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1 Introduction
The subsequent inequalities are notable in the literature as Hermite—Hadamard’s inequal-
ity and Simpson’s inequality, respectively.

Theorem 1.1 Suppose that f :1 C R — R is a convex function defined on the interval I of
real numbers and a, b € I along with a < b. The following double inequality holds:

a+b 1 b fla) +f(b)
f< 5 )Sm/;f(x)dxfiz .

Theorem 1.2 Assume that f : [a,b] — R is a _four times continuously differentiable map-
ping on (a,b) and ||[fP||« = SUP e (4.0) [f®(x)| < 0o. Then the following inequality holds:

‘l[f(aﬂf(b) +2f(‘”b)] - bia/abf(x)dx

1
= 2ego b=

3 2 2 ~ 2880

Hermite—Hadamard’s inequalities and Simpson’s inequalities have remained an area of
great interest owing to their extensive applications in mathematics and other sciences.
Many researchers generalized these inequalities. For recent results, for example, see [1—
8] and the references mentioned in these papers.
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In 2013, Sarikaya et al. established the subsequent interesting Hermite—Hadamard’s in-
equalities by utilizing Riemann—-Liouville fractional integrals.

Theorem 1.3 ([9]) Let f : [a,b] — R be a positive function along with 0 < a < b, and let
f € L[a,b). Suppose that f is a convex function on |a, b, then the following inequalities for
fractional integrals hold:

b M'(w+1) (a) +f(b)
f(ﬂ; ) < e DSBS @)] S0, (L)

where the symbols ', f and J;"f denote respectively the left-sided and right-sided Riemann—
Liouville fractional integrals of order 1 > 0 defined by

/5+f(x)=%m [ e

and

o 1 b -1
]b_f(x)zm/; (t-x)""f(t)dt, x<b.

Here, I' () is the gamma function and its definition is T' (i) = fooo e~ tth-1dt. It is to be noted
that J2.f (x) = J)-f () = f (%).

In the case of u = 1, the fractional integral recaptures the classical integral.

Because of the extensive application of Riemann—Liouville fractional integrals, some au-
thors extended their studies to fractional Hermite—Hadamard’s inequalities via mappings
of different classes. For example, refer to [10—12] for convex mappings, to [13] for s-convex
mappings, to [14] for (s, m)-convex mappings, to [15] for s-Godunova—-Levin mappings, to
[16] for harmonically convex mappings, to [17] for preinvex mappings, to [18] for MT,,-
preinvex mappings, to [19] for i-convex mappings, to [20] for r-convex mappings, and see
the references cited therein.

In 2012, Mubeen and Habibullah introduced the following class of fractional integrals.

Definition 1.1 ([21]) Let f € L![a, b], then the Riemann—Liouville k-fractional integrals
ilhef (x) and i, f (x) of order > 0 are given as

1
kT (1)

U= o [(G-0f0d 0<aca<h)

and

s 1 ’ £-1
i) = s f (-t de (O<a<x<b)

respectively, where k > 0 and I'x(u) is the k-gamma function defined by I'x (1) = fooc 1 x
k
¢~ % dt. Furthermore, Ty (it + k) = Tk (1) and WO (%) = W] f (%) = f(x).

The concept of Riemann-Liouville k-fractional integral is an important generalization
of Riemann-Liouville fractional integrals. We would like to stress here that for k # 1
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the properties of Riemann-Liouville k-fractional integrals are very dissimilar to those of
classical Riemann-Liouville fractional integrals. Due to this, the Riemann-Liouville k-
fractional integrals have aroused many researchers’ interest. Properties and estimations
for the integral inequality related to this operator can be sought out in [22—27] and the
references cited therein.

The main purpose of the current paper is to establish some new bounds on Hermite—
Hadamard’s and Simpson’s inequalities for mappings whose absolute values of second
derivatives are generalized (m, h)-preinvex. To do this, the authors derive a general k-
fractional integral identity along with multi parameters for twice differentiable mappings.
By using this integral identity, the authors derive some new inequalities of Simpson and
Hermite—Hadamard type for these mappings.

To end this section, we restate some special functions and definitions as follows.

Let us consider the following special functions:

(1) The beta function:

F®re)

1
= = | &#1a-tdt, xy>0;
[(x+y) /0 Y

B(x,9)
(2) The incomplete beta function:

Bla;x,y) = / £ -t tdt, O0<a<l,xy>0;

0
(3) The hypergeometric function:
1 1
2Fi(a,b;c;2) = 56" / LA - 1 -2ty dt, ¢>b>0,]2[ < 1.
, C — 0

Definition 1.2 ([28]) A function f : [0,00) — R is named s-convex in the second sense
along with s € (0,1] if

Sflax+ By) <o’f(x) + B ()
holds for all x,y € [0,00) and «, 8 > 0 along with @ + 8 = 1.

Definition 1.3 ([29]) A function f: A € R — R is called s-Godunova—Levin function of
the second kind along with s € [0, 1] if

f& )

(-2

flx+(1-0)y) <
holds for all x,y € A and ¢ € (0, 1).

Definition 1.4 ([30]) A function f: A € R — R is named fgs-convex on A if f is non-

negative and

f(tx +(1-t)y) <t(1- t)[f(x) +f(y)]

holds for all v,y € A and ¢ € (0, 1).
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Definition 1.5 ([31]) A function f:A C R — R is called MT-convex if f is non-negative

and

flex+(1-t)y) < N%f(x) - —”;J;f@)

holds for all x,y € A and ¢ € (0, 1).

Definition 1.6 ([32]) A set A C R” is called m-invex with respect to the mapping n: A x
A x (0,1] — R” for some fixed m € (0, 1] if mx + An(y,x, m) € A holds for all x,y € A and
A€ 0,1].

Definition 1.7 ([33]) Let A C R be an open m-invex subset with respect to n: A x A x
(0,1] - R, and let &y, h; : [0,1] — Ry. A function f : A — R is said to be generalized

(m, hy, hy)-preinvex if

f(mx + tn(y,x,m)) < mhy(Of (%) + ha(6)f () (1.2)

is valid for all x,y € A and ¢ € [0, 1]. If inequality (1.2) reverses, then f is said to be gener-

alized (m, hy, hy)-preincave on A.

