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Abstract

We provide the monotonicity and convexity properties and sharp bounds for the
generalized elliptic integrals &K, (r) and &,(r) depending on a parameter a € (0, 1),
which contains an earlier result in the particular case a=1/2.
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1 Introduction
For real numbers 4, b, and ¢ with ¢ #0,-1,-2,..., the Gaussian hypergeometric function
is defined by

F(a,b;c;x) = oFi(a,bicx) = ) anm =

n=0

(c,n) n (L1)

for x € (-1,1), where (a, n) denotes the shifted factorial function (a,n) =a(a +1)---(a +
n-1),n=12,...,and (a,0) =1 for a # 0. It is well known that the function F(a, b; c;x) has
many important applications in geometric function theory, theory of mean values, and
several other contexts, and many classes of elementary functions and special functions in
mathematical physics are particular or limiting cases of this function [1-10].

In what follows, we suppose r € (0,1), 2 € (0,1),and # = /1 — r2. The generalized elliptic

integrals of the first and second kinds are defined as

K, (r) = %F(ﬂ,l —-a;1; rz), K (r) =K, (r’), (1.2)

Eq(r) = %F(u “L1-aLr), &) = &) (1.3)

In the particular case a = 1/2, the generalized elliptic integrals K,(r) and &,(r) reduce to
the complete elliptic integrals K (r) and &(r), respectively. Recently, the Gaussian hyper-
geometric function and generalized elliptic integrals have been the subject of intensive
research [2, 3, 5, 8, 11-30].
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Anderson, Qiu, and Vamanamurthy [31] considered the monotonicity and convexity of
the function

&(r) =X (r) r?
S = r? &) - rK'(r)’

One of the main results of [31] is the following theorem.

Theorem 1.1 The function f(r) is increasing and convex from (0,1) onto (7 /4,4/7). In

particular,

b4 b4 4 7
= (=== 1.4
4<f(r)<4+<ﬂ 4);’ (1.4)
for r € (0,1). Both inequalities given in (1.4) are sharp as r — 0, whereas the second in-

equality is also sharp as r — 1.

Alzer and Richards [32] studied the corresponding properties of the additive counter-
part

B E(r)=r2XK(r) _ E'(r)=r*X'(r)

A (}") }"2 r/z

and obtained the following theorem.

Theorem 1.2 The function A(r) is strictly increasing and strictly convex from (0,1) onto
(/4 -1,1-m/4). Moreover, for all r € (0,1), we have

b4 b4
——1l+ar<A(r)<— -1+ Br 1.5)
4 4

with the best constants o =0 and =2 - 7.

It is natural to extend Theorems 1.1 and 1.2 to the generalized elliptic integrals J(,(r)

and &,(r). In this paper, we show the monotonicity and convexity of the functions

&) =1 K (r) r?
Jalr) = r2 . &, (r)=rr XK', (r) (1.6)
and
ga(r): 8a(r)_r/2=7<u(r) _ 8/41(7')_’”23(/42(’”)' (1.7)

7.2 r/2

Moreover, we obtain sharp inequalities for them. If 2 = 1/2, then our results return to
Theorems 1.1 and 1.2, which are contained in [31] and [32].

2 Preliminaries and lemmas
In this section, we give several formulas and lemmas to establish our main results stated
in Section 1. First, let us recall some known results for F(a, b; ¢; x).
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The following formulas for the hypergeometric function can be found in the literature
[33-35]:

Fla,bja+b+1L;x)=1-x)F(a+1,b+1;a+b+1;x), (2.1)

the differential formula

dF (a, b; c; x)

b
= u—F(a+1,b+1;c+1;x), (2.2)
dx c

the asymptotic limit

_I@r(c-a-b)

lim F(a,b;c;x) = ———, b, 2.3

Jim (a, b; c;x) Fe—aTeb) c>a+ (2.3)
and the contiguous relation

(0 — p)F(a, p;0 +1;2) =0 F(o, p;0;2) — pFle, p + 1,0 +1;2), (2.4)

where I'(x) is the Euler gamma function.

Lemma 2.1 ([2], Lemma 5.2) Let a € (0,1]. Then the function [&,(r) — r'* K,(r)]/7? is in-

creasing and convex from (0,1) onto (ra/2, [sin(ra)]/[2(1 - a)]).
The following formulas were presented in [2]:

dKa(r)  2(1=a)(€a(r) = > Ku(r)) d&,(r) _ 2(1-a)(Ka(r) - €a(r))

d}" rr/z ’ d}" - r ’ (25)
A(E,(r) - 12K, (r)) k), d(Ka(r) - 8(r) _ 201 - a)ré‘ﬂ(r)‘ (2.6)
dr dr r

Lemma 2.2 ([2], Lemma 2.3) Let I C R be an interval, and let f,g : I — (0,00). If both f,

g are convex and increasing (decreasing), then the product f - g is convex.
The following lemma follows from Theorem 1.7 in [1].

