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Abstract

Assume that G is a nilpotent Lie group. Denote by L = -A + W the Schrédinger
operator on G, where A is the sub-Laplacian, the nonnegative potential W belongs to
the reverse Holder class B, for some g; > % and D is the dimension at infinity of G.

Let R=V(A + W)‘% be the Riesz transform associated with L. In this paper we
obtain some estimates for the commutator [h, R] for h € Lip?}, where Lipf isa
function space which is larger than the classical Lipschitz space.
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1 Introduction

Assume G to be a connected and simply connected nilpotent Lie group and g to be its Lie
algebra identified with the space of left invariant vector fields. Given X = {X3,...,X;} C g,
a Hormander system of left invariant vector fields on G. Let A = ZleXf be the sub-
Laplacian on G associated with X and the gradient operator V be denoted by V =
(X1,...,X)). Following [1], one can define a left invariant metric d associated with X which

is called the Carnot-Carathéodory metric: let x,y € G, and
d(x,y) =inf{8 |3y : [0,8] = G| y(0) =, ¥(8) =y},

where y is a piecewise smooth curve satisfying

I I
y'(8)= Y ais)Xi(r(s), Vse[0,8], ) |ai(s)|” <1.
i=1 i=1

If x € G and r > 0, we will denote by B(x,7) = {y € G | d(x,y) < r} the metric balls. Assume
dx to be the Haar measure on G. Then, for every measurable set E C G, |E| denotes the
measure of E. Suppose e to be the unit element of G. Note that V(r) = |B(e,r)| = |B(x,7)|
for any x € G and r > 0. It follows from in [2] or [3] that there exists a constant C; > 0 such
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that

Clri<vi<Grl, Yo<r<i; (1)
Cil'fP <V <CirP, Vl<r<oo, )
where d and D denote the local dimension and the dimension at infinity of G, and there is

D > d > 0. At this time, the Lie group G is also called a Lie group of polynomial growth. If
G is a stratified Lie group, then D = d (cf. [1]). Also, there exist positive constants Cy, C3 > 1

such that
R\ R R\”
C;(;) < 11//((;")) 5@(;) , Y0<r<R<oo; (3)
V(2r) < C3V(r). (4)

Throughout this paper, we always assume that d > 2.

Let L = —A + W be the Schrodinger operator, where A is the sub-Laplacian on G and
the nonnegative potential W belongs to the reverse Hélder class B, for some q; > % and
D > 3. The Riesz transform R associated with the Schrodinger operator L is defined by

R=V(-A+W)2, (5)

Let b be a locally integrable function on G and T be a linear operator. For a suitable
function f, the commutator is defined by [b, T|f = bT(f) — T(bf). Many researchers have
paid attention to the commutator on R”. It is well known that Coifman, Rochberg and
Weiss [4] proved that [b, T] is a bounded operator on L? for 1 < p < oo if and only if
b € BMO(R"), when T is a Calderén-Zygmund operator. Janson [5] proved that the com-
mutator is bounded from L”(R") into L4(R") if and only if b € Lip (R") with v = ( }7 - %I)n,
where Lip,(R") is the Lipschitz space. Sheng and Liu [6] proved the boundedness of the
commutator [b, R] from the Hardy space Hf (R™) into L4(R") when b belongs to a larger
Lipschitz space. Comparatively, there has been much less research on the commutator on
nilpotent Lie groups. The goal of this paper will be to obtain some estimates for the com-
mutator related to the Schrodinger operator on nilpotent Lie groups. The complicated
structure of nilpotent Lie group will bring some essential difficulties to our estimates in
the following sections.

Note that a non-negative locally L? integrable function W on G is said to belong to B,
(1 < g < 00) if there exists C > 0 such that the reverse Holder inequality

(r;/ng(y)qdyy SC(%/BW(y)dy) ©)

holds for every ball B in G.
We first introduce an auxiliary function as follows.

Definition 1 Let W € B, for some g > %. For x € G, the function m(x, W) is defined by

7’2
m(x; W) B p(x) . Srl:(l)){r W B(x,r) W(y) dy = 1}
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Now we define the space Lip/ (G) on the nilpotent Lie group.

