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1 Introduction

It is certain for the development of fractional calculus because the fractional derivative
has global correlation, which can reflect the historical process of the systematic func-
tion. Besides, a fractional derivative model can give better results by using fewer param-
eters than the classical integer order model. What is more, compared with the nonlinear
model, the physical meaning of the fractional order model is clearer and the expression is
more concise. Since the first monograph on fractional calculus was published by Oldham
and Spanier in 1974, fractional calculus has been widely used in science, engineering, and
many other fields [1-4].

With regard to the definition of fractional derivatives, many mathematicians studied
fractional derivatives from different aspects and advanced different definitions for them,
e.g., Riemann-Liouville (RL) derivative and Caputo derivative. Zhang et al. [5] used the
Riemann-Liouville fractional derivative to prove the stability of the linear degenerate frac-
tional differential system. Almeida [6] solved some fractional variational problems involv-
ing the Caputo fractional derivative. Nevertheless, both of them have some shortcomings.
For example, the Riemann-Liouville derivative cannot be employed without initial con-
ditions, which makes it hard to use in several practical problems. Besides, the fractional
calculus defined by Caputo has a singular kernel.

Recently, in 2015, Caputo and Fabrizio [7] proposed Caputo—Fabrizio (CF) fractional
derivative to overcome the drawback of the singular kernel. However, since the kernel in
the integral is still non-local, the CF fractional derivative also has shortcomings. Moreover,
in CF fractional derivatives, the associated integral is not a fractional operator. Herglotz
[8] introduced the generalized variational principle in 1930. Then Garra et al. [9], using
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Caputo derivative calculates, attained Euler—Lagrange equations and transversality con-
ditions for the problem of Herglotz.

In 2016, Atangana and Baleanu [10] introduced a new kind of fractional derivative. Atan-
gana et al. [11] studied the numerical approximation of the Riemann-Liouville deriva-
tives, which is called Atangana—Baleanu (AB) fractional derivative. Several comparative
studies of CF fractional derivative and AB fractional derivative have been presented in re-
cent years. Sheikh et al. [12] compared the CF fractional derivative with the AB fractional
derivative in the free convection of generalized Casson fluid. The differences between the
CF fractional derivative and the AB fractional derivative with respect to the Allen—Cahn
model are proposed by Algahtani et al. [13]. The research of Sheikh et al. [14] showed the
comparisons of CF fractional derivative with AB fractional derivative in the generalized
Casson fluid model, whose exact solutions can be attained by the Laplace transform [15—
17]. Khan et al. [18] analyzed the similarities and differences between the two fractional
derivatives.

In summary, the fractional derivatives defined in the previous papers have many draw-
backs. The derivative of the constant in RL sense does not equal zero. In addition, both RL
and Caputo fractional derivatives are singular. Some integral of CF fractional derivative is
not a fractional operator. Besides, the generalized Mittag-Leftler function was used by the
AB fractional derivative as a non-singular and non-local kernel. What is more, the AB
fractional derivative contains all the properties of fractional derivatives. Many researches
have tried to use the AB fractional derivative to solve some practical problems. Gémeza-
guilar et al. [19] utilized the AB fractional operator in dielectric media as an alternative
solution of the fractional waves. Alkahtani [20], using the AB fractional derivative, did nu-
merical research on the extension model of dynamics for Chua’s circuit. Gémez-Aguilar
et al. [21] attained the analytical solutions for the electrical series circuits RC, LC, and
RL with AB fractional derivative. Jan et al. [22] applied the AB fractional derivative into
the generalized model of Brinkman-type fluid. Abro et al. [23] solved partial differential
equations with AB fractional derivative in molybdenum disulfide nanofluids.

The main aim of this paper is to solve fractional calculus of variational Herglotz problem
depending on an AB fractional derivative. The structure of this paper is as follows. In
Sect. 2, the basic definitions and notations involving in the Atangana—Baleanu—Riemann—
Liouville and Atangana—Baleanu—Caputo fractional derivatives are presented. In Sect. 3,
the fractional differential equation of Herglotz is received. In Sect. 4, fractional variational
Herglotz problems of variable order are considered. In Sect. 5, the Noether theorem with

this new fractional derivative is proved. At last, the conclusion is presented in Sect. 6.

