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1 Introduction
Let i be a positive measure on [0,00) and f be a nonnegative y-measurable function.
Define Hardy operator with respect to the measure u by

1
H,f(x) = ——— () dp(2), 1)
Wt ([0, x]) [O,x]f
if 0 < u([0,x]) < 0o, and set H, f(x) = 0, if 1([0,x]) = 0 or co.
Observe that if i is Lebesgue measure, then H,, becomes the classical Hardy operator

Hiw = [ s @

and if u = )2, 8, then H,, becomes the discrete Hardy operator

FQ) 44 f )

Hf (k) = 3

For 1 < p < 00, reference [1] showed that the two operators are bounded on L? and # re-
spectively. Moreover, for both, the best constants are p/(p — 1) and the maximizing func-
tions do not exist. We refer the reader to [2—-6] for the background material and further
references.

Hardy operator has a close relationship with Hardy-Littlewood maximal operator. From
the point of rearrangement, Hf is equivalent to Mf (see reference [7]). In reference [8],
Grafakos considered the L”-boundedness for the maximal functions associated with gen-
eral measures. In this paper, we shall discuss the sharp problems about H,. We will
show that the operator H,, is bounded on L”(du) with an upper bound no more than
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p/(p — 1). Furthermore, we will characterize a sufficient condition about w such that
H 10 = pl(p — 1)

From the definition about H,,, it is not necessary to consider the points x such that
1([0,x]) = 0 or co. Therefore, we let

a= inf{x : ,LL([O,x]) > O},
and

b 00 if B=0,
infB if B#0,

where B denotes the set {x : ([0, x]) = 0o or u([x, 00)) = 0}. Then we call that the measure
1 is supported in the interval [a, b].

For the case of weak type inequality, the best constant from L?(du) to LP*°(d) is al-
ways 1.

Theorem 1.1 Let u be a positive measure on [0,00] and 1 < p < o0o0. Then we have
1 H N 22 (dpy—1r0 @y = 1.

Theorem 1.2 Suppose that i is supported in [a,b] and f € LP(du) with 1 < p < oo. For
f#0, define

H
Rulf) = 1 H . e
1l 2e (dw

Then the following statements hold:

1) 1Hf p@ < 1%1 2 (ay holds for arbitrary positive measure .
(ii) There exists no function f such that R, (f) = 1% holds.

Theorem 1.3 If i satisfies one of the following conditions:
Condition 1. u([a, b]) = oo and

wlax)

w~b p([a, x))

Condition 2. {a} is not an atom of u, and

im w([a,x]) _
w~a p([a,x)

then we have

sup  Ru(f) = £
FELP(dp)f 70 r-1

We remark that there indeed exist some measures so that

sup  Ru(f) < P
feLP(du) f#0 pP-

T (3)
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For example, it is easy to know that the Dirac measure §, satisfies inequality (3). In this

paper, we will give some more complex counterexamples.

2 Preliminary and lemmas
In the study of sharp problems, the rearrangement of function is a very useful tool. Let

dy(s) = u({If1>s}).
Then the rearrangement of f is defined by
@) = inf{s >0:d(s) < t}.

By the properties of the rearrangement, we can easily have

|2y = [IF* ”Lp(dm)'

We refer the reader to [9] for more properties of rearrangement. In reference [1], Hardy
gave the following result.

Lemma 2.1 (G.H. Hardy and J.E. Littlewood) Let (X, 1) be a measurable space. If f,g €
M(X, ), then

/ feldu < / FHOg @) dt
X 0
holds.

Moreover, the theory of rearrangement plays an important role in proving the existence
of maximizing function. This is because of the following lemma introduced by Lieb [10].

Lemma 2.2 Suppose that (M, Z, u) and (M', 2, ') are two measure spaces. Let X and Y
be LP(M, 2, 1) and L1(M', X/, u') with 1 < p < g < 0o. Let A be a bounded linear operator
fromX toY.Forf e Xwithf #0, set

_Af Ny
i) = I/ llx

and

N =sup{R(f) :f #0}.