Definition 2 Let 6 >0and 0 < v < 1, the space Lip’(G) consists of the functions f satisfy-

ing

d(x,) d(x,y))(’

[fx)-f(y)| < Cd (x,y)(1+ oo 20)

holds true for all x,y € G, x #y. The norm on Lip’(G) is defined as follows:

10 Y o
)

Wl = s (
Lip? (G) xyeGazy \d¥ (x%,)(1 + xy)+d[§a(c$) 0

It is easy to see that this space is exactly the Lipschitz space when 0 = 0 if G is a stratified
Lie group (cf. [7] and [8]).
We also introduce the following maximal functions.

Definition 3 Letf € L. (G). For 0 <y < D, the fractional maximal operator is defined by

loc

M, f(x) = supE[V@)|dy, x€G,

where the supremum on the right-hand side is taken over all balls B € G and r is the radius
of the ball B.

Definition 4 Given « > 0, the maximal functions for f € L. (G) and x € G are defined by

loc

Mo @)= sup = [ 1f0)] &y

xeBeB

and

Muaf(x)— sup —/lf()’) ~fa| dy,

xeBeB |B|

where B, = {B(y,r): y € Gand r <ap(y)}.
We are in a position to give the main results in this paper.

Theorem 1 Assume W € By, for some q; > %, where D denotes the dimension at infinity
of the nilpotent Lie group G. Let

1 17 l_fquDr
a 1,1 D @)
q> 1—q—1+5, @f§§q1<D

Denote the adjoint operator of Rby R = (—A + W)‘% V. Then, forany h € Lip’(G),0< v < 1,
the commutator [h, R) is bounded from L1(G) into LP(G), }7 = clz -5 ifqa<p<oo.

We immediately deduce Corollary 1 by duality.
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Corollary 1 Assume W € B, for some q; > %, where D denotes the dimension at infinity
of the nilpotent Lie group G. Let

1 1» lfth 2 D:
q> l—qil+%, if§§q1<D.
Then, for any h € Lipﬁ(G), 0 < v < 1, the commutator [h,R] is bounded from L?(G) into

Lq(G),%zé—%,if1<p<q’2.

Throughout this paper, unless otherwise indicated, C will be used to denote a positive
constant that is not necessarily the same case at each occurrence and it depends at most
on the constants in (3) and (6). We always denote § = 2 — qgl. By A ~ B, we mean that there
exist constants C > 0 and ¢ > 0 such that ¢ < % <C.

2 Estimates for the kernels of R and R
In this section we recall some estimates for the kernels of Riesz transform R and the dual
Riesz transform R, which have been proved in [3].

Lemma 1 W € B, is a doubling measure, that is, there exists a constant C > 0 such that

W) dy<C W(y)dy.
)

B(x,2r) B(x,r
Lemma 2 There exists C > 0 such that, for 0 <r < R < 00,

D
2 9 2

R\ 7
WO dy = C<7) V@ /M WO d.

Lemma 3 Ifr = p(x), then

}"2

V(}”) B(x,r)

2

r
Vo) o W(y)dy=1.
Moreover,
2
e e Wy)dy~1 ifandonlyif r~ W)

Lemma 4 There exist constants C,ly > 0 such that

1/ dmy)\ 0T o dx,y)\"
5(“ p(x)> Ep_(y)fc<“ p(x)) '

In particular, p(x) ~ p(y) if d(x,y) < Cp(x).

Lemma 5 There exist constants C > 0 and |, > 0 such that

/ d*(x,y) W (y) - CR?
B(x,R)

R \"
W(y)d C — .
V) P EVR Jyn Y= (“ >

p(x)
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Using Lemma 4, we immediately have the following lemma.

Lemma 6 There exist ly >0, C > 0 such that, for any x and y in G,

dx,y) d(xy) ( a’(x,y)>l°+1
c .
Yow T e -\ e

Let I'(x,y,1) denote the fundamental solution for the operator —A + W + A, namely,
[-A + W + A]T(x,9,1) = 8(y~x), where § is the Dirac function and A € [0, c0). Markedly,
T'x,y,4) =T (y,x,A).

