Zhu Journal of Inequalities and Applications (2018) 2018:106 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-018-1697-8 a SpringerOpen Journal

RESEARCH Open Access

CrossMark
New bounds for the exponential function
with cotangent
Ling Zhu'"
"Correspondence:
zhuling0s71@163.com Abstract
Ziiﬁ:;;mégg;mitghBr:iavgss{ty/ In this paper, new bounds for the exponential function with cotangent are found by
Hangzhou, China using the recurrence relation between coefficients in the expansion of power series

of the function In(1 - 2x?/15 - px®) and a new criterion for the monotonicity of the
quotient of two power series.

MSC: Primary 33B10; secondary 26D05

Keywords: Bounds; Inequalities; Circular functions

1 Introduction
In 1978, Becker and Stark [1] proved the double inequality

8 tan x 72

< <
2 — 42 x T2 — 42
or

40 (2 - 8) — 4x?
—— <xcotx—1l< ————
2 8

holds for all x € (0,7/2). Since then, many inequalities for cotangent function were estab-
lished by different ideas and methods; see e.g. [2—18]. Very recently, Lv, Yang, Luo, and
Zheng [19] gave a new type of bounds for the function exp(xcotx — 1). More precisely,
they proved the following results.

Theorem A Let p,q € (—00,4/72], p* ~ 0.13484 be the unique zero of the function
ap(/2) — 1 on (—00,4/72), where a(x) = exp(x cotx — 1)/(1 — px®)V/CP) if p £ 0 and oo (x) =
exp(xcotx — 1 + x2/3). Then the double inequality

(1 _pr) 1/(3p) < gFoota-1

< (1 - qxz)l/(sq) (1.1)

holds for all x € (0,7 /2) if and only if p > p* and q < 2/15 ~ 0.13333.
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Theorem B For x € (0,77/2), the double inequality

2
4 /4 2 5/2
1- —a? cerotl [ T y? (1.2)
372 15

holds.

Throughout the full text, we suppose that

_3200-7%) 1 04467
ps = 1576 ’ ’
Py = ~ 5.6437 x 107,
70,875 (1.3)
64(1 - 2/30 — e72%) 5
p= ~ 4.6143 x 1075,

76

Po ~3.799533 x 107,

where py is the unique zero of the function

2 6 4
8(45 32
) =tn(1- 7 - %) 85T p+32) (1.4)
30 64 1576p + 3272 — 960
on (0, p,).
Now considering the asymptotic expansion of (**°*1)**, we have
( xcotx—1)2/5 —1— ixz _ 4 %64 2 P O(xl())'
15 70,875 1,063,125

It is interesting that the power series above has not item of x*, which also remind us to
establish a more accurate estimate for exp(xcotx — 1). The first aim of this paper is to
determine the best parameters p and g such that the double inequality

2 5/2 2 5/2
(1 _ 1_5x2 _px6) < excotx—l < (1 _ ExQ _ qx6)

holds for all x € (0,77/2). The main conclusions of this paper are proved by the recursive
method and a new criterion for the monotonicity of the quotient of two power series.
The following result is a theorem on the recurrence relation of coefficients in the series
expansion of the function In(1 — 2x2/15 — px®).

Theorem 1 Let 0 < p < p3 and x € (0,7/2). Then the function f(x) = In(1 — 2x%/15 — px®)
can be expressed in the form of a series,

2 o0
1n<1 - Exz —px6> =- ;a,,xz”, (1.5)
where
2 8
ay=—, a)=—, a=p+ (1.6)

15 225 10,125’
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and, for n > 3,

2n n-2

a, + Ap_o. 1.7
15+ 1) P12 (1.7)

Apyl =

Moreover, a,, >0 for all n > 1.
Our main results are contained in the following theorems.

Theorem 2 Let 0 < p < ps and x € (0,7/2).
(i) If p2 < p < ps, then the function

In(1 - 2x2/15 — px®)  f(x)
X = =—
xcotx —1 g(x)

is strictly increasing on (0,7 /2), and therefore the double inequality

9 502 9 13,
<1 - 1—5x2 —px6> <ereorl ¢ (1 - sz —px6> (1.8)

holds, where

(ii) Ifpo < p < po, then there is an xo € (0,7 /2) such that the function f|g is strictly

decreasing on (0,x0) and strictly increasing on (xo, w/2). Consequently, the inequality

1/6,
excotx—l < (1 _ 3x2 _ x6) v (1 9)
157 P '

holds, where 6, = max(2/5, X,). In particular, we have

9 502

ereorl o (1 - 1—5x2 —px6) Jorpo<p <p1, (1.10)
1 2, O\

excotx— < (1 _ Ex — px ) forlﬂl <p<pa. (111)

(iii) If0 < p < po, then the function f1g is strictly decreasing on (0,7 /2), and therefore the
double inequality (1.8) is reversed.

