oy xs)

b1 by pbs

(f / / w(xl,xz,x3)f (%1, %2, %3) O X1 O X2 O xa)
b1 pby b3 Ai

(/ f / (%1, %2, %3)fi (X1, %2, X3) Og X1 Og X2 Oq xs) (23)

for k < 1. Therefore the proof of Theorem 2.10 is completed. d

:|§

1

~

:|§ I s

n
—_

i
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1
Letfl“)ti (x1¢x21x3)=/’bi(x1; X2, xB)) that is,ﬁ(xl,xz,xs):uﬁi (xl; X2, xS) fori= 1) 2,... , M. Then

from Theorem 2.10 we get the following Holder-type inequality.
Corollary 2.11 Suppose that T is a time scale, a;, b; € T with a; < b; (i = 1,2,3), and that
81,20, %3), (x1,%2,%3) : [a;,bi]3 — [0,+00) (i = 1,2,...,m) are oq-integrable functions

with f:ll fuhzz fab: @(%1,%,%3) Ou X1 O X2 Oa ¥3 = 1. Let 0 < Ay, Ag,...hm < 1 be such that
AM+Ay+--+Ay=k<1. Then

by pby b3 m
f / / (x1,%2,%3) Hgi(xbxz,ﬁ%) Oa X1 Og X2 Og X3
ay Jaz Jaz i=1
m b1 pby pbs 1 Ai
Aj
< 1_[(/ / / w(x1,%2,%3)g;" (X1,%2,%3) Og X1 Og X2 O xs) . (24)
i=1 ai az a3

3 Application
In this section, using the obtained results, we give the following generalization of the

Minkowski inequality for the triple Diamond-Alpha integral on time scales.

Theorem 3.1 Suppose that T is a time scale, a;,b; € T with a; < b; (i = 1,2,3), and that
filx1,x0,x3) (i = 1,2,...,m) and w(x1,%,,%3) : [ai,bi]% — R are o,-integrable functions.
(D Ifp>1, then

by by b3
/al »/;2 -/ug
1

m b1 by b3 ) 1
= Z(/ / / ’w(xl’x2ix3)| Lfi(xly X2, X3)| Oq X1 Oq X2 O x?;) . (25)
i=1 ay Jay Jas

m b
Cl)(xl,XQ,x:),)( E )l'(xl’xZ’xB))
i

r
O X1 Og X2 Oy x3:|
1

(I) If0< p <1, then inequality (25) is reversed.

Proof We prove only case (I). Write ®(x1,x,%x3) = Z:Zlfi(xl,xz,xg). Without loss of gen-
erality, we may assume that f:ll f:; f;j @ (%1, %0, %3) DP (X1, X2, %3) O X1 Og X2 O X3 # 0. From

inequality (14) for p,q > 0 and 1% + % =1 we have

b1 by b
/ / Ifi (%1, 262, %3) (01, %2, %3) PP (361, %2, 263) | O 21 O X2 O X3
ay Jay Jag

b1 by b3 » %’
= (/ / / ’w(xl,xz,xs)‘ lfi(xl,xzyxs)‘ O X1 O X2 Oq xs)
ai az a3
by pby pbs (r-1)q %
X (/ / f ’w(xl,xg,x3)||<I>(x1,x2,x3)‘ O X1 O X2 O xs)
ai az a3
by pby b3 » 7
(/ / / |a)(x1,x2,x3){ M(x1,x2,x3)| O X1 O X2 Cq xs)
al ay Jaz
1

bl bz b3 p q
X (/ / / |w(x1,x2,x3)||<I>(x1,x2,x3)| O X1 Oq X2 Py x3> .
al a as
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Therefore we get

b1 by b3
f / f |w(x1,x2,x3)d>”(x1,x2,x3)| O X1 Cq X2 O X3
al a) as

b1 by b3
=/ / / |a)(x1,xz,x3)<I>(x1,xz,xg)d)l”l(xl,xz,xg)} O X1 g X2 O X3
ay ap as

b1 by b3
/ / / |w(x1¢xZ’x3yl(x1’x2yx3)®p71(x11x21x3)| Ca X1 O X2 O X3
ai az as

by pby b3
LR / / / iw(xl)x2)x3ym(x1)x2yx3)q>p_l (xl,x2,x3)| O X1 Og X2 Og X3
al ay Jaz

by pby b3 » %
(/ / / | (1, %2, %3) || D (1, 22, %3) | Oaxloaxzoaxs,)
a1 Jay Jasg
1

m by pby b3 » 5
X Z(/ / / |w(x1,x2,x3)|[ﬁ(xl,xz,xg)| Oq X1 O X2 Og xs)
i=1 al a a3

IA

Thus we obtain the desired inequality (25). O

4 Conclusions

As is well known, the Holder inequality and its various extensions play a very important
role in mathematical analysis. In this paper, based on the definition of the triple Diamond-
Alpha integral for functions of three variables, we have presented the Holder and reverse
Holder inequalities for the triple Diamond-Alpha integral on time scales. Moreover, we
gave some new generalizations of the Holder and reverse Holder inequalities for the triple
Diamond-Alpha integral. Finally, using the obtained results, we have obtained a new gen-
eralization of the Minkowski inequality for the triple Diamond-Alpha integral on time
scales. In the future research, we will continue to explore other inequalities for the triple

Diamond-Alpha integral on time scales.
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