Lemma 7 Let N be a positive integer.
(i) Suppose W € By, for some q1 > %. Then there exists a constant Cy > 0 such that, for
x#9,

CN d(x’ J’)

I(x,y,A)| < 1 ’
e a1+ s e Vi)

(ii) Suppose W € By, for some q1 > g. Then there exists a constant Cy > 0 such that

Cn
(1+d(x Y)AIN(L + d(x,3)/ p(x)N

(dz(x,y) / W@d(zy)dz =~ dxy) )
V(dx9) Japawy V() V(dx,y) )

|Vl (x,y,1)| <

Particularly, if W € By, for some q1 > D, then there exists Cy > 0 such that, for x # y,

Cy d*(x,y)
(1+d(x )2 N+ d(x,y)  p)N V(dx,y)

By the functional calculus, we may write
11 o .,
(FA+ W) 2=— AT2(-A+ W+ ) d (8)
T Jo

Let f € C°(G). From (-A + W + 1) (x) = fG I (x,y,1)f (y) dy, it follows that

Rf(x) = /G K@) 0) dy, 9)
where
K(x,y) = %/w/\-%vxf(x,y,x)dx. (10)
0

Similarly, the adjoint operator of R is defined to be

Rf (x) = /G K(x,9)f () dy, (11)
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where

1 [
/C(x,y) = ;/ )"_%Vyr(yyx, )») dA. (12)
0

We recall estimates of the kernels for R and R (cf. [3]).

Lemma 8 Suppose W € B, for some % < q1 < D. For any integer N > 0, there exists Cy >0

such that
Cn d(x,y) W (2)d(z,y) dz
Klx,y)| < RS atit ol Shend
K] < <1+d<x,y)/p<x)>N(V<d(x,y)) /B@,d(x,y» Vd@)
1
* V(d(x,y») (13)
and

Cnd’(y,y d=(x, W (2)d(zy)d
K(xy) - K@) < ( nd () () (/ W(2)d(z,y) dz
B(yd(x.y)

L+d(x,y)/ p@)N V(d(x,y)) V(d(z,y))

1
' d(w)) (14

forsome § >0and 0<d(y,y') < @. If W € By, for some q, > D, then

K] < (1 +d(x,9)/ p())N V(d(x,y)) v
and
5 /
[K(y) - K@) < o o "

(1 +d(x, ) pE)N V(d(x,y))d® (x,9)

Lemma9 Suppose W € By, for some % < qi < D. For any integer N > 0, there exists Cy > 0

such that
Ky < —— ( () W(2)d(z)dz
T A d@w ) pE N \V(d9) Japacy)  V(d(E)
1
Vi) 17
and

8 / -8
K y) - Kl y)] < — 202 4 59) < [ Wedeye
B(y,d(xy))

(1 +dx, ) p())N V(d(x,y)) V(d(zy))

1
’ d(x,y)) 18)

forsome § >0 and 0 < d(x,x) < %. If W e B, for some q1 > D, then

Cn 1
(1 +dxy)/pE)N V(d(x,y)

(K(x,9)] < (19)
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and

Cy d®(x, %)

RG9) =R = e TN Ve )d o)

(20)
3 Some technical lemmas and propositions

Proposition 1 Letd >0and 1 < s < oo.Ifh € Lip’(G), then there exists a positive constant
C such that, for all B = B(x,r) withx € G and r > 0,

1 1/s r (lp+1)6
— | |n(y) - hp|°d <Clhlly:0er’ 1+ — )
(|B|/B‘ 0) | y) = Wliio ( p(x))

Proof Since h € Lipﬁ(G), then

|B(x> }")| B(x,r

1 CNE N
h(y) - hx)[' d ) el d
: (lB(x’ )l /B(x,r)| (y) (x)| y) * (|B(x; r)| -/B(x,r)| @ Bi y>

1 d(x,y) d(x,y))0 : )%
2C ———— d
= < |B(x) r)| /];(x,r) 7

+
r r 0

IIhIILipg(G)d"(x,y) (1 +

p(x) )
p(x) * o)

» 3\ lorDe
< Clhlly r”<1+—> )
P @ o)

where we have used Lemma 6 in the penultimate inequality. d
Similar to the proof of Proposition 1, we immediately get the following.