2 Preliminaries

In this section, we quote some basic definitions with respect to the Atangana—Baleanu—
Riemann-Liouville (ABR) fractional derivative and the Atangana—Baleanu—Caputo
(ABC) fractional derivative [24]. Let a function f(¢) : [a,b] — R, the left ABR fractional
derivative is defined by

l-«o

O (—a "“"‘)a)dx, &
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and in the right ABR fractional derivative sense by
B(a — 1)~
ABR o
Dif(t) = ——— E, dx, 2
i =29 & [ e, (522 @)

where B(«) is a normalization function such that B(0) =B(1) =1, 0< « < 1, and E,(z) =
> reo I,(az—]l;l) (z € C,Re(a) > 0) is a Mittag-Leffler function with one parameter [25].

Definition 1 (see [24, Definition 2.1 and Definition 2.5]) Define a Hilbert space(H), and let
a function f € H'(a, b), b > a, a € (0, 1), then the new ABC fractional derivative is defined
by

oty 7 [ e (-2 Yax ®
and
enis0 =2 [y or (w50 Yax @

Definition 2 (see [24, Proposition 2.4]) Let g(¢) be a continuous function and f(£) be of

class C!. Then we have

b b t=b
[ <m0 a- [ rortpigydes | £O0E, . 00] ©
and
b ABC b ABR B(«) 1 =
[ awentwa= [ s Dtg(t)dt—[mfu)lzammg(t)}. ®)

Besides, the left generalized fractional integral operator [24] is defined by

E) o oar @) = /a x(x -t E) [ -t)]e@)dt, x>a, (7)

and the right generalized fractional integral operator is defined by

b
Ezvuvw,b,w(x) = / (t- x)"‘lEZ,M [w(t - x)"]go(t) dt, x<b, (8)

where the generalized Mittag-Leffler function [25] is defined by

(e
E} (2) = kZO: m (0,1, y € C,Re(p) > 0).

3 Fractional variational Herglotz problems
In this section, we consider fractional variational Herglotz problems with dependence on

ABC fractional derivatives and ABR fractional derivatives. According to the generalized
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variational principle of Herglotz in the shape space [26], the Herglotz problem of the non-
conservative system in the phase space can be defined as

dz

=" L(t,x(8), 5D x(t), 2(t)), t € [a,b), &)

where the initial condition is z(a) = z,, and z, is a given real number. The aim of Herglotz
problems is to find a locus x € C!([a, b], R) with the condition that z is the solution of the
above system.

The following hypothesis should be allowed:

1. x(a) = x,, x(b) = xp, X4, % € R;

2. ABCDux(£) € CY([a, b, R);

3. L e CY([a,b] x R%,R);

4. The map ¢ +— A(t)93L[x,z](¢) is such that ?BCDZ‘(A(t)BgL[x, z](¢)) exists and is

continuous on [a, b], where

[x,21(2) = (¢,%(2), ABC D% x(¢), ()

and

AE) = exp(—/‘t 84L[x,z](t)dr>. (10)

Remark 1 The solution z of differential equation (9) lies on the variables x and ¢. We con-
sider the function h(t) € C*([a, b], R) with the boundary conditions 4(a) = h(b) = 0. In ad-
dition, we introduce any arbitrary small parameter € € R, and then x + €/ € CY[a,b],R)
exists in the neighborhood of x. Let x be replaced by x + €/, then the solution z relates to
€ and it is also differentiable with regard to €.

Let z(t)|;=p be a minimum and the value of the function z(x, b) be an extremum for the
function x(t).

Theorem 1 Let x be such that z(x, b) defined by equation (9) reaches an extremum. Then
x is a solution of

AE)0,L[x, 2] (¢) + fBRD‘Z (A(t)agL[x, z](t)) =0 (11)
on [a,b].