Clearly, if we take /11 (t) = h(1 — £), hy(£) = h(2) in Definition 1.7, then f becomes general-

ized (m, h)-preinvex functions as follows.

Definition 1.8 Let A C R be an open m-invex subset with respectton: A x A x (0,1] —
R, and let /: [0,1] — Ry. A function f : A — R is called generalized (m, &)-preinvex if

S (mx + tn(y,x,m)) < h()f (y) + mh(1 - £)f (x) (1.3)
is valid for all x,y € A and ¢ € [0, 1].

Remark 1.1 Let us discuss some special cases of Definition 1.8 as follows:
(i) choosing h(t) =1, we obtain the definition of generalized (m, P)-preinvex functions;

(i) choosing h(f) = t° for s € (0, 1], we obtain the definition of generalized
(mm, s)-Breckner-preinvex functions;

(iii) choosing k() =t~ for s € (0, 1), we obtain the definition of generalized
(m, s)-Godunova—Levin—Dragomir-preinvex functions;

(iv) choosing k(t) = t(1 - £), we obtain the definition of generalized (m, tgs)-preinvex
functions;

(v) choosing h(z) = 2«/%’ we obtain the definition of generalized m-MT-preinvex

functions.

It is worth mentioning here that, as far as we know, all the special cases considered above

are new in the literature.
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2 Main results

In order to derive our main results, we need the subsequent identity.

Lemma2.1 Let A C R bean open m-invex subset with respectton : A x A x (0,1] — R\ {0}

for some fixed m € (0,1],and let a,b € A, a < b with n(b,a,m) > 0. Assume thatf : A — Ris
a twice differentiable function on A such that f" is integrable on [ma, ma + n(b,a, m)]. Then
the following identity for Riemann—Liouville k-fractional integrals along with x € [a,b],
A €[0,1], u >0, and k > 0 exists:

vaﬂ(/‘l”k;x’ A,m, a, b)

(%)) 1
n&*(x, a,m) " Ry
il BTN Bl Wt 4 tn(x,a,m)) d

(& + )n(b,a,m) Jo |:<k + ) i|f (ma + tn(x, a,m))

(1) %205 2(x, b, m) [ t[(,u

N
—+1)r=tk [f"(mb+ tn(x, b, de, 2.1
ExDnbram) o k+> }/(’” * (s, b, m) 21

where

[f,n(ﬂ,k;x; A, m, a, b)
- 7[77% (%, a, m)f(ma +n(x,a, Wl))

(x, b, m)f (mb + n(x, b, m))]

' m [n% (@, m)f (ma) + (-1)n

K
k

(x, b, m)f (mb)]

1
e )
’ m[(_l)%ﬂn%ﬂ(% b, M)f/(mb +n(x, b, m))

%+1

- &, a, m)f (ma + n(x,a,m))]

Ci(p + k)

- 77(19 a Wl) [kjgna+r7(x,a,m))*f(ma) + k](l:nbw(x,b,m))*f(mb)]

and Ty is the k-gamma function.

Proof By integration by parts and replacing the variable, we can state

1 12
/ t[(ﬁ +1))L—tk:|f”(ma+tn(x,a,m)) dt
o k

:t[(%*J)A—¢%}fxma+tm%“ﬂﬂn1

n(x, a, m)

0
E+1 1 .
kT g . ;
n(xe,a,m) J, ()» tk)f (ma+tn(x a m)) t
- (* ) (ma +n(x,a,m))
B |:<k * 1>)L 1:| n(x,a,m)

1

E+1 . f(ma + tn(x,a, m))
- ﬂ(x»ﬂ,m) |:(A_tk) n(x,a,m)

0
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+/1ﬁt‘;_lf(ma+tn(x,a,m» dt]
0

k n(x, a,m)
(n ~ f'(ma + n(x,a, m))
_[<k +1))\. 1} n(x,&l,WI)
&
it ARy ma e ns.am) + a1 0ma)
%

ma+n(x,a,m) “
/ (u—ma)*f(u) du]

I3
Nk (x,a,m) Jma

- [(% + 1>x - 1}]{/(’”“ + 0, a,m))

n(x, a, m)
nw

+ k7+1 [(1 - A)j‘(ma +n(x,a m)) + A (ma)
n*(x, a, m) Y
Ti(p + k)

TR k](l:na+n(x,a,m))f(ma):|‘ (22)
nk(x,a,m)

Similarly, we get

1
f t[(% + 1))L _ t‘/ﬁ}/”(mb +tn(x,b,m)) dt
0

By S (mb + n(x, b, m))
i [(E ' 1)A_1} 0, b, m)

E+1
+ m (1- k)j”(mb +n(x, b, m)) + Af (mb)
Ui + k)
T k](ltna+n(x,b,m))‘f(7nb) . (23)
n& (x, b,m)
i i i 'I%ﬂ(?‘ﬂm) (—l)%dr]%ﬂ(th) .
Multiplying both sides of (2.2) and (2.3) by g Tnm and g DG respectively,
and adding the resulting identities together, we obtain the desired result. O

Remark 2.1 In Lemma 2.1, if we put k = 1 and (b, a, m) = b — ma along with m = 1, then
we get the following identity:

a _m[—("‘“)” e }/(x) +A[(x_“)ﬂf(“) I (b—x)“f(b)}
b-a b-a

1 (b-x)"" - (x—a)*'] I(p+1)
+<M+1—)L)|: x b_ax a ]'/(x)_%[];j_f(a)+lﬁf(b)]

o \nH2 1
B (Rt ey

L+ 1
O e e -0

which is proved by Iscan in [34]. Further, if we put u = 1, A = %, and x = a or x = b, then

the above identity recaptures Lemma 1 in [35].