As a consequence of Theorem 2, we immediately get the following.

Theorem 3 Let p, < p < p3 and py < q < p1. Then the double inequality

9 502 9 502
<1 - 1—5x2 —px6> <ereorl ¢ (1 - Exz - qx6) (1.12)
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holds for all x € (0,7/2) with the best coefficients p = p, and q = p1. In particular, we
have

- —x
15 70,875

1-—x" -

5/2 — 5/2
2 46\ et 2, 64(1—n2/30—62/5)x6
15 7o

forall x € (0,7/2).

The second aim of this paper is to refine some known results presented in [19], we shall
state it carefully in the fifth section.

2 Lemmas
In this paper, we will use some methods, such as the monotone form of I'Hospital’s rule,
an important criterion for the monotonicity of the quotient of two power series, and the

latest promotion of the latter.

Lemma 1 ([20, 21]) For —oo<a<b< oo, letf,g:[a,b] — R be continuous functions that
are differentiable on (a, b), with f(a) = g(a) = 0 or f(b) = g(b) = 0. Assume that g'(x) # 0 for
each x in (a,b). If f'Ig’ is increasing (decreasing) on (a, b), then so is fg.

Lemma 2 ([22-24]) Let A(t) = Y ropaxt® and B(t) = Y roy bit* be two real power series
converging on (—r,r) (r > 0) with by > 0 for all k. If the sequence {ax/bi} is increasing (de-
creasing) for all k, then the function t — A(t)/B(t) is also increasing (decreasing) on (0,r).

Now, we will introduce a useful auxiliary function Hyg. For —o0 <a < b < oo, let f and
g be differentiable on (4, b) and g’ # 0 on (a, b). Then the function Hy, is defined by

4

Hy, 2=§g —f. (2.1)

The function Hy, has some good properties [25, Property 1] and plays an important role
in the proof of a monotonicity criterion for the quotient of power series (see [26]).

Lemma 3 ([26, Theorem 1]) Let A(t) = Y oo axt’ and B(t) =Y o, byt be two real power
series converging on (—r,r) and by > 0 for all k. Suppose that for certain m € N, the non-
constant sequence {ay/by} is increasing (resp. decreasing) for 0 < k < m and decreasing
(resp. increasing) for k > m. Then the function A/B is strictly increasing (resp. decreasing)
on (0,r) if and only if Hy p(r~) > (resp. <) 0. Moreover, if Hy p(r™) < (resp. >) 0, then there
exists ty € (0,7) such that the function A/B is strictly increasing (resp. decreasing) on (0, to)

and strictly decreasing (resp. increasing) on (fy,r).

Lemma 4 ([27]) For n € N, the Bernoulli numbers satisfy

1 2u@n-1)(2*3-1) |Byl 1 2n(2n-1)2%1

2.2
@) 2213 S Byl S @nE 211 22)

Lemma 5 For 0 < p < pp = 4/70,875, let h(p) be defined by (1.4). Then h(p) has a unique
zero po ~ 3.799533 x 107> such that h(p) < 0 for p € (0, po) and h(p) > 0 for p € (po, p2)-
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Proof Differentiation yields

1578p + 327* — 147272 + 23,040

W (p) = 157*
) = 157 (1576p + 3272 — 960)2

which together with the facts that

2
8
n(0*) = 1n(1 _ ”_) _ ~ —0.0015575 < 0,

30/ #w2-30
2 6 247% + 3,024,000
h(ps) = h Y (A — - 4l
70,875 30 11,340,000/ 378,00072 + 76 — 11,340,000
~ 0.0007572 > 0,

reveals that there is a unique po € (0, p3) such that /(p) < 0 for p € (0,po) and k(p) > 0
for p € (po, p2). Numerically, the equation /4(p) = 0 for p on (0, p,) has the solution py =
3.799533 x 107°. This completes the proof. g