Proof Since z(x, b) is a minimum, with any sufficiently small real number ¢, the solution z
is given by

o(t) = %z(x +eht)| . (12)

€=0

Then we attain

%z(x +€h) = L(t,x(t) + eh(t),QBCD‘j‘ [x(t) + eh(t)],z(x +€h(t), t)) (13)
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Therefore, we get

d d d
Eaﬁ(t) = &z(x +€h)

€=0

= ——z(x+¢€h)
€ €=0

= %L(t,x(t) +€h(t), APDI[x(t) + €h(t)], z(x + €h(2), t))

€=0
= 3oL[x, z](£)h(t) + 9sL[x, z](t)‘QBCD‘;‘h(t) + 04L[x,2](t)p(2).

We denote that

a(t) = 94L[x, z](2)
and

b(£) = 8L [x, 2](8)A(t) + 8L 1x, 2] () 2PC DY (e).
Then we get

%w) = b(t) + a(D(0),

and considering A(£) = exp(— f; 04L[x,z](t)dt), we derive that

d
|:Z¢(t) - ﬂ(t)¢(t)i|)»(t) =b(t)A(t),
then
/d(q&(t)k(r)):/ b(t)A(r)dr.

According to the condition that z() is minimum, we obtain the solution for the last dif-

ferential equation:
b
d(D)A(D) — ¢(a) = / A(E)[02L[x, 2] (£)h(2) + 05L[x, 2] (t)ﬁBCD‘;‘h(t)] dt

b b
:/ k(t)&zL[x,z](t)h(t)dt+/ h()MBRDE A (8)35L[x, 2](2) ] dt

" %h(t)Ei,l,%,k [M(£)0sL[x, 2)(1)]|

t=b
t=a’

Since ¢(a) = ¢(b) = 0 and h(a) = h(b) = 0, we get
A(£)0yL[x, Z](¢) + ?BRD‘Z (k(t) 03L[x, z](t)) =0

forall ¢ € [a, b]. O
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Example 1 Consider this system

de _ [ABCDux()2+t—1, te[0,1],

x(0) =1, z(0) =0,

where 0 < o < 1. Since the initial value x(0) = 1, let x = 1, and according to Theorem 1, we
obtain

DR 3D x0)] = 0

4 Fractional variational Herglotz problems of variable order
In this section, the fractional operators of variable fractional order with two functions are
considered for the Herglotz problems. Then we show two cases: one with one independent
variable, another with several independent variables.

In the first part of this section, we discuss the case of one independent variable. Inspired
by the paper [27], we introduce a linear combination of the fractional derivatives of vari-
able fractional order by considering the previous concepts.

Definition 3 (see [27]) Let u,y : [a, b]?> — (0, 1) be two functions and 1 = (1, 12) € [0,1]2
be a vector. We deduce that the combined ABR fractional derivative is defined by

PEDIY a(t) = mg " D w(t) + o Dy x(8). (14)
Therefore, the combined ABC fractional derivative is defined by
ABCDIY a(0) = i APCDx(t) + o PED) (1) (15)

The ABC fractional derivative of variable order is similar to (5) and (6). Then we denote
that the dual fractional derivatives of (14) and (15) are

ABR Vit ABR y/ ABR M
Dﬁ = T]Qa Dt + nlt DT
and
ABC Vit ABC ¥ ABC it
Dﬁ =124 Dt + M1 DT,

where 7 = (13, 11). Similar to equation (9), the differential equation with a combined ABC
fractional derivative of Herglotz is

% _ L(t’x(t),ABCDf;,yx(t),z(t)), t € [a,b), (16)

and the initial condition is z(a) = z,, and z, is a given real number.