Let {f;} be a uniform norm-bounded maximizing sequence for N, and assume thatf; — f #0
and that A(f;) — A(f) pointwise almost everywhere. Then f maximizes, i.e., R(f) = N.

3 The boundedness of weak-LP

In this section, we first prove Theorem 1.1. For the sake of clarity, we define a function as

F(x) := ([0, %]).
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Obviously F, increases asx — 00. It follows from Lemma 2.1 and the definition of H,, that

1
Hf0) =~ /[O,x]f(t) du®

wl
< *(t)dt
Fu() Jog, <x)1f

= Hf*(F.(x)). (4)

Let
El (0= {x: Hf*(Fu(®)) > A}

Note that /* decreases, so we easily have that Hf* decreases as well. If we take
X0 = sup{x : Hf*(Fu(x)) > A},

then it implies that
El; (0) = [0,x0).

Thus, we can obtain that
{x s Hf*(x) > )L} D [O,Fu(xo)).

We conclude that

,u({x:Hf*(Fu(x)) > A}) < F,(x0) < Hx:Hf*(x) > k}

; (5)

where | - | denotes the Lebesgue measure. It follows from inequalities (4) and (5) that

sup,.o Al Hof (60) > )P sup,.o he({x: HF* (E, () > A1)
W Nl 22 (ap I * Nl 22 )

1
sup; .o Al {x : Hf*(x) > A} #

6
I * Il 22 () (©)

Since f* € L¥(dm), by Holder’s inequality, we have that

" 1%, 1 (% . 1% 1y
Hf*w) =~ | frode< |~ [ [FO[dt) <a?[f*] g (7)
X Jo X Jo
Thus it is obvious to obtain that

AL

- (®)

e BP0 > M < s [ > A

From inequality (6) and inequality (8), we have

sup;.o An(fc: Hof (6) > A})P

<1.
I llz2ap
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That is,
||H/l.f||l,p’°°(du) < (9)
Nl ze )
holds. This is equivalent to
1 H 2o @y 2po (@) < 1. (10)

Next it suffices to show that the constant 1 is sharp for inequality (10).
Take 0 < x; <3 < 0o such that 0 < u([x1,%3]) < 00. Let g = x[x,,x,]- It is easy to obtain

1H, gl 2o (a = 181l e -
The proof is completed.

4 LP-boundedness of the operator H, with upper bound p/(p - 1)
Now we will show the results (i) and (ii) of Theorem 1.2.

Proof Following the proof of (5), we obtain

(f(([0,x1)))” dpa(x) < S (x) dx. (11)

[0,00] [0,00]

By inequality (11), we conclude that

JURY
1H S Nlr e ) = (/R 2([0,2]) o ]f(t) du(t) dM(x))
1 i} p 1
- (/R Fyux) [O,F;L(x)]f (£t dﬂ(x))

= (A+|Hf*(Fﬂ(x)) Ipdu(x)>%

< (/1;+|Hf*(x)|pdx)5. (12)

It follows from the inequality of classical Hardy operator that

1
. ’ D p
(/K!Hf (X)|pdx> = lflﬂf | iy =1fl|lf||”<d“)‘ 13)

Combining inequality (12) with inequality (13), we have
p
IH S Nlr @) < ﬁllflluf(dm«
Since the sharp function for the classical Hardy operator does not exist, it is easy to know

from inequality (12) that there exists no function f such that R, (f) = 1%. The proof of
the result (ii) of Theorem 1.2 is completed. a
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5 A characterization of the measure p which ensures sup;_, R, (f) = p/(p-1)

In this section, we try to characterize the measure u which ensures sup;_, R,.(f) = p/(p -
1). We regard i as a complete atom measure by giving an appropriate partition on [0, c0].
We first present a partition on [0, co] by the following two lemmas.