Using Lemma 2.1, we now state the following theorem.
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Theorem 2.1 Let A C R be an open m-invex subset with respectton : A x A x (0,1] — R\
{0} for some fixed m € (0,1], and let a,b € A, a < b with n(b,a,m) > 0. Assume that f : A —
R is a twice differentiable function on A such that f" is integrable on [ma, ma + n(b, a, m)]. If
If"|? for q > 1 is a generalized (m, h)-preinvex function with respect to n and h : [0,1] — R,

then the following inequality for k-fractional integrals with x € [a,b], > € [0,1], 0 >0,k >0
exists:

’If,,,(//,,k;x, A, a, b)|

n
nE*2(x, a,m)

1_% 7 q .
ECO (k,M,)\){ (%+1)n(b,a,m) [Lf (x)| C](k,ﬂ,)x,h)

s mlf"(@)|"Colk, 1,25 1)] 7

-1 %+2 %+2 ,b,
( (% + lrgn(b,(;c,m)m) Hf//(x)|qC1(k, w, A h)

+ml|f"(b)|"Cy(k, u,/\;h)]%’ } (2.4)

where

n I
—+1)A—tr|det
(&)
B+ (fan 1
k
_ T T2 T OSKS%, 25)
(F+DA 1 L .
P _%; %<)\§ ,
m .
Cl(k,u,/\;h)zf t <?+1))\—tk ht)dt, 0<r<l, (2.6)
0
and
L .
Cz(k,u,k;h)zf t (Z+1>/\_ﬁ h(1l-¢)dt, 0<ic<l. (2.7)
0

Proof Applying Lemma 2.1 and the power mean inequality, we have

Iy (1, ks %, 1, 1, 2, )|

0k *2(x, a,m)
(% + Dn(b,a,m)

If" (ma + ty(x,a,m))| de

1
/ :
0
(-1) 520 % *2(x, b, m)
(% + 1)n(b,a, m)

) 1
< nk*=(x,a, m) (/ ;
(% + 1)77(b,ﬂ, m) 0

1
x(/o t(%u)x—t%

. ‘<—1>’k‘*zn2‘+2(x,b,m) (/lt
(% + Dn(b,a,m) 0

(%+1)A—tllﬁ
1
1% I
tH| —+1)A—tF
[ G
I w .
(1) i)

Lf” (ma + tn(x,a,m)) |q dt) !

1-
(% + 1)A —tk dt)

Lf” (mb +tn(x, b, m))| dt

Q=
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1

[f”(mb + tn(x, b, m)) |q dt) !

1
X(/O t(%ﬂ)k—ﬁ
1-1
=C0 q(k,/L,)\,)
L)) 1
n&**(x,a, m) / o i
S At HE +1)a -t
X{%+nmammﬁ(o K '
1\ Ee2 B2 1
+‘( 1) & & (x, b, m) (/ t<ﬁ+1)x
0 k

(% + 1)n(b,a,m)

[f”(mb +tn(x,b,m)) ‘q dt> ! } (2.8)

[f” (ma + tn(x,a,m)) !q dt) !

I3
_tk

Since |f”|? is generalized (m, h)-preinvex on [ma, ma + n(b,a, m)], we get

1
/t<ﬁ+1>x—t’k
L I\ k

L .
< | t(E 1 )n-t
—A (k*)

= |f" )| Culk, i, s h) + mlf"(@)| " Cak, pu, 25 1) (2.9)

Lf” (ma +tn(x,a,m)) |q dt

[@)|f"0)|* + mh(1 - 0)|f"(@)|"] dt

and

1
2 I
L —+1)A—tk
[ (&)
1 m B
§/t<—+1>)»—tk
0 k

= |[f"®)|"Ci(k, e, s h) + m|f" (B) | Cak, e, s ), (2.10)

[f” (mb +tn(x, b, m)) |q dt

[A(@)|f"@)|" + mh(1 - t)|f"(b)|"] de

where Cy(k, u, 1), Ci(k, i, A; 1), and Cy(k, i, A; 1) are defined by (2.5)—(2.7), respectively.
Hence, if we use (2.9) and (2.10) in (2.8), we can get the desired result. This completes the
proof. d

Let us point out some special cases of Theorem 2.1.
L If h(¢) = £ in Theorem 2.1, then we have the following results.

Corollary 2.1 In Theorem 2.1, if |f"|? for q > 1 is generalized (m,s)-Breckner-preinvex
functions, then, for s € (0,1] and m € (0, 1], we have

| (i, ks 2,0, m,,B)|
1-1
= C0 ! (k’ My )L)

|

VAﬁ”ﬁ”mam

(% + 1)n(b,a, m)

I
nx*2(x, a, m)

1/ q . Z q . %
W [Lf (x)| Tl(k,u,)»,s)+mv (ﬂ)| Tz(k,u,k,s)]

[VVWHMWJM+MWMWBMMJMﬁ}
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where we use the fact that

k(s+2)
2;1 I - "
(RS (41 1 1
Ty (k w X8) = (s+2)( +5+2) ~ Tt %+s+2’ 0<is %1’1’
y [y A ( +1)A 1 1 r<1
S+2 _%+s+2’ %+1< =4
B(% +2s+1)—(“+1)k/3(2s+1)
+2(& +1)w([(ﬂ+1)x]u 2,s+1) |, 0<i<,
To(k, i, A;8) = £l
—2/3([(“+1) ]M E12,5+1)
Ly ,s+1)-B(E+2,5+1), — <A<1,
(B+DAB2,s+1) - B(E +2,5+1) Lca<i
T+l

and Co(k, i1, A) is defined by (2.5).