Lemma 10 Let h € Lipf(G), B = B(x,r) and s > 1. Then there exists a positive constant C
such that, for all k € N,

1 i 9k, (o+1)?
h(y)-hel'dy) <Cllhllpe2r(1+ == .
(|2kB| /m‘ 0) = hl y) = Wil ’( +p(x>>

Proposition 2 Let W € By, for q; > %. Let

1 1) chl ZD,

q2 l—qil+%, éf§§q1<D,

Then there exists C > 0 such that, for any f € C3°(G),

“Rf(x)HLP(Q = C”f”U’(G),

where 1 < p < qj,.
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Proposition 3 Let W € B, for q, > %. Let

1 1’ chIZD,
7p) 1-L14+1 Lf§§q1<D.

Then there exists C > 0 such that, for any f € C3°(G),

”Rf Huﬂ < Clifllre(a)

where g, < p < 00.
For the proofs of Proposition 2 and Proposition 3, one can refer to [3].

Proposition 4 There exists a sequence of points {xi}32, in G, so that the set of critical balls
Qx = Blxi, p(xx)), k > 1, satisfies

N Ui =G
(ii) There exists N such that, for every k € N, fi{j: 4Q; N 4Qx # @} < N.

Proposition 5 For 1 < p < 00, there exist positive constants C, a and B such that if {Qr}32,
is a sequence of balls as in Proposition 4, then

p
L|Mp,J(x)|pdx§CL|Mn x)ypdx+cZ|Qk|(|Q | [f(x)|dx)

forallf e LL (G).

loc

The above propositions have been proved in [9] and [10] in the case of a homogeneous

space, respectively.

Lemma 11 Let W € B, for q1 > —, and let

1 1) l,fquD;
q2 1-L4+1 if§§ql<D

and h € Lip?(G). Then, for q; < m < 0o, there exists a positive constant C such that

N

o / U RY )| < Clll g i [ (7))

holds true for all f € L["

maximal operator.

(G) and every ball Q = B(xy, p(x0)), where M,,, is a fractional

loc

Proof Throughout the proof of the lemma, we always assume % <q1 <D. Letf € L*(G)
and Q = B(xy, p(xo)). For

(1, RIf = (h— ho)Rf = R((h - ho)f), (21)
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we need to consider the average on Q for each term. By the Holder inequality with m > ¢,
and Proposition 1,

|—é|/Q|(h—hQ)7~2f(x)|dx§ (ﬁ/{J(h(x)—hQﬂm/dx)l/m <|(12| /|Rf(x)| dx>

1/m
< Clll o (00 (1 Ll @)

1/m

If we write f = f + f, with fi = f,,,, due to Proposition 3, we get

v 1 5 m R v 1 m
(p(x0)) (@ /Q | RAW)| dx> < C(p(x0)) (m /2 Qlf(x)l dx)
< Cinf (M, (1f "))} (22)

1/m

for x € Q, and using (17) in Lemma 9, we split 7~2f2 (%) into two parts

IRfa(x)| =

/ K, 2)f(2) dz| < C{Li(x) + L(x)},
(%0,2)>2p(x0)

where

[f )l
hiw) = /c;(xo 2)>2p(x0) Vid(x,2)(1 +d(x2)/ p)Y

and

dudz.

d(x,2)|f (2)] d(u,z) W(u)
I = Z\ A AT
2= /d(xoz»zm V(A 2)(1 + dte, 2l pE)~ /B(z 12, V(d(u,)

To deal with I (x), noting that p(x) ~ p(xo) and d(z,x) ~ d(z, xo), we split d(z,x0) > 2p(x0)

into annuli to obtain
v y If(2)]
I =
(px0)) 1) = (o (x0) /d@co,zmp(xo) V{d(e,2) (1 +d(x,2) p@)N
2N (p (xp))”
=Pl d
=CX V(2 p(x0)) / o)<k WV @)]dz

k>1

gcyig(g{ (1))} (23)

Secondly, we consider the term /(x). We have, for x € Q,

v v d(x,2)|f (2)]
(px0)) o) = (o (x0) /d(xo,z)>2p(xo> V{dx2)(1 +d@,2)/ p@)N

d(u, 2) W(u)
x /B(z dx2)y V(d(u,z)) dudz

; d(x,z)|f (2)|
C(p(0)) L<xo,z>>2p<x0> V(d(x,2))(1 + d(x,2)/ p(x))N
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d(u,z2) W(u)
X / ————dudz
Blzdd(xo2) vV (d(1,2))

v 2725 p (o)
= C(p(xO)) Z V(2k,0(x0)) /d(xo,z)<2k*1p(x0) lf(Z)|

k>1
o / d(u,z) W (u)
Bz 2% 3d(xo,2)  V(A(u,2))
v xe 2728 p (o)