Lemma 5.1 Let u be a positive measure that is supported on [0, 00). If 1[0, 00]) = 00 and

; w({x}) o
w00 p([0,x])

then there exists a partition on [0,00] as
]0: [O!xl]r 11 :(xler]:'--: Ik:(x/(:xk+l]r"'7
such that

k1) = i),

and

im )
k=00 /J“([Orxk+1])

Proof Let x; be any positive number. Denote I = [0,;]. Since u is supported on [0, 00],

we have
u(lo) > 0.
For k =2, we let
xp = inf{a: (@1, %1) > p([0,211)}.
For k > 2, we let
ar = inf{a s (-1, %]) = (k2 x4-1]) }-
Denote I = [xx_1, %] with k =2,3,.... Since u([0, 00]) = oo, we easily have
kli)rgoxk = oo

Thus, {Ix} obviously constitutes a partition of [0, co].
We first show that

wlli) = ulx-1)
and

(ks X41)) < pe(fxn).- (14)
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By our construction, for any x > xz,, it follows that

(oo 1) = 11 (Uk-n))-

Thus the property of measure implies that

pwl) = lim (@ x]) = wllio).

X>X41
X Xkr1

Moreover, if x; < x < xx41, then p([xx, x]) < (fx—1). Thus, it follows that

(e xxi1)) = lim (6, #]1) < i)

X<Xk+1
X=X+l

To complete the proof, it remains to show that

wlx-1)

oo 1([0 )

This is equivalent to prove that, for any € > 0, there is an integer N > 0 such that

wlk-1) -
w([0,%4]) —

holds for k > N.

In order to prove this result, we divide the set Z* \ {1} into two parts:

Fezz{keZ:kzz,M<e} (15)
w((xx-1,%x))
and

G€:={kezzk32,Mze}. (16)

w((x-1,%x))
By definition (16), if k € G, then we have
1
MIARE (1 + 2 )ulise). (17)

We discuss the problem in two cases:

Casel. G, is not a finite set.

Case Il. G, is a finite set.

If G¢ is not a finite set, then by equality lim,_, o % = 0, there exists an integer N € G,
such that, for any k > N,

u({xi}) €’
— < .

u(0,x¢])  1+e

(18)
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Thus if k > N and k € G,, then by inequalities (17) and (18), we have

wlx-1) e (19)

w((0,x¢]) ~
On the other hand, if k > N and k € F,, since G, is not a finite integer and N € G, we can
find a series of integers ko, ko + 1, ..., k, such that kg € G, and

ko + 1,...,/(61:6.
By the definition of F. and inequality (14), we can conclude that if i € F,, then

M((xi—l;xi]) = M((xi—l:xi)) + M({xi})
<1+ )pu((ri,x))

< 1+ €)u((@ig,xiaa]). (20)

It immediately implies from inequality (20) that

k

M((xkorxk]) = Z M((xi—l:xi])

i=ko+1
k .
> Z 1+ €)™ (o1, 24])

i=ko+1

- (o

= M((xk—hxk])lil' (21)

l+e
Thus, by inequality (21), we have
1

RUSUR (ST 1-1=
w([0,4]) ~ pl(ag-1,mi]) T 1= (L)

€

I mT= ST (22)
Since ko € G, inequalities (14) and (20) imply
wlx-1) k—k M(Iko—l) k—k
———— <(1+e&)f M ————=— < (1+¢€)e. (23)
w([0, xc]) w([0,x4])

If (1 + €)k%0 > 2, by inequality (22), we have

wlx-1)
,lL([O, xk]) - ’

If (1 + €)f%0 < 2, by inequality (23), we have

w(lx-1) -

w([Omd) ~
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At last, we conclude that if k > N and k € F,, then

w(lk-1)

(0 ]) = (24)

The proof of Case I is complete.
If G, is a finite set, then we can find an integer kj such that k € F, for k > ko. Then, by
inequality (22), we can find a big enough integer N such that

wlx-1)
w([0,24]) —
if k > N. The proof is completed. d
Lemma 5.2 Suppose that u is supported in [0, 00]. If 1 ({0}) = 0 and lim,_,¢ 2[ =1, then

there exists a partition on (0,1],
(xl’ 1]’ (x21x1]7 ey (xk)xk—l]) L)

such that limg_, o x; = 0 and

M((xk! xk—l]) _
koo ([0, xx-1])