Corollary 2.2 In Theorem 2.1, if the mapping n(b,a, m) = b — ma along with m = 1, taking

x = ‘”b , then for s € (0, 1], we have the following inequality for s-convex functions:

[

2 b
|k7_11f<ﬂ,kﬂ+ ,A,l,a,b)l
(b—a)x 2

‘ - A)f<“+b) [f(a) ;f(b)]

2k ll"k(u + k)
(b-a)t

b— 2 _1 b q ;11
< é(ﬁ f)l)cé q(k,u,x){H/”(“; )’ Tl(k,u,x;snV”(a>|"T2<k,u,A;s)]

[k] a+b _f( )+ 13 a+b)J(b)]‘

T

Remark 2.2 In Corollary 2.2,

(i) taking A = %, we obtain

251 a+b 1
e Ca Rt
ﬁ—l
SRICE 2f< ?) o] - 2B @y, 0]
—a)k 2
(b-a)® 1} 1
<8(“+1) <k“’2)
x {Hf//((l;b> qu </(,M,%;S> + v//(a)|qT2(k,M,%;s>:|q
a i
) o) |

Tl (k’ 122 A; S) + lf/,(b)|qT2(k» M’)L;S):| ! }
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(ii) taking A = 3, we obtain

1
3

e non) orafonts)]
+ [Hg) K (k’“’ %;S) KIS (/cw %S)]}
Specially, if we put k = it = s = 1, then we obtain
E[f(a 4f( ) f(b)}__/fx)dx
<S5 () - Srer]
+[ p(a;b> ”(b)ﬂ;}

(b a)? [ (591f"( a)|q+133Lf”(b
= )

59|f"(b)|1 + 133|f"(a)|?
+< 192 ) }

37

(2.11)

It is noted that the result of the first inequality in (2.11) is proved by Iscan in [34],
which is better than the result presented by Sarikaya et al. in [36, Theorem 6].

Remark 2.3 In Corollary 2.2, if we take k = 1 and X = 0,1, we have the results (f) and (h)
in [34, Corollary 2.3], respectively. Further, if we take p = 1, we have the results (g) and (i)
in [34, Corollary 2.3], respectively.

IL. If 4(¢) = t* in Theorem 2.1, then we have the following results.

Corollary 2.3 In Theorem 2.1, if |f"|? for q > 1 is generalized (m,s)-Godunova—Levin—
Dragomir-preinvex functions, then, for s € (0,1) and m € (0, 1], we have

Iy (1, ks %, 1, 1, 2, )|

1-1
Co ! (k, 1, 1)
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Q=

L3Y)
X { % [1f" )|t (k, s 25 8) + m|f" (@) U (K, s As5) ]
(_1)?+277F+2(x’b! Wl) 1/ q 1/ q %
’ e nGam |V @359 ¢ mif O Lk 359 }

where we use the fact that

2w 14 k2=9) u
TG+ (DA 1 0<ip< -1
R I I it
+ 1 1
<
2-s F-s+2’ [ <i=1,

B +2,1-5)— (L +1)AB(2,1~s)
+2(% + DAB(I(E +1),\]521-s) , 0sasgly
—Zﬁ([(ﬁ+1)klﬂ,k+2 1-5)

B+DAB2,1-5) - Bk +2,1-5), ﬁ<)\§1,

Uy (k, 1, A;8) =

and Cy(k, i, A) is defined by (2.5).

Corollary 2.4 In Theorem 2.1, if the mapping n(b, a, m) = b — ma together with m = 1, tak-
ingx = ”;—1’, fors € (0,1), we have the following inequality for s-Godunova—Levin functions:

() 2]

R N T @]

b-a)k )
< (b -a)? Cl_é(/ » Lfa+b qL[ 1o 2s5) [f”( )|qU (o 1255) 7
BECES A T )| b a s A TLL G s

ul(kr /L,)\.;S) + lf”(b)|qu2(k’ 122 )\;5)] ’ }

()
+
2
Remark 2.4 In Corollary 2.4,
(a) if A= % then we obtain

1
2% 71 b1
—_— <M,k,i 3’ l,a,b)‘

‘(b— py=x/
1 a+h 25 Tk + )
= ‘g|:f(a)+4f< 5 )+f(b)] - W[k (M#)f “)+IJM J(b)]’

_ - a)? 1% 1
8(“ +1) <k M’3>
()
x
2
q
Tl eroraon)

1 1
th <’<’M» g?s) +|f" (@) Uy <k,u, g;sﬂ !

I

QU
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Specially, if we put k = 1 = u, then we obtain a Simpson-type inequality:

a+b 1
If 1,1;—,—,1,61,b
2 '3

<

: ;
e ufoa ) ors(n )|

(b) if A= %, then we obtain

2%-1 a+b 1
—_— If(/,L,k;—;_;lrﬂrb)
b-a)f 2’2

1 b 25 T + &
= ‘Z[f(a) +2f(“;r ) +f(b)] - #[kf(ﬂ#)f(a) +k]("a7w)j(b)]}

(b-a)® 1-1 1
SR (k’“’5>
b\ | %
ol reraond)
b\|? %
[ aer o

Specially, if we put k = 1 = u, then we obtain an averaged midpoint-trapezoid-type

inequality:

a+b 1
(1L ——, 5 Lab
2’2

b b
= E|:f(a)+2f<%) +f(b)} - ﬁ/a Sfx)dx

ERONIECY
< _
- 16 6 2

+ H/"(d;b> qU1<1,1, %;S) + [f"(b)|quz<1, L, %;S)]ﬁ };

(¢) if A =0, then we obtain

1 1 1 1
L[l(l, 1, —;s) + [f”(a)\quz(l, 1, E;s)]

2

|
2k b

(s oras)
—a)k~

E-1
=‘j(ﬂ+b)_2 Fk(/'l'+k)[ 1 )f(ﬂ)"'k](y;%h)j(b)]

2 (b-a)t M (agh
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(b - a)Z 1 V//(ﬂ+b)|q 1/ q %
v () {[FEE ()
rreEhe 7
+[%_;+2 Ll (b)|q,6<%+2,1—s)} }

Specially, if we put k = 1 = u, then we obtain a midpoint-type inequality:

‘1f<1,1;¥,0,1,a,b)‘
b
= P(a;b)_%/ flx)dx
- (b ) 1 1—— lf//(m-b)'q , g %
= {3 T +|f"@)|"BB,1-5)

. [V /g(ms) Lf”(b)|qﬁ<3,1—s)ﬁ;

(d) if A =1, then we obtain
2K~ b
‘4N]f<uyk;a+ ylyl;ayb)‘
(b-a)c 2

_[f@+f®) 25T+
2 (b-a)¥

_(b-ap [%(% +3)T%
T8k +1) 25 +2)

L _S+3)lf//(a+b
X{[ 2-s)(E-5+2)

@ (%o )pea-a-p(he21 sm%

. [g(%—s+3)lf”(%)lq
2-s)(f-s+2)

+lf”(b>|”’((—+1)ﬂ<2 1-9)- /3( 2,1- s))]}

Specially, if we put k = 1 = u, then we obtain a trapezoid-type inequality:

a
(or#5Enan)

f@ef) 1t
= _b—af fx)dx

[0, £(@) + Tl S )]

2

1

(b-a)? 3 (T (4 NN (EHI L !
=25 () ey et -9-pe1-9)

Fﬁl—s){f”(%ﬁ
+ —_— =

1! q %
2-9G-9 +|f"(b)] (2/3(2,1—5)—,3(3,1_3))] }
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IIL If A(t) = t(1 — £) in Theorem 2.1, then we have the following results.