Lemma 2.3 Forall a,b € (0,00), the function
I(x) =1 —x)*F(a, b;a + b; x) (2.7)
is a strictly decreasing automorphism of (0,1) if and only if 4ab < a + b.

Lemma 2.4 The function

(1= 7r*)(Ea(r) = ((4a = Dr* + 1) Ka(r)

4a(l - a)r’ 28)

J(r) =

is increasing from (0,1) onto (—00,0).
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Proof Let
fix) = (1 -x)(F(a-1,1-a;1;x) - ((4a — D)x + 1)F(a,1 - a; 1;x)).

By the series expansion for F(a, b; ¢; x) we have

fl(x)=(1—x)<zw " ~ ((da-1Dx +1) ZM x)
n=0

— n! n!
> ((a-1LnA-a,n) (agnl-an)) x"
:(l—x)<n2=0:< n! - n! >;
2. (4a -1)(a, n)(l a, n) Al
s nl
)Z (@n- l)nlvnv an-1) (—4an2 +mz)x”

(—4an2 + an)x”

Z (an-1)1-an-1)

nn!

o0
_ Z @n-1d-an-1) (—4an® + an)x""!
n'n!

= -3ax

an((4n+4a2 —4@—6)n+a +2—a2)x”. (2.9)

+i (a,n-2)1-a,n-2)
n=2

n'n!

By the definition of the generalized elliptic integrals of the first and second kinds (1.2) we

have

SAG?
4a(l - a)r3

7 (o
_Sa(l—a)_r

+i (@an-2)1-a,n-2)

n'n!

J(r) =

an((4n +4a® —da - 6)n +a+2— az)rzn‘3>,
n=2

Since 0 <a <1, n > 2, we have (4n + 4a®> —4a — 6)n + a + 2 — a®> > 0, and hence J(r) is an
increasing function on (0,1). From this formula it is easy to see that lim,_.¢+ J(r) = —00. By
Lemma 2.3 we have that lim,_, ;-1 J(r) = 0. O

Lemma 2.5 ([6], Lemma 2.1) For —co <a<b < oo, let f,g: [a,b] — R be continuous on
la, b] and differentiable on (a,b). Let g'(x) # 0 on (a, b). If f' (x)/¢ (x) is increasing (decreas-
ing) on (a, b), then so are

f(x) —f(a) and f&) —f(b)
g(x) —gla) ) —gb)’

Iff'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.
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3 Main results and proofs
In this section, we present and prove two main theorems.

Th(eorem 3.1 The function f,(r) in (1.6) is increasing and convex from (0,1) onto (Zi‘]‘l((;_;),
S1in! JTﬂ

wa(l-a)

) In particular,

ma(l —a) ma(l - a) ) ( sin(ma) mwa(l-a) )r (3.1)

sin(m a) rar<fal) < sin(mra) wa(l - a) B sin(wa)

for r € (0,1) with the best constant « =0, B = % ’;“n(% These two inequalities are

sharp as r — 0, whereas the second inequality is sharp as r — 1.

Proof Let
_]21()”) _ 8{1(7') _:2/2%“(7)-
Then
_ 8a(r)_r/2<7<a(r) r? _ 4l
5= S e e Y

By Lemma 2.1, f(r), 1/f}(r') are positive increasing functions on (0,1), and hence f,(r) is
also an increasing function on (0,1). Since f}(r) is a convex function by Lemma 2.1, the
desired convexity of f,(r) will follow from Lemma 2.2 if we prove that 1/f}(r') is a convex
function on (0,1).

According to (2.6), we have

(11 )’_ ( r )/_ &)
1) &) =12 X)) &)’

where

(84(r) = r* K,(r)*
- )

§1(1) =2(8(r) = Ka(1) + L= a)* K1), () =
Obviously, g1(0*) = 0. By Lemma 2.1 we get g2(0*) = 0. Moreover,

a(r) 4a(l-a)r® 1
&) A=) (&) - ((4a-Dr2 + 1) K,(r)  J(r)’

where J(r) is defined by (2.8). Hence, by Lemma 2.4 and Lemma 2.5, (1/f} (r))’ is decreasing,
so that (1/£}(r))’ is increasing, and 1/f}(r’) is convex on (0, 1). O

Theorem 3.2 The function g,(r) in (1.7) is strictly increasing and strictly convex from (0,1)

onto (%" — % % — Z2). Moreover, for all r € (0,1), we have
ma sin(wa) ") wa sin(ra) 5 (3.2)
— — —— —tar<gr) < — - +Br .
2 2(-a) &) Sy T —a)

with the best constants a = 0 and B = ““(””) — wa. These two inequalities are sharp as
r — 0, whereas the second inequality is sharp asr— 1.
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Proof Let

M,(r) = %(F(a—l,l —a; 1;r2) - r/ZF(a,l—a;l;rz)).