Proof Without loss of generality, suppose

p(0.11) =Y

k=1

If u({1}) < 1, then we set ko = 0. If u({1}) > 1, then we set

1
ko = max{ k_ {1} }

It is easy to see that

ko+1

1
Z 2 > u({l}).
k=1

Then we can find a positive real number x; < 1 such that

ko+1 1
X1 = sup{x:pc((x,l]) > Z ﬁ}

k=1

Proceeding in this way, we set

k; = max{ Z iz < (i1 )} (25)
k=1
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and

ki+1
Kip1 = sup[x n((x,17) Z 7 } (26)

for i > 1. By (27), (25), and (26), we can conclude
ko kil
kXZ: k_ (Ixi,1]) < (a1, 10) < kX:; 2 < ([xi41,11). (27)
It is easy to see that x; > x;,1 and
ki

hm ;L([x,,l] > hm Z (0 1]).

Thus we have lim;_, o, x; = 0. It is easy to see that

(xh 1]7 (x27x1]: ey (xerk—l]; cees

divide (0, 1]. It can be implied from inequality (27) that

K+
1
i 1 Y i+1» . 28
(i 11) + k+1) ;k ((xir1,10) (28)
To prove this partition satisfying the requirement of the lemma, we define two integer
sets:
Fez{k21:M<e}
w((Xrs1,%])
and
- {k > 1: M > € },
/’L((xk+1:xk])
where e is an arbitrary positive real number. Since lim,_ Zg{gi}); = 1, we have
lim,_,o L ( = 0. It is easy to find an integer N such that
w(fxic)) 2

([0, 1)

for any integer i > N. Thus, by the construction of G, if i > N and i € G,, we have

(i xi-1])

—_— < 2e.
w([0,%;-1])
If i € F,, then we have

1
1-¢€

(415 %)) (29)

M((xm,xi]) =
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By inequalities (28) and (29), we have

(i1, x:]) 1 w((xi1,%))
w([0,x:]) — 1-€ u([0,x:])
1 ple, 1)) = ol 10)
S 1-e p((0,1]) - pul(xi 11)
1 1/(k; + 1)?
T l-e Zl(:iki+2 1k

Thus we can find a sufficiently large integer which is still denoted by N such that, for any
integer i > N and i € F, there is

(i xi-1])

w([0,%;-1]) <26

Since € is an arbitrary real number, we have

M((xk! xk—l]) _
koo pu([0,21])

The proof is completed. O

After finishing our preparations, we can give the proof of the result (iii) of the main

theorem.
Proof Let
tan(Z(=2)), 0<b<oc;
T, p(x) = 2 b-a (30)
X —a, b =oo.

By equality (30), we can obtain a new measure denoted by w7 which is supported in [0, 0]
so that, for any open interval (x,y), we have

(@) = (T, Top()))-
Then it is easy to get
sup{R,JfV € Lp(dpL)} = sup{Rqu[f € Lp(dMT)}.

Thus it is enough to assume that the measure p is supported in [0, 0o].
We first consider Condition 1.
By Lemma 5.1, we can divide R* into a series of intervals

[Orxl]; (xl;xZ]rc ey (xerk+1]: ey

such that

im /L((Xk,Xk+1]) _
k—oo ([0, x4])
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For any € > 0, if we can find a function f; such that R(f.) > [% — O(¢), then the proof is
completed.
By the property of the partition, there exists an integer N satisfying

(X Xki1])
([0, x¢])

for k > N. This inequality is equivalent to

w0, xk41])

(0.5 <l+e. (31)

Let
> 1
—s—€
_ﬂ = ZM([O,xk+l]) ? Xcpxrsen]
k=N

First we estimate the norm of f;

”fe ”Lp(du) = (ZM([O:xlﬁl])lpell«((xerlﬁl]))