Corollary 2.5 [n Theorem 2.1, if |f"|1 for g > 1 is generalized (m, tgs)-preinvex functions,
then, for m € (0, 1], we have
|Ijr,n(u,/(;x,k,m,a, b)|

1,

< T (20 o, ){

_Q-

2 am) |, .
syl UCIRCACIE

(_1)%+2 %+2(x¢b’ ) 1/ //
e | @Il ]

Q=

where we use the fact that

2 3k Kyl iy K
T[(?TA.I))L] . - F[(?j})l] . - (?+1))L + I 1;1 ) 0 E )\ E )1.1 )
9(/(, ,LL,)\.) — 3(%+3) 2(F+4) 12 (g +3)(F+4) T+l
(F+Dx 1 L ca<1
2~ )’ Ta<t=

and Co(k, i, A) is defined by (2.5).

Corollary 2.6 In Theorem 2.1, if the mapping (b, a, m) = b — ma along with m = 1, taking

*b we get the following inequality for tgs-convex functions:

‘ - w(“”’) A[f(a) +f(b)]

x_ﬂ

2
£_1
2k Tr(u + k)
(b-a)k

(b- 4)2
_8(” 1)

b\ |7 g b\ |7
[ A4t ’ q g nf &+t
Al () e [ (5)
Remark 2.5 In Corollary 2.6,

(a) if A = 3, then we obtain

[ a+b f(d) + k] a+b ..f(b)]‘

-1
Co “(k, w09 (k1)

1

+ [f”(b)V]q }

&_1 k
‘1[fa>+4f< ) b >] B DR e @ sl J(b)]‘
6 (b-a)k “7)

b-ap a1( 1\ 1
PN TEEPEY /; » 5 9 M D
Sy < \Prz) komg

Al ] [ (5]

Specially, if we put k = 1 = u, then we obtain a Simpson-type inequality:

‘ [f a) + 4f<“+b>+f(b)]—ﬁfﬂbf(x)dx’

rorl}




Zhang et al. Journal of Inequalities and Applications (2018) 2018:49 Page 15 of 30

()
Al @) e[ (59 o] |

(b) if A= then we obtain

K_q l
Hf(a)+2f( ) b ] 2D O, @) ity J(b)]'
i b-a)f

(b-a)® 1-; 1\ 1 1
ssire () (k)
Al v [ () o)

Specially, if we put k = 1 = u, then we derive an averaged midpoint-trapezoid-type

inequality:
b
L@ (%50) o] -1 [rwe
b-a) (1\7 b\ | q
S( 9661) <g> {H'///<a;' ) +lf//(a)|q:|
[ (=) v ror]'}

(¢) if A =0, then we obtain

a+b\ 28 i(n + k)
P( 2 > - (b—ﬂ)% [k (a+b f((l) + k] a+h J(b)]‘

L - a (1 \'u 1 i
—8(k+1) (% +2> [(% +3)(% +4)}
Al rar) [ (52) - vor}
Specially, if we put k = 1 = u, then we derive a midpoint-type inequality:
a+b 1 ?
ICOR=TRCE
(b-a) [ 3\4 a+b :
= <%> W ( )‘ ref ]
Jr (=) v ror]'}
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(d) if A = 1, then we obtain

,_1 k
‘f(a)+f( 2k(b“;‘,+ [, f(a)+k(a;b>f(b)]‘

B (b—a)z[%(%w)]l-%[ (k2+8’*+19)}
“8(E+ [ 25 +2) 125 + 3)(E + 4)

AP C vl ) o]

Specially, if we put k = 1 = 1, then we obtain a trapezoid-type inequality:

‘f(a);f( S / oy
@ e
[ o]}

J_ in Theorem 2.1, then we have the following results.

q

+ lfﬁ(ﬂ)‘q]

IV.If h(2) =

Corollary 2.7 In Theorem 2.1, if |f”|? for q > 1 is generalized m-MT-preinvex functions,
then, for m € (0, 1], we have

‘If,,,(u, k;x, A, m,a,b) ’

1-1
C() 7 (k, M, )L){

—1) 520 %*2(x, b, i
L ———]

3% 1
D ’W”(’C)Vq’l(k’“’” +mlf' @] @alk, 1, 2]

where we use the fact that

D (k, u, A)
3 (L 41) k
Lp(k + 3,1~ 2 ("+1)kﬁ([(“+1)klﬂ,2,— .
51 , OS)LSE—H,
= —/3([(“"'1) ]“ 2+ 5;5) k
(£ +1)
ﬂ1é+ —%ﬁ(%‘*%:%), %+1<K§1,
CDZ(k://ﬂ)‘)

: B + DAL 4 2
A.T[(%+1) 1

w33 1
16 PG +55), <A=1,

1A + 3,2 = ZED L (6 g% + DA, ﬂ .
3 )
72

and Cy(k, i, A) is defined by (2.5).
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Corollary 2.8 [n Theorem 2.1, if the mapping n(b,a,m) = b — ma together with m = 1,
taking x = ”*b , we get the following inequality for M T -convex functions:

‘(1 /\)f<ﬂ+b> M[f(a) ;f(b)}

2?71Fk(u + k)

[ 1@ T SO)