< Clpx))" Y T
’ 2 V(2p(x0))

X ()| Z1 (W )(z) dz.
/z;(xo,Z)dk*lp(xo) V } “B(z0 2 ot0)

Let g, < m < D. Using the Holder inequality and the boundedness of the fractional inte-
gral Z,: L +— L7 with

dudz

1 1 1
q mw 13,
where

d; l:fzkp(xo) < 17
D, if2*p(xo) =1

(cf. Theorem 1.6 in [11]), we obtain

lf(z)|Il(WXB 2k )(z) dz
[:l(xo,z)<2k+1p(x0) (x0,2%p(x0))

= I XBwo.2otwon 1 | Z1 (W Xt 2 ptao) |

= WV X 2% pxop 1 W X g, 2% piaoy ll s -

Since W € B, , we obtain

1

W XBxo, 25 oo lar = C(V(Zk,o(xo))) n / w
B(x0,2X p(x0))

] L) 2R
SC(ZkP(xo)) 2(‘/(2l<,1)(950))) n V(zipx((;o)) Bl 2% o(x0)

< (@) (Vo) 4 (o))

where in the last two inequalities we have used doubling measure and the definition of p,
respectively. Therefore,

-1/g}-1 N+l -1-d/q,
L(x) < V(p(xo)) ™ sz( N | X2 pio
k>1

Finally, observing that

1
I X2t o Il < (V (2 0(%0))) ™ ;gngf )
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i 1 _1_14.1
and using that 4 " m =D Or g We have

R

(p(x0)) Lx) < C inf (Mo (IF1™) )}

by choosing N large enough.

So far, we have solved the term (/1 — h1)Rf, now we want to control [ R[(h — ho)f]dx
by the term CinfyeQ{va([fV")(y)}%. We still split f = f; + f5. Choose g, < 71 < m and set
t= % Using the boundedness of R on L”(G) and the Holder inequality, we get

|Q|/|Rh HO)fi ()] dx
1/m

(IQI/ R~k @[" dx)

§C<ﬁ/(;|(h—h())f(x)|yhdx>
1/m 1 . 1/t
= (IQI/V( " ) (|Q|/’h(" ~hel dx)
(p(x0))™ mo " plxo)\ 01

SC( Ql /mlf(x" dx) g G><“ (x))

1
=< C“l’l”Lipg(G)}ilgg{ mv(lf| )()/ }m

where we have applied Proposition 1 to the last but one inequality. Similarly, for x € Q and

using (17) in Lemma 9, we have

Rk = ho)fa(®)| =

/ K(x,2)(h(z) - hq)f (2) dz| < C{Li(%) + L(x)},
d(x0,2)>2p(x0)

where
. |(h = ho)f (2)]
Li(x) = / dz
T ot V(d@2)(A +d(x,2) p()N
and
5 |(h = hqo)f (2)] d(u, 2) W (u)
L(x) = / / —————dudz.
P Jivo s V(@A 2) (A +d2) pe)N Ja 400, V(d(w,2))
We start by observing that for 1 <m <m, t = ;*=, and by Lemma 6,

” [(h - hQ)f] XB(x0,2 p(x0)) H 7

= ”fXB(xo,Zk (x0) ”m” (h - hQ)Xon 2K p(x0)) ”

1/m
= C(/ Fol” dy) Il (20 (x0)) " (14 25 O V1 (2 p (o)
B(x0,2X p(x0))

~ 1
< Ckllo+ 10 1117 (2"p(xo))||h||upg(g) ylgg{ Mo (IF1™) )} (24)
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For I, (x), using (24) with 7 = 1, we have

2- —Nk
hw=c (2) - hollf(2)|dz
1 k2>; xO)) d(x0,2)>2K (x0)| Q| lf |
= C“h”mpg(@ ;25{ v [f| sz (=N+(lp+1)0)

k>1

1
< Clltluigg ) nf (M (I "))}

if we choose N sufficiently large.