3 Proof of Theorem 1

Proof Since 0 < p < p3 and x € (0,77/2), we see that
2
0< 1—5x2 +px6< 1,

which shows that
In l—ixz—px(’ :—il ix2+px6 n':—ia %" (3.1)
15 ~n\15 e '

holds for all x € (0, /2). It remains to determine the coefficients a,,. Differentiation for the

two sides of (3.1) gives

90px® + dx ad
i S Z 2na, x>,
15px® + 2x2 — 15 —

which is equivalent to

o0
45px* +2 = —(1519966 +2x% - 15) Z na,x*"2

n=1

= 15a; + (30ay — 2a1)x? + (45a5 — 4ay)x*

[e¢]
+ Z[lS(n + Day —15p(n—Da, o — 2na,,]x2”.
n=3

Comparing coefficients gives the recurrence formulas (1.7) and (1.6).
From the second equality of (3.1) we easily find that a,, > 0 for all # > 1, which completes
the proof. g
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4 Proofs of Theorems 2 and 3

Proof of Theorem 2 Using the expansion

o 2n

glx)=xcotx—1=— Z ——|Byulx*, x| <7,
— 2n)!

the function f/g can be expressed as

f(&) _ In(1-2x*/15 - px°®) - Yoo anx _ o ant”
g(x) xcotx—1 -y % |Bonla2n D _poy but”

by Theorem 1, where x> = £. We now observe the monotonicity of the sequence {a,,/b,} 1.
Since b, > 0 for all n > 1, it suffices to determine the sign of ¢, := 4,41 — (by41/by)a,. Direct
computations yield

2
Clzdz—b—m:(),
1

4

3
5P 70875

b,

Cy =d3 —

We claim that ¢, > 0 for #n > 3. In fact, by means of the recurrence formula (1.7), we have

bn+l
Cp =0ans1 — b—an
n
g 2 |Bos2l
ks n+1)2n+1) |By|

2 n 1 |B2n+2| n-2
= — - Ay + P——dy_o.
n+1\15 2141 |Boy ) P12
Clearly, if we prove

_n 1 |Bous2l
15 27+1 |By

n >

for n > 3, then it follows that ¢, > 0. Using the right hand side of (2.2) we have

n 1 1 2(m+1)2n+1)22+1
15 2n+1(27n)2 22+l ]
n 1 (m+1)@2u+1) 22"-1
15 2m+1 4x19/2 2_1
1 (87 -30)2%"—19x

>0

T 285 ml_|

n >

for n > 4. This together with d3 = 0 yields d,, > 0 for n > 3.

(i) If p» <p<ps,thenc, = a,1 — (byy1/by)ay, >0 for n > 1, that is, the sequence
{an/b,},>1 is strictly increasing, so is f/g on (0,7/2) by Lemma 2. Therefore, we
conclude that

2 2 6
im 70 SOy, S0 —1n<1 Tz ) = hp)

- = lim — < ——

5 as0r g(x) - g(@) a—(ri2) g(x)

30 64’

which implies (1.8).
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(if) If0 < p < py, then ¢y =0, ¢c3 <0and ¢, > 0 for n > 3, which indicates that the
sequence {a,/b,} is decreasing for n = 1,2,3 and increasing for n > 3. By Lemma 3,
to determine the monotonicity of f/g on (0,77/2), we have to observe the sign of
H_f( /5,4 ﬁ)((n2/4)‘). A simple computation leads us to

trcnaal(5)), 2, B ams)]

nl1 72 x® 8(45m*p + 32)
=In _
1576p + 3272 — 960

Subcase 2.1: For po < p < p1. By Lemma 5 we see that H_;( /) _, ((n /4)7) > 0. It follows
from Lemma 3 that there is an ¢, € (0,7%/4) such that the functlon —f(V1)/(—g(/1)) is
strictly decreasing on (0, £y) and strictly increasing on (¢, 7 /2), where t = x2. Consequently,
we obtain

f(x) max( lim f(x) lim /@ ) = max(g,)» ),
g(x) 0" g(x) 512~ g(x) 5
which implies (1.9).
In particular, if 1, < 2/5, that is, p € (0, po], then the inequality (1.10) holds. If 1, > 2/5,
that is, p € (po,p1), then the inequality (1.11) holds.
Subcase 2.2: For 0 < p < po. By Lemma 5 we see that H_f(\/;)y_g(\/;)((nz/él)‘) < 0. From

Lemma 3 it is deduced that f/g is strictly decreasing on (0,7/2), and so the inequalities
(1.8) reverse. This completes the proof. d

Proof of Theorems 3 Let

2 5/2 -
H(p,x) = I—Ex -px®) 0<x<5,0<p<p3.