(b-a)¥
b—a)? b\ |7 7
- [ (252 e
k

cI)I(k; /’L’)‘-) + V//(b)|q¢2(kr Mr)\):| ! }

(2]
2
Remark 2.6 In Corollary 2.8,

(a) if A = %, then we obtain

£
‘1[fa)+4f<a+b> f(b)]_w[ u+b)j(a)+k]a+bj(b)]‘
b-a)x
(b-a)* 1-1 1 L a+b\|! 1
ssire ()l (557) [ (ke3)
o))
1" q 1 %I
[ (557 )ou ) siroronfin) [}
Specially, if we put k = 1 = u, then we derive a Simpson-type inequality:
b
osw(50) o] - [rwa
(b—a)® ( 8\ [[|.. a+b)| N 1\14
) ) o)
s b 1 1 2 1 %
o) rorau])

where

1\ 71v2 1 . /3 =
®(1,1,- )= —— + —arcsin — — —
3 648 8 3 32

and

1 19 1 1 1
o, 1,1,=- ) = f — arcsin — + — arctan2\/_— —
3 648 12 3 16 32
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(b) if A= %, then we obtain

-1
‘ [;u 2f<a+b> ] FAtgk% g @+ +ﬂwﬂ

—6l
1—1 1 1
q
b bl ¢ bl
8(“+1> ( ”2) 1<k“2>

8]
aroon )] |
) ) rorm(en] |

Specially, if we put k = 1 = u, then we derive an averaged midpoint-trapezoid-type

inequality:

e e
() (52 ]
e o)

(¢) if A =0, then we obtain

a+b\ 28 + k) ’
- b a+b b
P( 2) b-a)t [age) /@ + g, S )]

a1\l
"&%+1)(%+2) (5)
Aa+b\|T (n 51 //qu33%
A7) oG 50) (i3]
Aa+b\|T (n 51 voaa 33
L5 oo sa) o35 )
Specially, if we put k = 1 = u, then we obtain a midpoint-type inequality:
a+b 1 ?
1(57) 5 [ reas
<<b-a>2(§>5
- 48 2
57|, (a+b b4 " a
AP ) ]
5a|,.,(a+b\| " 1
[l ()] - o]}

Q=
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(d) if A = 1, then we obtain

‘f(a) +f(b) ~ 2%‘1I‘k(ﬂ+k)[ j(a)+k/ J(b)]‘
m aHb ‘”b

(b-a)k
e () () (- (4 33)
8L+ 1)\ 2(2+2) 2 16 22
1/ q (%+1)T[ 1 " 3 3
+" @) ( 16 ﬂ(k 2 2))}
L(a+b\|T(3k+Dr 1 /u 51
T 502
S (%+1)7r 1 (nw 33
A ( 16 ﬂ<? 2 2))] }

Specially, if we put k = 1 = p, then we obtain a trapezoid-type inequality:

‘f (a) +f(b)
2

1 b
—b_a/af(x)dx
- (b—a)2(g>1-é
- 16 3
”:771"/,/(a+b)
< = g

32 2 32

7 a+b 3 " @
far () -wrer)

Now, we get ready to state the second theorem as follows.

1
1 37 y q
N (a)yq}

Theorem 2.2 Let A C R be an open m-invex subset with respectton : A x A x (0,1] — R\
{0} for some fixed m € (0,1], and let a,b € A, a < b with n(b,a, m) > 0. Assume that f : A —
R is a twice differentiable function on A such that f” is integrable on [ma, ma + (b, a, m)]. If
If"|? for q > 1 is a generalized (m, h)-preinvex function with respect to n and h : [0,1] — R,
then the following inequality for k-fractional integrals with x € [a,b], . € [0,1], 0 >0,k >0
exists:

|1y (11, ks, 3, 1, 4, )|
1
< C3 (k, pt, 2, p)
n ©*2(x, @, m)

X { @+ Dnlb.a,m [Lf”( )| / h(t)dt + mlf(a)| / h(l—t)dt:|

(=D& 20k 2(x, b, m)
’ (% + Dn(b,a,m)

1 1 i
X |:[f”(x)|q/0 h(t)dt+mV’/(b)|q‘/0 h(l—t)dt] }, (2.12)
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where p = % and

C3(k) M»)»,p)
p(%+1)+1’ A=0,
kkp( e +1)
k(g + D3] k(1+p)
= k[1-(& +1)app+1 " X A r 1+p) ’ 0<)\Sﬁ’
(& 1
+ Mk(pﬂ) oF1(1- (Jp),l;p+2;1—(%+1)k)
k+kp(%+1)
K[(F+DA 7 1 k(+p) L
D ﬂ((%u)k’ w 1+p), %+1<)‘<1
Proof Using Lemma 2.1 and Hélder’s inequality, we have
|Zr., (. ks %, 1., m, a, b)|

I
nx*2(x,a, m)

(% + Dn(b,a,m)

1
/ ¢
0
(~1) 520 % *2(x, b, m)

(% + 1)n(b,a, m)

(% + l)k _t% If" (ma + ty(x,a,m))| de

1
/ t (ﬁ+1)x—t'k
s I\k
&2 (x, a, m)

1 " ;
@+ Dnlbam) [/o g (?”))‘_t
1 ;
X |:/ [f”(ma+ tn(x,a,m))|th]
0

‘ (_1)%+2n%+2(x’ b, m)
+

1 " B
=+ Db,a,m) [/o v (? ' l))‘_”

1 ;
X |:/ [f”(mb + tn(x, b,m)) !q dt:|
0

Lf” (mb +tn(x, b, m))| dt

K
dt:|

1

4 P
dt:|
Since |f”|? is generalized (m, h)-preinvex on [ma, ma + n(b,a, m)], we get

1 1
/ [f”(ma + tn(x, a,m)) |th < / [A(2) [f”(x)|q +mh(1—1t) V”(ﬂ)m de
0 0

(2.13)

1 1
If"(x)|* / h(t)dt + m|f"(a)|* / h(1l-t)dt,  (2.14)
0 0
1 1
/ If" (mb + tn(x, b,m))|" dt < / [h@)|f" x)|" + mh(1 - )| ()| ] de
0

and

1 1
[f“(x)\‘f/ h(t)dt+mv/’(b)|qf h(1-t)dt, (2.15)
0 0

C3(k) /'Lr)\'rp)

Page 20 of 30
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o e Dr gy, »=0,
k
LA H
Sy R e gy - gk de X
= 1 (N N 0<A < T
+/ « PR — (B +1)APde k
[(E+Dr]#
1 I
Jo PLE +Da—tk]Pdt, ﬁ<k§1
p(E+1)+1’ r=0,
k+kp(%+l)
kl(+02) R k(1+p)
B( ,1+p) 1
= k[l—(%+1)x]l“1 " K(1+p) H P B » O<A= v (2.16)
+ D) 2Fi(1- =5, 5p+ 21 = (7 +1)A)
k+kp(%+1)
K(F+Da) 7 (s k(1+p
m B (F+1n’

m )1 +p),
proof.