1

1
1 )5+6 0 /M([O:xk+l]) —1-pe ’
_ w([0,2]) " dt
(1 te Z 1([0x¢])

%0 5
/ Py
u([0xn])

)”u([o,xN])—i (32)

1
pe

1 }7+e
>
- (1+6)

Next, we estimate the value of H,f; (x). When k > N and x; < x < x4,1, we have

Hyfe(%) Se(@) dp(2)

" u([0,x]) [0,4]
1

S E)) [o,kafE(t) dp(t)
1 — 1
= 0w 2Ol T (i)
1\ 1 & L
- <1 +e> w0 w207 )
pe L (0 )) 1
- (1 -1+ 6) M([O;kﬂ]) ;,:/m[o,x,-n 1 (10,x:) 7 dt
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Lijte w([0:x])
()
l1+e w([0,x¢]) J u0,en))
1
1\ e ([0 an]) P
Z<1 ) . (uﬂ&xﬂ)ﬁg— ) (33)
te 1-2-¢ ([0, x4])
Set
1 1+1%+e 1 o] 1
(1 ——€
s <1+6) 1-1_¢ ZM([O’xk]) P Xepen)
p k=N
1 1+ +e 1 f
\l+e 1- % —ef
and
f(2) - (L)hﬁ% 1 i M([O,XN])I_ X :
e - 1 KXhXk+11°
L+e 1-o—e  w(l0x])
Then we have
1 1+}7+e 1 1%
(2) _
er ”uf(d,g - <1 +e) 1-1_¢ u([o, xN] (ZM (lo, xk] (xk,xlm]))
1
p
H‘((xk»karl]))

}71’6 1
) T M 1([0,2n1) " E:M[Oxhl
p

1 1

1 \#* 1 1 \»? —e

< 0,
_(1+e> l—i—e(p—l) M([ xN])

By inequality (33), we have

> [Ir ”Lp(dp.) o A ”Ll’(du)'

| H e llp ) =

From this result and inequalities (32) and (34), we can get

R() > WY N @y = 2 N 2o
€)
Ife llzo(ap

P 22y

( 1 >1+p+e 1
“\l+e 1—1%—6 e llzr ()

ASTE

*+€ 1 1
( 1 >l+p+€ 1 (1+€) - }7 E(pTl)
> —

1 1
l+e 1—;—6 (l+e)p+€(ple)

ST

Since € is arbitrary, it is easy to imply sup;_o R(f) =

(34)

To prove condition (ii), by Lemma 5.2, we can part the intervals (0, 1] to

(‘xl’ 1]; (x27x1]ro oy (xk+11xk]¢ oo

(35)



Nie and Yan Journal of Inequalities and Applications (2018) 2018:78 Page 14 of 18

such that

lim (1, xx]) _
koo 1u((0,x¢])

Then, for any € > 0, there is a sufficiently large integer N such that

(a1, xx])
1 ((0,%¢])

for k> N.
Thus, we have

M((O, xk+l]) <
w((0,x4])

1
Let fo = Y pon #((0,%6]) ™7™ X(xr,1,5- Then, for x,1 <x < x; and k > N, we have

1

w1 ((0,x]) Jiou
1

> -
w((0,x4]) (0,2441]

Hyfe(x) = Se(@) dp(e)

Se(@)dp(z)

M((O xk]) Z (O x, Z+6M((xi+1:xi])

1 M((O:xk+1])17’;+€
w(Oxe])  1-5+e

(1 - 6)175*{ —I%Jre
> EEvey 11((0,2¢]) (36)
1——+e
S _6_) . (37)

It follows from inequality (36) that

1
(1 _ E)1—1; +€
R(f) > ———.
1->+e€
r
Because ¢ is arbitrary, it is easy to know sup, R(f) > -5 . The proof of the suffice part of
Theorem 1.2 is then completed. 0

6 Counterexample
In this section we give some counterexamples that make sup;_ rc;» R(f) < p/(p — 1). The
following two lemmas tell us that we can limit our discussion to a special function set.