To deal with I, (x), we discuss as in the estimate for I (x) with (% — hq)f instead of f and
m and ¢; instead of m and ¢q;, but we cannot avoid to discuss the different cases where
2%p(x0) > 1 and 2% p(x) < 1. Let

l _ q%_éx l:fzkp(xo)<11
m qul—,%, if 25p(xo) > 1.

Using (24), we similarly have
~ 1
Lx) < C”h”Lipﬁ(G)yig(g{MmV(lf' )(Y)}m

where we choose N large enough to ensure the above series converges. 0

Lemma 12 Let R = (-A + W/)’% V be the adjoint operator of the Riesz transform R. Then
there exists C > 0 such that, for any f € L" (G) and h € Lip?)(G),

loc

M2 (U, RIF) @) = Cll g (Mo (FP) )} + (Mo (IRFP) )} 7). (25)

Proof Letf e LIOC(G), x € G and a ball B = B(xy, r) with x € Band r < €p(xy), € > 0, we need
to control J = & fB |[A, 7@1]’()/) — ¢| dy by the right-hand side of (25) for some constant c,
which will be designated later. Let f = f; + f5, where fi = f,,; and f; =f — fi. Then

(1, RIf = [h - hyp, RIf
(h hZB)Rf Rh h2B)f1 (h hZB)f
A+ Aof +Aof.

Take c = f dlxo.2)>2r K (xo,2)(h(z) — hyp)f (z) dz. Then we have

|B|/| O dy+

=hi+l+)s.

o [ ay - [lasro)-cley

At first, we consider J;. Note that d(x,x¢) < r < €p(xo) implies p(x) ~ p(xo). By the Holder
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inequality, Proposition 1 and Proposition 3, we have

1
- d
i |B|/B|A1f(y)| Ly

- % fB |(h) - hog) RF )| dy

= L po-nal o] [ [0
<i{Lpo-sieo] [fpvor)
T e
] %”h”up%)(l ' zf)/()—z;)ylwlmr“lm"’% [/B|7€f(w|’"dyr

sc/||h||upv(g(|3| /IRf(y)l dy)

< CllAllipe 6 {va(|7~gf|’")(x)}%

N

3=

S|=

for m > qo.

For /,, by the Holder inequality and Proposition 3,

]2<®/’A2f(y’dy

< (i [awrol” dy)
§C<|B|> (/. 1601 haaro)" )’
(o) (Lpore)
scnhnLipe@rv(“p(za:o)>(lo+w<|zls|) </ Fol” dy)
scnhnLipz(GVv(“Zzlzai:;))lml (|B|) (/ Fol” dy)}”
§C/||h||LipU<G(|B| f ro)l™ )

2 mvy
SC’“hHLipU(G ((|Zg| / lf()’ )
= C/”h”Lip (G) { mu(lf| ) } ,

=

=

<

3=
3=

N

N

3=

where ¢, < m < m.
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Finally, we consider /5.
Case of q1 > D: By Lemmas 9 and 6, we have

1 1

(/ |K(,2) - K(x0,2)|" dz) (/ |h(z) - hag|’ dZ)
2k r<d(xq,z)<2k+1r 2K r<d(xq,2)<2k+1r

1
7

< Cr® ( / 1 dz)
= W 270N \ sty maomtet, @7 (0, )V (A0, 2)

1
x (/ |h(2) - g dz)s
d(x0,2)<2k+1r

Cxn r ‘ 2k \ sy
< hlly; 2 (1 V(2
= W+ 2l )N @ rpvor wim(giny st < " p(xo)) (2
CN 7’6
< 1Al . okv v , 26
= g2 r (1 + 2kr/ p(x))N-Uo+1)0 (2ky)3\/1im (k) (26)
where % + ﬁ + % =1and Sl, + % = 1. Therefore, via the Holder inequality,
A —c|d
h= g [A0)-clay
1 . ~
< B o (K(,2) - K(x0,2)) (h(z)—th)f(z) dz| dy
(x0,2)>2r
3 f / |(K(y,2) = K(x0,2)) (h(2) = hao)f (2)] dz dly
| | B 1 2k r<d(xg,z)<2k+1r
||h||L1p" /Z kV v C 7'8
- 1B 5 (1 + 2kr/ (o)) N=00+D0 (k5 1/ 3= (2k )
1
x ( / [f(z)|mdz>
d(x0,2)<2k+1r
oo
Cy e @)Y 1
< Clhll; Vin (2K
= ClinllLigg ) kZ=1: (1 + 2%/ p(x))N-Uo+1)0 (2kp)3 \/1m (k) (2K+1p)v ( r)
1
(2k+l’,.)mv f " )m
X | —— z)| dz
( V(2k+1r) d(xo,z)<2k+1rV( )|
00 CN 1
< Clhlly, 27k v z
= “ ”Llpg(G)é (1 +2kr/p(x ))N (lo+1)0 { (I.f' )(y)}