We assume that the following conditions:

1. x(a) =x,, x, €R;

2. T € ([a, b], R) extremizes the value of z(T);
3. ABCDIYx(¢) € CL([a, b, R);
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4. L € CY([a,b] x R%,R);
5. The map ¢ +— A(£)33L[x, 2]} (¢) is such that 2BRDY (L (£)3sL[x, 2], (2)),
28D} (.(£)35L[x, 2]y (¢)), and APRDI™ (A (£)3L[x, 23, (£)) exist and are continuous

on [a, b], where
[x, 217 (£) = (£, x(2), P DL x(2), 2(2))

and
AE) = exp<— /t 04L[x, z]/n"l’ (t)d‘r) 17)

are valid.

Theorem 2 Let x be such that z defined by equation (16) gains an extremum. Then x is a
solution of

MOBLLx, 217 (£) + ABRDI (3()3L [, 27 (1)) = 0 (18)
on |a, T], and
2 (PR D) (M0)dsLx, 2] (1)) — 2% D (M(£)95L[x, 2117 (1)) = 0 (19)

on [T, b], where 1 = (2, m1). In addition, the following condition is satisfied:

B
[771 1 (_Ml)L Eit,l,l%’:l,T- (M(®)BsLx, 2147 (£))
B
e p g 00 0)] <o 20
B o =T

If T <b, then L[x,z],” (T) = 0.

Proof Let x be a solution to the problem and consider an admissible variation of x, with
any sufficiently small real number €. The solution z is given by

) (21)

o(t) = 1z(x +€h,t)
d €=0

€

where 6(T) = 0, because z(T) is an extremum.

Then we get
d d
—0(t) = —— h
0= G reh|
d
= %Ez(aweh) »

_ dileL(t,x(t) T eh(t), ABCDZ-J/ [x(t) + eh(t)],z(x +eh(t), t)) |€:0

= 0y L[x,2]}" ()h(¢) + 35 L[x, z]ﬁ]"y(t)ABCD‘,;'Vh(t) + 04 L[x, 2]} ()0 (2).
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Considering A(t) = exp(— f; 04L[x,2]}" (v)d7), we get the solution for the differential

equation
T
O(T)AMT) - 6(a) = / A(t)[agL[x, 2] Y ()h(t) + 93 L[x, z]f;”’(t)ABCDg’Vh(t)] dt.
Since 6(a) = 0 and z(T) is an extremum for x, 0(T) = 0 holds. Then we obtain
T
/ ME)[02L %, 217 (D)h(E) + dsLIx, 2117 (£)*PCDI h(2)] dt = 0. (22)

Firstly, we consider the second part in (22) and the definition of combined ABC derivative.
We get

T
/ ABO3LIx 21 (0 ECDI () di
T
, / MOBsLL%, 217 () (1D () + 1 DY (o)) di
T
- f A(B)3Llx, 2187 (DL h(e) die

b b
+1 [ / Me)3sLlx, 27 (0)}°C D}y h(2)) dt — /T A(t)dsL[x, z]’;’y(t)?BCDZh(t))dt}

Considering 77 = (13, 1) with Definition 2, and since 4(a) = h(b) = 0, we derive that
T
/ (8)dsLlx, 2117 ()APCDEY h(r) dt

T
_ f H(EMPRDL (1(8)35LLx, 217 (1)) dt

a

b
+ /T mah()[3°* D} (M(£)3sLlx, 2117 (£)) — $°* D} (M(£)0sL[x, 21147 (¢)) ] dt

WD 0,

” M,L%,Tf(k(t)33L[x,Z]’,,“”(t))

By) .,
—n2 1— yEy,l,%,T*

(M(®)dsL[x, Z]’,f‘y(t))]

t=T

Secondly, from equation (22), we attain the following expression:
T
/ h(t)[ 9L, ZT (M) + ABRD%’“ (AM&)BsL[x, 2] (t))] dt
a

b
+ /T ah(O)[2PRD] (Me)5L1x, 2147 (£)) = 4PRDY (Me)dsLx, 217 (1)) ] de

B(u)

+h(T) [Thm

EL'L%'T— ()\'(t)asL[xr Z]};'y (t))

B(y) 1
AR -
M2 1- Y y,l,ﬁ,T*

(A(t)agL[x,z];"V(t)):| =0.

t=T
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Then we obtain the Euler—Lagrange equations (18)—(19) and the transversality conditions
(20).