Lemma 6.1 Suppose p is a positive measure on R, and it has an atom xy. If {f,}, n =
1,2,..., is a series of functions satisfying f,(xo) = 1 and

nlggo Rulfu) = Iﬁ
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then we have

nlingo il 2o () = 0.

Proof Without loss of generality, we assume that p.({xo}) = 1. If the assertion does not hold,
then we can assume that there exists a constant C satisfying ||f;|l.r@u) < C. Let f; be the
decreasing rearrangement of f;,, then it is easy to get |f|l17(@m) < C and £"(1) > 1. Thus
we have f*(x) > 1 for 0 < x < 1. By Helly’s theorem, we can assume lim,,_, « f, = f* almost

everywhere. Since f; is decreasing, we have
* || P * p * p
2 i Uy = [ IO ez R @Y
which is equivalent to f;(R) < CR. Thus, by the control convergence theorem,

1
lim Hf(x) = lim —
n—00

n—-o00 X

/[ ]fj(t) dt = Hf*(x). (38)
0,x
However, by inequality (12), we have

Rou(fif) = Rulfu),

it obviously shows that {f;} is a maximizing sequence for H, i.e.,

. w_ P

nlingo R(f"’ ) - p- 1
By lim,,_, o f;f = f* and equality (38), using Lemma 2.2, we get R,,(f*) = ﬁ, which con-
tradicts the result about Hardy operator we have known. The proof is completed. O

Lemma 6.2 Suppose | is a positive measure on R, and it has an atom xy. If

r

sup{R,fIf < 11w = 2

then there exists a series of functions {fi}, k = 1,2,..., and fi(xo) = 0 such that

r

I R = 2

S

Proof It is obvious that we can assume there exists a series of functions g, gr(xo) = 1, such

that
. P
R = 7
Let
&),  x#xo,
Jilx) =

0, X = Xo.
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Then we have

Hofil) = H, gi(x), x < Xo; (39)
Hygi(x) — u({xo})/u([0,x]), x> xo.

By equality (39), we can get

601, = Vel - | g o] 40

On the other hand, it is easy to obtain

ST

Wicllze < llgll + 12 (fx0}) (41)

By Lemma 6.1, we know that limy_, o [|gkllz7(4,) = 00 and limy_, o R, (gk) = p/(p — 1). By
this result, together with inequalities (40) and (41), we can have

i

klggoR“(fk): -1

S

Now we can give some counterexamples.

Example 6.3 Suppose that u is supported in [a,b), u({a}) > 0, and u(R,) < co. Then
supy o Ry (f) < p/(p - 1).

Proof Suppose that the result is not valid. By Lemma 6.2, we can find a series of functions
{fx} fi(@) = 0, such that

P

I R = 2

S

Let A = u({a}), B= uw(R,), and u; = 4 — AS,. Then we have

_m([0x]) 1 B-A
Hdi) =10, ma0,a]) Jiou* 1 =~ Mk 42)
and
Wicllzz @y = Willze @duy)- (43)

By inequalities (42) and (43), we obtain

B-A B-A p
Ruf) < TRm(ﬁ() < Tl?l

It contradicts with limg_, o R, (fc) = p/(p — 1). Then the counterexample is valid. O

Example 6.4 1f ju = 3 22 A*8, with A > 1, then supsepp g,y RS < 5
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Proof By the definition of , we have

1
— d
HS00 = 055 o, SO

A-1)3F A

Ak+1

% | A (A7) (44)

and

S

o0

Hf()‘i') Hl,p(dy,) = k; lf()‘i+k) }p)‘k

=

i I (1K) [Pk
k=—00
=37 I 127 (@) (45)

By inequalities (44), (45), and Minkowski’s inequality, it follows

A=l s
IHflpian = | == D 2 (A")

=00 1P (dp)
0
Z “LP (dp)
0
A-1
== A |[f||uf ()
i=—00
A—
= i Hf”LP(du) (46)
A—AP
< £ The proof is completed. d
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