Since
2 32
—H(p x) = ——x ( 1—5x2 —px6) <0,

we find that the function H(p, x) is decreasing with respect to p on (0, p3). Then by the left
hand side of (1.8) and by (1.10) we can complete the proof of Theorem 3. O

5 Consequences and remarks
Remark 1 One can obtain the double inequality (1.12) using the key theorem of Wu and
Debnath [28].

Let p — 0% in (iii) of Theorem 2. Then we have the following.

Corollary 1 The function

In(1 - 24%/15)

x> Fyi5(x) =
xcotx—1
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is strictly decreasing on (0,7 /2), and therefore, the inequalities

9 \52 5\ 9 \52
a(l - Eﬁ) < <1 - Ex2> <exp(xcotx —1) < (1 - sz) (5.1)

hold for x € (0,7 /2), where

7.[2
2o = —In[ 1= 2 ) ~0.39897,
30

a = e (1-7%/30)"" ~0.99742,

are the best constants.

Proof 1t suffices to show the first inequality in (5.1). Consider the monotonicity of the
function

9 1/20=5/2
Kx)=(1-=x«?
15

on (0,7/2). Since

/ 1 s 4 2, 1/r0-7/2
Kx)y={——=)|-—=x)(1-—« <0
Ao 2 15 15

holds for all x € (0, 7/2), we see that the function K(x) is decreasing on (0,7/2). So

K(x) > K((/2)7) = e (1 - 2%/30) ™ =

@,
which completes the proof of Corollary 1. d

Theorem 4 Let0< p < 4/n2. Then the function

_In(1-px?)

x> Fy(x) = (5.2)

xcotx—1

is strictly decreasing on (0,7 /2) if and only if 0 < p < 2/15. And therefore, for 0 < p <2/15,
the double inequality

(1 _pr)l/ﬂP < excolx—l < (1 _pr)l/(3P) (53)
holds for x € (0,7/2), where B, = —In(1 — p?/4).
Proof The necessity follows from

Fl(x
lim o)

x—>0+ X

1
= gP(15P -2)<0.

To prove the sufficiency, we note that

In(1-px®) In(1 - 2x?/15) In(1-px®)

X :
xcotx —1 xcotx —1 In(1 — 2x2/15)

=fi(x) x fo(x),
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where fj is positive and decreasing on (0, 7/2) by Corollary 1, it thus suffices to prove the

function f, is positive and decreasing on (0, 7/2). A simple computation gives
[In(1-px?)] 1 15-2x
In(1-2x2/15)] 2 1—pa2’

1152\ p-215
25 1-px2 ) p(px2—1)2 ’

which indicates that f; is strictly decreasing on (0,7/2) by Lemma 1. Meanwhile f(x) is
obviously positive for p € (0,2/15], which proves the sufficiency.

Inequalities (5.3) follow from the decreasing property of the function F,(x).

The proof is finished. d
Remark 2 1t is easy to check that, for 0 < p <2/15 and x € (0,7/2),

(1 —pxz)l/ﬁ” > a(1 —pxz)l/(?’p), (5.4)

where &, = e7}(1 — w2p/4)"V/CP), B, = —In(1 — prr?/4). In fact, we have

In(1 — px® 1
w -Ina, - — ln(l —pxz)
ﬁp 3p
In(1 - px? 1 1
= M +1+ —ln(l —pn2/4) - —ln(l —pxz)
—In(1 — pr2/4) 3p 3p
1 1-pr2/4 1  1-pri/4

In(1 - pr2/4) n 1-px? +3p 8 1-px?

|: In(1 — px?) ] |: In(1 —pn2/4)j|
=(1- 1+ .
In(1 — pm2/4) 3p

Due to x € (0,77/2), the first factor is positive. And, since p > 1 + (In(1 — pm2/4))/(3p) is
decreasing in p, it follows that, for 0 < p < 2/15,

( In(1 — pr2/4)
14 ———

5 7
>—In{1-— ) +1~0.0025838 > 0.
3p 2 30

These imply that the inequality (5.4) holds. It thus can be seen that the above theorem
partly refines Lv et al’s result [19].