< CliAllLigs ) Mo (IF1™) 0} "

if we choose N sufficiently large.
Case of % < g1 < D: By Lemmas 9 and 6, we have

1 1
P T
(/ |IK(»,2) - K(xo,2)[" dz) (/ |h(z) - h23|td2)
2K r<d(xq,z)<2k+1r 2K r<d(xq,2)<2k+1r

dzy)We) ) »
————"dy| d
/B(z 2k+3 ) Viz, }’) )

R

CNV(S(zkr)l 8 (/
V(2kr)(1 + 2kr/ p ()N 2kr<d(xg,z)<2k+1r
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1

T

x (/ |h(z)—h23|tdz)
kr<d(xq,z)<2k*+1r

Cn Al gy (2" 7" o
@+ 267 plag)) N0t 0 (2kp)p Y (2k )
- Cnll i) 2" 7
(1 + 2%/ p(ag))N-(o+1)0

78 (2K p)1-0 1 & .
x |:V T (2k )</ B(xg,2k+37) w (2) dz> + (2kr)5V1/m(2kr)]

- Cn Il gy (2" 7"
(1 + 257/ p(a))N-(o+1)0

PV (2kr)(2kr) 10 (1 (2K+3y) re
. [ v%(zk,) (V(2k+3r) / Blxo,25+3r) Wi dz) (2kr)? Vllm(zkr):|

- Cn Il )2 7 r‘s\/ﬂ(Zkr)(Z"r)‘l“S o
+

= (1 + 257/ p(xg) N~ llor 10 v (2kr) (2kr)d VVm(2kr)

< Cllalligy 2" 7" r

= (1 + 2K/ p () N1 -Uo+D)6 (2kp)3 Y/ 1Im (2ky)’

1,1 ,1_ 1_1_.1
wherem+p+t—1and ql—P+D.Theref0re,f0rm>q2,

1 . -
< — (K(y,2) = K(%0,2)) (h(2) — haq)f () dz| dy
|B| d(x0,2)>2r
f / |(K(»,2) = K(x0,2)) (h(2) - haq)f (2)] dzdy
|B| B k=1 2k r<d(xg,z)<2k+1r
_ Mg /Z Joop C »
- 1B e (1 + 287/ p(g))N==0o+ 106 ok 51735 = 5 (2K )
1
X (/ Lf(z)|m dz>
d(x0,2)<2k+1r
> Cn re (2kr)

< Cllhllyip0 (24
Lip;(G) kX:I: (1 + 257/ p(0))N-1-Go+ 10 (k) \/1im(2kp) (2K+1p)v ( )

(2k+1 )mv m
x ( V(2k+1r) d(x0,2) <2k*1rlf(2)| dz)

N

C
Mg 3 g 00

< Cllll g 0 (M (1) )

if we choose N sufficiently large. O
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4 Proof of the main result

Proof of Theorem 1 Suppose h € Lip’(G). We choose m such that it satisfies g, < m < p.
We conclude from Proposition 4, Lemmas 5, 11 and 12 that

[0 RV = [ 1000 (0 RIY GO
<C /G M (T, RIf) @) dae
1 - p
o — | | RY@)|d
; ?Qﬂ(m/&![ e x)
<C /G M 4 (11, RIf) ()| dae
+ ClAllE o Zk: /2Qk (M (1717} @)

1
< Clllluigy )| (Mo (1F1) ™ |20

< Clitlui e 1 ey

where 1 =1 _ 1, O
p q D

5 Conclusions

We prove the L” — L7 boundedness for the commutator which is generated by the Riesz
transform R and the function / € Lip’. We generalize the corresponding results on the
Euclidean space in [6] to the nilpotent Lie group, and they may have some applications in
harmonic analysis and PDE on the Lie group.
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