In the second part of this section, we generalize the fractional variational principle
of Herglotz to the one involving several independent variables. Define the vector x =
(x1,%2,...,%,) € 2 =[], [a;,b;] with n € N. Consider u(¢,x) such that give an extremum
to z[x, T], where z satisfies the differential equation

dz

_ ABC yut,
7 -/QL(t,x,u(t,x), Dy ult, x),

ABCD‘Jll’Vlu(t,x),...,ABCD’;:’y”u(t, x),z(t)) d’x, tela,b], (23)

where d"x = dx, dx, - - - d,,, and assume that
1. P=[a,b] x Q, u(t,x) = g(¢,x) for all (¢,x) € OP, where 9P is the boundary of P, and
g:9P — R is a given function;
2. Wi v,y €(0,1)and n,nt,...,n" € [0,11> withi = 1,2,...,%;
3. L:P x R"™3 — Risof class Cl;
4. (t,%) > Mt)0usaLlu, 2]y (t,%) and (£, x) > A(t)0,43L[u, z]) (¢, %) are such that
ABCDIYY u(t, x), ABC DI u(t, x), ABC Dy u(t, x) exist and are continuous, where

[, 21157 (8,%) = (8%, ult, %), “PCDL u(t, %),

ABCD‘U‘ll"’1 u(t,x),..., ABCDZ‘:’V”u(t, x),2(t)),

and

t
At) = exp(—/ / 82,,+4L[u,z]2‘",’]’(t,x) d”xdr). 0
a JQ

Theorem 3 If (u,z) attains an extremum of equation (23), then (u,z) is a solution of the
system of equations

MOBa L[, 2157 (£,2) + ABRDVH (3(6)3,,5L [, 2127 (1,))

n
+ 3 PRDI (M(0) i [, 217 (8,)) = O (24)
i=1

onla,T] x Q, and
2 (P D} (M8)8p.sLlu, 21117 (£,%)) = 728D (ME)daLlu, 21117 (£,%))) = 0 (25)

on [T,b] x Q, where 7] = (112,m1) and 7" = (n, n}). What is more, the following condition is

satisfied:
B(w)
[ T e B - (MO 3Ll 21 (0)
B(y) .1 )
- ZSE%L%,W (M()0s3Lu, 247 (8,)) T 0. (26)

If T < b, then L[u, 2], (T,x) = 0.
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Proof Similar to the proof of Theorem 2, an admissible variation of u is considered. We

replace u(¢,x) with u(t, x) + €h(t, x), where € is any sufficiently small real number. Then the
solution z is given by

0(t) = de zZ(u+eht)| (27)

€=0

where 6(T) = 0, because z(T) is an extremum. Then we obtain

d d d
Lory= 22 I
0= Graeuren|
d d
= d—d—z(u +€h) »

d
=2 /QL[M + eh,z]’,t’,;’(t,x) d"x

€=0

We conclude that

d
00 = / <3n+2L[u,z]Z,’,,y (&, 2)h(t,%) + L [u, 27 (&, 2) PCDLY h(t, x)
Q

+ Z InsziL [, 211y (¢, x)ABCD”‘ "h(t,x) + duealu, 217 (2, x)@(t)) "x.
Then we define
Alt) = /Q donrallu, 2], (¢, x) d"x,
and
B(¥) = /Q(BmzL[u, 2] Y (6, %)h(t,x) + 0ns3Llu, 2], (2, x)ABCDﬁ]"Vh(t, x)

n
+ ) Ol 2157 (6,2 PD b, x)) d"x.