By the series expansion for F(a, b; ¢; x) we obtain
amn
M,(r) = TF(a,l -a;2; rz).

Then

ga(r) = M,(r) —Ma(r/) = %T(F(a,l —a;2; r2) —F(a,l —a;2;1 - rz)).

Using the differentiation formula (2.2), we have
/) a?(1-a)w
r)= ———
&a 5

2 1=
2(r) = %(F(a +1,2-a;3;r") +F(a+1,2-a;3;1-717)

+ Wr2(1’(a+2,3—a;4;r2) —F(a+2,3—“;4;1_r2)))'

r(F(a+1,2—zz;3;r2) +F(a+1,2—a;3;1—r2)),

By formula (2.1),we get

Fla+23-a41-r")= %F(u+1,2—a;4;1—r2).
r
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(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

Using the contiguous relation (2.4), we take« =a+1,p=2-a,0 =3,and z=1-r? and

obtain

(@+1F(a+1,2-a;41-7r)

=3F(a+1,2-a31-r*)-2-a)F(a+1,3-a41-r).

Hence, it follows from (3.6), (3.7), and the last formula that

20 %)

=F(a+1,2—a;3;r2) +F(a+1,2—a;3;1—r2)

F(a+2,3—a;4;1—r2))

2@+1)2-a) ,
e 2

r (F(a+2,3—a;4;r2)—

r

2a+1)(2 - a)rzF

3 (a+2,3—a;4;r2)

:F(a+1,2—a;3;r2) +

2(2 — a)? F
3
202 - a)ZF

+(2a-3)F(a+1,2-a;31-r")+ (a+1,3-a;4;1-17)

>1+(24—3)F(a+1,2—a;3;1—r2) + (a+1,3—a;4;1—r2).
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By the series expansion for F(a, b; ¢; x) we have

2(2 - a)? F

(2a—3)F(a+1,2—a;3;1—r2)+ (a+1,3—a;4;1—r2)

i(Z(ﬂ +Ln)B-a,n2-a)? (a+1,n2-a,n(2a- 3)) (1-r2)"

= +
—~ (3,nm+1) (3,n) n!
~ > (2-a,nm+2a*-2a-1)a+1,n) 1-r2)"
—~ 3,m+1) n!
2a%>-2a-1 2— 21
> 4 a + a2-a)a ) (1 - rz). (3.8)
3 6
Hence
2 20> -2a-1 a@2-a)a®-1) )
_ g 1 1-r7). 3.9
az(l_a)nga(rb + 3 + c - (3.9)
Through direct calculation we have
20> -2a-1 a2-a)a*-1)
+ +
3 6
—a* +2a® + 54> —6a+4
= c >0, Vae(0,1). (3.10)

Then we get g//(r) > 0. Thus g,(r) is strictly convex on (0,1). According to (3.3) and (2.3),

we have
an , . sin(ra)
M,(0)=—, M (0) =0, lim M,(r) = . 3.11
-2 L) lim M) = S (31
Applying Lemma 2.3 and (2.6), we have
,  Ma(r) = Ma(0)  Mu(r')-M,(1) .«
£,(0) :ll_r)r(l) . — . :}Cer{E((2—x2)JCa(x) —286,(96)) =0.

Because of g//(r) > 0, g/ (r) is increasing on (0,1), and g,(0) = 0. Then the monotonicity of
g,(r) on (0,1) is obtained. It follows from the convexity of g,(r) that, for x € (0,1),

1o < (),
Corollary 3.3 Let

Lo, @) = €(pq) - &4(p) - 8a(q)- (3.13)
Then we have

¥_% <La(p.g) < %_% (314)

forallp,q €(0,1).
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Proof By direct calculation we obtain

2

3
@La(p,q) =sg,(pq) - £.(v), L v 9) = &, (pq) + pag, (pq).

Considering the positivity of g/, and g/ on (0,1), we have

82
dpdq

L,(p,q) >0,

This means that L +(p, q) is strictly increasing with respect to g. So we have

L «pq) < L «pq)| =0. (3.15)
op q=1

Then the monotonicity of L,(p, ) with respect to p is obtained, which leads to

Ta sm(na) sm(7m) an

2 T2 HPD<aT o =

Remark 3.4 Taking a = 1/2 in Theorems 3.1 and 3.2, we get Theorems 1.1 and 1.2.
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