Remark 3 We claim that the lower bound in the double inequality (5.3) is strictly increas-

ing with respect to the parameter p. In fact, put

ug,  In(l-px*) )
T Th(—pr2a) " )

In(1 - px?)
with /1;(0%) = /1,(0%) = 0, then differentiation yields

n(p) dipln(l—pxz)  a-a?p
Hp)  ~Lin(l-pr2/4) 72 1-pa®’
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hip)\ o w4 0
mp)) 7 A-pp

which indicates that /1, /4, is increasing in p by Lemma 1.

Remark 4 Taking p = 07, 1/72, and 2/15 in Theorem 4. Using the monotonicity of the
lower and upper bounds in (5.3), we can obtain

2\ 1/In(4/3) 1/B2/15

2,2 X 2

et (1o X 1= 242 <ot
T 15

9 5/2 22 72/3
< (1 - Exz) < (1 - —2) < e”‘%,
T

where By/15 = —In(1 — 72/30) A~ 0.39897. This shows that our double inequality (5.3) is a
generalization and refinement of the one (1.2) (see [19]).

The following theorem gives a sufficient condition for the function F, (x) to be increasing
on (0,7/2).

Theorem 5 The function F,(x) defined by (5.2) is strictly increasing on (0,7/2) if 1/7 <
p<4/m* And therefore, for 1/7 <p < 4/72, the double inequality (5.3) is reversed.

Proof We have
P 7 DD S vt
p\X) = = Z = )
otz 1) " Yo, B By Yo B
b/
C/ =(l/ - n+l s
n n+ b;l n
P 2 |Bualp”

:n+1_(n+1)(2n+1) |Boy| m
" 2 |Baus2l "
P <p 22 ):_ P (P—Mn)-

Th+l _n(2n+1) | By Tn+l

If we prove (p — u,) > 0 for n > 1, then by Lemma 2 F, is increasing on (0,7/2), and the
reverse of double inequality (5.3) follows. Using the right hand side of (2.2) we have

1 2 1 20+ 1)2n + 1)227+1
—_— u ——
Pt = o on+ 1) @n)? 22l _ |
1 (7% =7)n=7)2"*" —7%n
T 72 n(221+1 1) >0

for n > 3. This together withp—u; = p—-2/15>0and p—uy = p—1/7 > Oyields (p—u,) > 0
for n>1.

This completes the proof. O

Remark 5 Likewise, taking p = 1/7, 1/3, 4/7? in the above theorem, we have

2
4962 T4/12 xz xz 7/3
1- — <l-—«<(1-= < gFeotl
w2 3 7
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x2 1/B117 x2 1/B1s3
<(1-— <[1-— ,
7 3

where 817 = —In(1 — 72/28) & 0.43461, B1/3 = —In(1 — 7%/12) ~ 1.7286.

Finally, we consider the monotonicity of the function F,(x) on (0,7). In this case, we
have to assume that 0 < p < 1/72.

Theorem 6 Let 0 < p < 1/m2. Then the function F,(x) defined by (5.2) is strictly decreasing
on (0,1). And therefore, the inequality

excotx—l < (l _pr)l/(3P)
holds for all x € (0, 7).

Proof From Lemma 2 and the proof of the previous theorem, it suffices to prove p —u,, <0
for n>1and 0 < p < 1/72. Using the left hand side of (2.2) we get

U = p— 2 |BZn+2|
pthn=p n(2n+1) |By,|
- 1 2 1 2m+1)2n+1)(2>1-1)
w2 u@2n+1)(27)? 22n-1
2% —2p -2
= —_—— < O
2272 T
for n > 1, which, by Lemma 2, proves the decreasing property of F,,. O

Remark 6 Letp = p1 = 32(30 — w2 — 30e~*°)/(157°) ~ 4.6143 x 10~° in Theorem 3, we can
obtain

9 5/2 .
el (1 Zx?—pia®) , O<x<—,
15 2

which is sharper than the right hand side of (1.2):

Remark 7 Let p = p; = 4/70,875 in Theorem 2 or Theorem 3, we can obtain

5/2
1- 3x2 - 4 «° <l g cx< T
15 70,875 ’ 2

Comparing the inequality above with the left hand side of (1.2), we find that they are not
included in each other.

6 Conclusions

In the present study, we first obtain some new bounds for the exponential function with
cotangent by using the recurrence relation between coefficients in the expansion of power
series of the function In(1 — 2x%/15 — px®) and a new criterion for the monotonicity of the
quotient of two power series. Then we refine some well-known results presented in [19].
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