Considering A(t) = exp(- f; fQ donsaL (1, 2]y (,x) d"x dt), we attain the solution for the
differential equation:

T
O(T)AMT) - O0(a) = / B(e)A(t) dt
Since 0(a) = 0 and z(T) is an extremum, 6(7') = 0 holds. Then we obtain

T
/ B(t)A(2) dt = 0. (28)
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We first consider only the second part in (28), then we get

T
/ f8,,+3L[u,z]ﬁ)’%’(t,x)ABCDg"yh(t,x)d”x
a Q
T
=/ /A(t)8n+3L[u,z]Z,’j;(t,x)(mﬁBCDﬁ‘h(t,x)+nZ?BCDZh(t,x)) d"xdt
a Q
T
S R o P e
a Q
b
+12 [ / ME) O3 Llu, 21007 (£,2)}°C D) h(t,x)) d"x dt
a
b
_f /A(t)8n+3L[u,z]%’(t,x)?BCDZh(t,x))d"xdt:|.
T Jo

Besides, let 77 = (12, n1) and k(a, x) = h(b,x) = 0 for all x € 2, we obtain

T
/ / BuesLlit, 2117 (6,50 DI (e, %) d"x
a Q
T
:/ /h(t,x)ABRD%’”()\(t)amgL[u,z]fj",”'(t,x)) d"x dt
a Q
b

+ fT 1ot ) [APRDY (1003, Ll0 210 (6,5))

— 2BRDY (A ()33, 2] wr, x))]d"xdt

B(u) ,
+ /Qh(T,x)[m . MELL%,T_ (M(®)Bp3Llu, 2117 (2, %))

B(y) .1 wy
—1n2 SEV‘L%JW ()"(t)an+3L[urZ]n,y] (trx)) T

Similarly, let 7° = (1, ) and h(a;) = h(b;) = 0, we get
T ’ l_ ’ )
f / M(£)0ns34iL 1, 2]y (6,%) (n) 2P DY h(t, %) + ny 2P Dy h(t,x)) d"x dt
a Q
T
= f / h(t,x)ABRD;‘;'M (MO)Bpa3eiL [, 2117 (8, %)) d"x d.
a Q

Substituting these relations into (28), we deduce that

T
/ / h(t,7) [amL[u,zlz;m,x)x(t)  ABRDLI (3Ll 211 (6,5)
a Q

i=1

+ ) ABRDI ((0) ez ai [, 21,7 (8, x>)} d"xdt

b
+ /T n2h(t,2)[}8DY (M(£)03L[u, 2117 (8, %))

—4BRpY (M(6) 9L, 2)Y (8, %)) | d"x dt
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B(u) .
+ /Q h(T’x)[nll_ME;l;.,l,%,T()\(t)a”*?’l’[u’zlﬁq,"}]/ (t, %))

B(y) 1
“ B (A(O8ns3Llu, 211y (2,%)) o

So we get the Euler-Lagrange equations (24)—(25) and the transversality condition (26)
with appropriate choices of /. d

Example 2 Consider the system

L _ [ABCDIYx()? +£2 -1, tel0,3],

x(0) =1, z(0) =0,

where 0 < o < 1 and 0 < 8 < 1. Since the initial condition x(0) = 1, we attain x = 1. Accord-
ing to equation (18)—(19) in Theorem 2, we get

ABR P74 [ABC i (4] = 0.
Then we obtain

%_p-1, telo,3],

z(0) =0,
whose solution is
1
Z2(t) = -2 -t
(®) 3
Besides, from equation (20), since L[x,z]}"” (T) = 0, we deduce
T?>-1=0,
whose solution is
T=1,
and the minimum of this system is
2
z(1)=—=.
(1) 3

Example 3 Consider the following system:

% = [t +2(0) + 1](t-2), t€[0,3],

x(0) =0, z(0) = 0.
Let x = 0 with the initial condition x(0) = 0, and as is shown in Theorem 2, we attain

(t-2)x*(t) =0, Vtelo,T].
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Then we get

L - (t-2)(z() +1), tel0,3],

z(0) =0,

whose solution is
1,

z(t) = exp Et -2t ) -1.
Moreover, since L[x, z]};”” (T) = 0, we deduce

(T-2)(z(T) +1) =0,
whose solution is

T=2,
and the minimum value of z(¢) is

z(2) =exp(-2) - 1.
5 Noether-type theorem
A Noether-type theorem, saying popularly, is symmetric principles. It expresses the cor-
respondence between successive symmetries and conservation laws, the solutions of the
Euler-Lagrange equation. In this section, we extend a Noether-type theorem to the one
that holds for fractional variational Herglotz-type problems with one (Theorem 4).