Hence, if we use (2.14)—(2.16) in (2.13), we can get the desired result. This completes the

O
Let us point out some special cases of Theorem 2.2.
L. If h(¢) = £’ in Theorem 2.2, then we have the following results.
Corollary 2.9 In Theorem 2.2, if we use the generalized (m, s)-Breckner-preinvexity of |f" |1
along with ¢ > 1 and p = %, then, for s € (0,1] and m € (0, 1], we have the following in-
equality:

‘If,,,(u, k;x, A, m,a, b) ’

N
nE 2 (x, a,m)

1
’ [f" @) + ml|f" (@)l 4
< C¥ (k, p, A,
=G ln p){ (%+1)n(b,a,M)‘[ s+1
| COE2E 2 by |11+ mlf )1
(% + Dn(b,a,m) s+1 '
Corollary 2.10 In Theorem 2.2, if the mapping n(b,a, m) = b — ma together with m = 1,

choosing x = #, for s € (0,1], we have the following inequality for s-convex functions:
(

a+b

I y Ky —— ,)\‘y 1; )
b—a)%lf(“k 2 “b)‘

1
b-a? F @+ " @11 [ @)1+ [ (b))
) ))\’l
58(%+1)C3(kﬂ p) s+1 ¥
Remark 2.7 In Corollary 2.10,

)

(i) if A= %, then we obtain

- (b-a)*

L=

T 8(%+1)

(k, we p>{[W] ) [W(xw B
s+1

1
q
s+1 :| }’

Page 21 of 30
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(ii) ifk=1and A = %, 1, then we have the results (c) and (f) of Corollary 2.3 in [34],
respectively. Further, if we choose p = 1, then we have the results (d) and (g) of
Corollary 2.3 in [34], respectively.

IL If &(f) = t~* in Theorem 2.2, then we have the following results.

Corollary 2.11 In Theorem 2.2, if we use the generalized (m, s)-Godunova—Levin—Drago-
mir-preinvexity of |f” |1 along with q > 1 and p = %, then, for s € (0,1) and m € (0,1], we
have the following inequality:

Iy (1, K3 %, 1, 1, 2, D) |

2 1
n (x,a,m) )‘[V//(x){q+mV//(a)|q]§

1 1
C? (k, iy 1,
< G5 (kA p) l{(%+DM&mm

(1-9)7

D520 2, b,m) |, o (412
’ e |+l (b)mq}'

Corollary 2.12 [n Theorem 2.2, if the mapping (b, a, m) = b— ma along with m = 1, choos-

ingx = ”;—b, fors € (0,1), we have the following inequality for s-Godunova—Levin functions:

b e k
’(1 )\)f( ) |:f(a) ;f )i| _ 2k Fk(/JL;' ) [ Mb j(ﬂ) + k] a+b J(b)]‘
(b—a)rx

b—a)?* 1
b4 =C3 (k, 1, 1, p)

8L 1)(1-s)e
q : q :
+ Lf//(a)‘qil + Hf//<¥>‘ + V//(b)|q] }

(%)
x il
2
Remark 2.8 In Corollary 2.12,
(a) if A= %, then we obtain

1 a+b 2F i + k)
‘g[f(ﬂ) +4f<T> +f(b)] - W[/J a+b)f( a) + k] agp J(b)]‘

(b-a)® 1( 1 )
————Ckp=p
S(L+1)(1-s5)7 3

)] e )

Specially, if we put k = 1 = u, then we derive a Simpson-type inequality:

b b
rosw(%50) o] -1 [rwa
< (b-a)? C; ( 1 ,p>
16(1 — 59

Al (2

IA

1

e[ (5 s ror)

<
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(b) if A= %, then we obtain

£
‘[f@+y(””j+ﬂw]-5—5&$fﬁ ﬁhﬂm+uwhﬂwﬂ
(b-a)* ) )

b—a)? 1 1
(kL)

8(% +1)(1-5)1
1 + V”(ﬂ)|q:|q + [pu(#)

Al (=) ror]}

Specially, if we put k = 1 = u, then we derive an averaged midpoint-trapezoid-type

q

inequality:

‘ [f a) + 2f<“+b)+f(b)]—ﬁ/ﬂbf(x)dx’

2 1
<—@—flTﬁﬂ1+n1+p>

AP o] [t or])

(¢) if A =0, then we obtain

a+b\ 28 i + k)
P( 2 )_ b-_a)t [k(p@)f( )+k]a+bJ(b)]’

1

- (b - a)? [ 1 } r
T8t (1-g)7 LP(E D]

Al ] [ (5]

Specially, if we put k = 1 = u, then we derive a midpoint-type inequality:

b b
(E52) -t o
3 (b—a)zl( 1 );
16(1—s)a \2P +1

AP C o[ () o]

(d) if A = 1, then we obtain
‘ﬂM+ﬂm_2%%uu+m
(b-a)t
(b-a)? 1

< —1C5{7 (kuu‘) I:P)
8(L +1)(1-5)7

Al ] () o] )

rorl}

[ a+hj(ﬂ +k(a+hj(b]‘
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Specially, if we put k = 1 = u, then we derive a trapezoid-type inequality:

‘f(a) +f(b) / F(x) dx

S—QJEX—P“”ﬁ< 1+pJ+P>]E

N Py

IIL If A(¢) = t(1 — t) in Theorem 2.2, then we have the following results.

o]

Corollary 2.13 In Theorem 2.2, if we use the generalized (m, tgs)-preinvexity of |f”'|? along

withq>1andp = = L, then, for m € (0,1], we have the following inequality:

I (s ks %, 0., m, a, b)|

1
1 1\4

(—1)%+277%+2(x, )
(% + 1)n(b,a, m)

Q=

77%+2(x,a,m) ot o
T+ D, | @ @]

[l i@}

where Cs(k, 1, A, p) is defined by (2.16).
Corollary 2.14 In Theorem 2.2, if the mapping n(b,a, m) = b — ma together with m = 1,

choosing x = M, we get the following inequality for tgs-convex functions:

£
’(1 W( ) [f(a)+f( }_zk Fk(/t;k Wt f(ﬂ)_,_k]u j(b)]‘
2 (b-a)F =2

b—a) (1\1 }
< é( f)l)(6) C (k, 11,1 )

Al () o] [ (7)o}

Remark 2.9 In Corollary 2.14,
(a) if A= %, then we obtain

1 a+b 25T (u + k)
‘g[f(ﬂ) +4f<T> +f(b)] - W[U a+b)f( a) + i/ a+h)J(b)]‘

(b-ap (1)1 1 1
e (el
Al ] (5

+ V//(b)|Qj|a }

b)q
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Specially, if we put k = 1 = u, then we derive a Simpson-type inequality:

HICRI e ) 0] 5t [ e
() )
X{[P,(a+b> Vﬁa|} +[pw(a+b)‘ qu|} }

(b) if A= %, then we obtain

b ! K
@ () o] 2B s, s
b-of

_(b-ay 1o
G +1)<6) < (k’“’i’p)
q : q :
AU () ]« (57 +ror]'}

Specially, if we put k = 1 = 11, then we derive an averaged midpoint-trapezoid-type

inequality:
b
Lr@rr () o] 5 [rwa
(b-a) (1\7 1
=1 (g Br(1+p,1+p)

Q
+

o] () o] )

Al

’)
(¢) if A =0, then we obtain

a+b\ 257 Tu(u+k), N ’
- b a+b b
1(57) -2l g, @+, 0]

(b-a) (1\7 1 5
8(“+1)( ) [ (ﬁ+1)+1:|

A ] (50

Specially, if we put k = 1 = u, then we derive a midpoint-type inequality:
a+b
— ) d
P( 2 ) / S dy
a (Zp +1 )

+Lf”(a|} +H/ (“b)‘ V”(b)l] }

\&}

rorl}

=0}

)

{Hf
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(d) if A = 1, then we obtain

‘f(a) +f(b) 25 Tu(p+ k)

: o af W f@ M)J(b)]’

L b-af ( )c}’ (& 11, )

8(%+1)
s ot Jr ) o)

Specially, if we put k = 1 = u, then we derive a trapezoid-type inequality:

b
0101,

—(b16ﬂ)2(6> 2 (3 “f”“”)]}?
2 s 2 o)

IV.If h(t) = \/L in Theorem 2.2, then we have the following results.

Corollary 2.15 In Theorem 2.2, if we use the generalized m-MT -preinvexity of |f"'|? along

withq>1andp = ﬂ’ then, for m € (0, 1], we have the following inequality:

‘If,n(l«h k;x, A, m,a,b) ’

1 T %
<CJ (kmhp)(z) {

(_1)%+2 %+2( ’b’ ) 7 "
’ %+&M2m7[V(I+mV@H

Q=

o | ”
m [ @|* + mlf"(a)|]

Q-

where we use the fact that

/1 Vi dt—/1 A1 tg T

0 21—t o 2Vt 4

Corollary 2.16 In Theorem 2.2, if the mapping n(b,a, m) = b — ma together with m = 1,
choosing x = ”*b , we get the following inequality for M T -convex functions:

’(1 () o[0T

2k’1Fk(M +/<)
(b-a)k

1
b-a)? (m\71 L
_ <Z) C? (ky 11, 1, )

T 8(k+1)
q : q :
. [f”(a)r’] N H/("E”)‘ N [f"(b)r’] }

A7)

[k] a+b _f( )+k] ,”b J(b)]‘
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Remark 2.10 In Corollary 2.16,
(a) if A= %, then we obtain

\ pvn %(“+b)+fwﬂ

257y (e + k)
(b-a)k

(b - a) l; ol
B ) ol
AN v [ (5 o] )
Specially, if we put k = 1 = u, then we derive a Simpson-type inequality:
R e O e N
(b-ap (m\1 L[ 1
<S5 (5) e (rg0)
Al ] [ (5 o] )

(b) if x = %, then we obtain

‘ipw+y(?¥ﬁ+ﬂm]

2E i + k)
(b-a)k

< (5 el (o)
A @] [r(452) ror]}

Specially, if we put k = 1 = u, then we derive an averaged midpoint-trapezoid-type

[ @) T SO))

g, S@ T, SO))

inequality:
b
foal2) o]t o
b—a)? % 1
<! 1:) <%> pr(1+p,1+p)

Al ] (5 o] )
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(¢) if A =0, then we obtain

a+b 2%’1Fk(ﬂ+k) "
P( 2 )‘ b-a)f [« (%ﬂ )+k(a+b)J(b)]'

<(b—a)2 7\ 1 5
—8<%+1>(Z) [p(ﬂ+1>+1]

Al ] (5 o] )

Specially, if we put k = 1 = 1, then we derive a midpoint-type inequality:

a+b 1 b
P( 7 ) [ e
<(b-a)2(z)%( 1 )1%
- 16 \4 2p+1
y W(z”) " v’«a)rfr . [P(zb)’ v”w)vﬁ;
(d) if A =1, then we obtain
‘f(a) +f(b) 25 Th(p+ k)
2 (b-a)k

b—a? (w\i 1

T 8(%+1)
! + [f”(ﬂ)’q:|q + H/,,(a;b)

[ a+b f(&l) + k] a+b)+f(b)]‘

Al ) ror]

Specially, if we put k = 1 = u, then we derive a trapezoid-type inequality:

fl@+fb)y 1 [?
TN

b-a) ’
< ( 16a) (%) |:21+2p13< 1+p,1+p>i|
1/ (l+b 1 7 q % 1/ (l+b
Al () e [ ()
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