Let us discuss the condition with one variable. Consider the one-parameter group of

invertible transformations [28]
X =hi(t,x,s), j=1,2,...,n, (29)

where s € (¢, ¢) is a parameter, and #; are of class C* such that /;(t,%,0) = «; for all j €

1,2,...,n and for all (¢,x) € [a,b] x R%. From Taylor’s formula, we get

hy(t, x,8) = hj(t,x,0) + s&;(£,x) + o(s) = x; + s&;(£, %) + o(s), (30)

6hj (t,x,8)
as
to transformation.

where &(t,x) = ls=0. Then we can see x; & x; + s&;(t,x) by the linear approximation

By ¢ = ¥(¢), the total variation of the functional z = z(x, £), which is produced by the
family of transformations (29), is given by

d
V() = $Z(x +E&s,1)| . (31)

s=0

Remark 2 The functional z, defined by the differential equation (9), is invariant if y(¢) = 0.
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Remark 3 When s =0, z(x, t) = z(x, ) holds.

Remark 4 Define the symbol D as

DU[f,g] =f2°°Df - g —g - PRDif.

Theorem 4 Let the functional z, which is defined by differential equation (9), be invariant,
then we have

n

, dL[x,z](t)
DA =22 e(t,x) | =0, 32
> p[a0 el ] (32)

ABC
j=1 aa

where A(t) = exp(- |, LOLx) o) holds along the solutions of the generalized fractional

dz(x,7)

Euler—Lagrange equations (3).

Proof According to equations (9) and (30), we have

% L(t,%(1), A5°DY%(t),2(2)), t € [a,b]. e

Let s =0, we get

b 24

EgZ[x+S$,t]

’

s=0

then we obtain a differential equation for 6(t)

0'(t) - %ﬁ](t)e(n = Z(aL[’“’;](”g,(t) , QLlnalle )ABCD“’g,(t)>

whose solution is

DO — (@) - / Z(aL[x,z](r) £(0) + 2LAE§;;](T)ABCDW§(T)>M dr.
a =1

Since () = exp(- ft BL[’C Z] dt), 6(a) = 0, and for all T, we have 8(t) = 0. Therefore, we
get

/ <3L[x,z] )gl( )+ MQBCD%(I))A&)&:O.
a Dl— xj

ABC
aa

Let x = (x1,%2,...,%,) be such that z defined by equation (9) reaches the extremum. Ac-
cording to equation (11), we attain

o L% Z](0) Ao (A(t) IL[x,z ](t)> 0. (34)

0x; JABCD
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Then we get

" oL [x, Z] (t) o o aL[x) Z](t)
;[A(t)WQBCDt &(t,x) - }°*D, (/\(t)m>$/(t’x)] =0.

Then we obtain equation (32) with the definition of D*[f, g]. d

6 Conclusions

In this paper, fractional calculus of variational Herglotz problem has been discussed with
an Atangana—Baleanu fractional derivative. The Euler—Lagrange equations have been re-
ceived for the Herglotz-type problems, and the necessary optimality conditions, which
rely on the reason that the Atangana—Baleanu fractional derivative is non-singular and
non-local, have been derived. Fractional variational Herglotz problems of variable order
have been considered, and a Noether-type theorem has been proved. However, this paper
has only studied a few aspects of fractional calculus. In the future research, we can study
what kind of fractional derivatives can be employed in the actual variational problems. As
it is difficult to solve the Euler—Lagrange equations, the effective numerical approximate
methods should be studied in the future.
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