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Abstract

In this paper, we show several Turan type inequalities for a generalized Mittag-Leffler
function with four parameters via the (p, k)-gamma function.
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1 Introduction and main results
In 1950, Turdn established a remarkable inequality in the special function theory,

[Puai (] > Pa(r)Pra(r)

for all ¥ € (-1,1) and n € N, where P, is the Legendre polynomial, that is,

1-r
P,(r) :F(—n,n+1;1; - )

Here, for given complex numbers 4, b and ¢ with ¢ #0,-1,-2,..., the Gaussian hypergeo-
metric function is the analytic continuation to the slit place C \ [1,00) of the series

F(a,b;c;z) = yF(a, b;¢;2) = Z %Z;

n=0

, 2zl <1

Here, (a,0) =1 for a # 0, and (a, n) is the shifted factorial function or the Appell symbol
(an)=aa+1)a+2)---(a+n-1)

for n € Z,; see [1, 2]. There is an extensive topic dealing with Turdn type inequalities, and
it has been generalized in many directions for various orthogonal, polynomial and special
functions.

The Mittag-Leffler function is defined by

Eqp(z) = ; m, z,a, B € C,Re(a) > 0,Re(B) >0, 1.1)
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where I'(-) is a classical gamma function. The Mittag-Leffler function plays an important
role in several branches of mathematics and engineering sciences, such as statistics, chem-
istry, mechanics, quantum physics, informatics and others. In particular, it is involved in
the explicit formula for the resolvent of Riemann-Liouville fractional integrals by Hille and
Tamarkin. Many properties and applications of Mittag-Leffler have been collected, for in-
stance, in references [3, 4]. We also refer to the references [5—7]. For a recent introduction
on the Mittag-Leffler functions and its generalizations, the reader may see [6] and [8].

In 2016, Mehrez and Sitnik [9] obtained some Turdn type inequalities for Mittag-Leffler
functions by considering monotonicity for special ratios of sections for series of Mittag-
Leffler functions. Recently, in [10], Yin and Huang also established some Turan type in-
equalities for the following generalized Mittag-Leffler function via the p-gamma function:

Eupp2) = 26‘ m a, B,z € C,p € (0,00), Re(a) > 0,Re(B) > 0. (1.2)

Motivated by [9, 10], we consider the following generalized Mittag-Leffler function with
four parameters:

oo n

z
E = E L A— ,D, ,00),R ,R ) L
k(2 2 o+ B a,B,z€ C,p,k € (0,00),Re(ar) > 0,Re(8) >0 (1.3)

where Iy, x (%) is a classical (p, k)-gamma function defined by

Ik (kp) £
Tulx) = 52
p,k( ) (x)p,k

and

K)pi =x(x+k)- - (x +(p- l)k).

It is easily seen that the functions (1.2) and (1.3) are special cases of Wright-Fox functions
in the Wright series representation (or multi-index Mittag-Leffler functions) in [11].

It is well known that lim,_, oo I'p k(%) = T'oo k(%) = I'i(x), and T'oo 1 (%) = I'(x), where I'i(x) =
kIk*®
2t D) (x+p)
These formulas and more properties can be found in [2].

and I'(x) = fooo t*te ! dt,x > 0 are k-gamma and gamma functions, respectively.

The logarithmic derivative of the (p, k)-gamma function

r 1’7' (%)
1—‘p,k (x)

d
Vpk(x) = - log [y (x) =

is known as a generalized digamma function. Its derivatives 1//257,3 (x) are known as general-
ized polygamma functions.
Our results read as follows.

Theorem 1.1 For a,,p,k > 0 and fixed z > 0, the function f : B v T,k (B)Eq g pi(2) is
strictly log-convex on (0,00). As a result, we have the following inequality:

(B +Kk)(B + pk)

BB+ (p+ iy bos e kns(®): (14)

E{X,ﬂ+k,p,k2 (Z) <
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Corollary 1.1 Fora,p,k >0, B3 > 1 > 0 and fixed z € (0,00), we have

Eq g1 +kpi(2) . Ba(B1 + pk) Eq g,k pk(2)

Euppi@  Bi(Br+ R) Eapopil®) a5
Putting
n : z" > z"
Ej 4 i@ = Eappi(2) - ; Fam s B) = m§1 Foamt B) (1.6)
we obtain the following results.
Theorem 1.2 ForneN, «,8,p, k,z> 0, we have
E} s p s @Es (D) < [EL 4] (17)

Remark 1.1 For proofs we apply a method introduced and studied in detail in Sitnik and
Mehrez (see [9, 12—-14]).

2 Lemmas
Lemma 2.1 ([12]) Let {a,} and {b,} (n =0,1,2,...) be real numbers, such that b,, > 0 and

otdi+---+an

{Z_Z}”ZO is increasing (decreasing). Then {Zo+b1+-~+bn} is increasing (decreasing).

Lemma 2.2 ([9]) Let{a,}and {b,} (n=0,1,2,...) be real numbers and let the power series

A(x) = Y 02 anx" and B(x) = Y2 byx" be convergent if |x| <r.If b, >0 (n=0,1,2,...)

and the sequence { Z—Z}nzo is (strictly) increasing (decreasing), then the function % is also

(strictly) increasing (decreasing) on [0,7).
3 Proofs of main results
Proof of Theorem 1.1 Simple computation yields

9 (log Cpi(B) )
aB [pi(ak + B)

_ Tpilak+B) TpuB)Uprlak + B) = Tpi(B)T, (k + B)
© Tpu(B) (Cpilak + B))?

= Wp,k(ﬂ) - Ipp,k(ak + B),

and

i (10 Tpi(B)

e G rrys) AR ACERED

where we apply that the function 1, x(x) is concave on R. Therefore, we find that the
1—‘p,k(lg)

Ty (ck+p)

log-convex functions is also log-convex, we see that the function f is strictly log-convex

function 8 + is strictly log-convex on (0, 00). Using the fact that the sum of

on (0, 00).
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Due to inequality (1.4), we easily derive

log f(ﬂ b k)  loaf () + 108/ (p +20

That is,

Lpic(B)pic(B + 2Kk)
[Ty (B +K)]?

Ea,ﬁ+k,p,k2 (Z) < Ea,ﬁ,p,k(Z)Ea,ﬁ+2k,p,k(Z)'

Using the definition of ', x (), we easily obtain

B B+2k
PR p) =1 plk? (kp) K1
Upi(B)Ypi(B+2k) @B B2k (B+K)(B+pk)

CoB+ 0P s BB+ DR
(ﬂ*k)p,k
so we have
+k)(B + pk
Ea,ﬁ+k,p,k2(z) < (ﬂ )(ﬂ P )E (Z)Ea,ﬂ+2k,p,k(z)~

BB+ (p+ k) *P*

The proof of Theorem 1.1 is complete. d

Proof of Corollary 1.1 Since the function f(B) is strictly log-convex, we see that the func-
tion

JB+K) _ Tpi(B +K)Eepikpi(2)
f(:B) Fp,k(,B)Eoc,ﬂ,p,k(Z)

is strictly increasing on (0, 00). By taking 0 < B; < ,, we have

1—‘p,k(ﬁl + k)Ea,ﬂ1+k,p.k(Z) < Fp,k(ﬁZ + k)Ea,ﬁz+k,p,k(Z)
Fp,k(ﬁl)Ea,ﬂl,p,k(z) Fp,k(ﬁZ)Ea,ﬂz,p,k(z)

By using the formula

(K )% K (k )%
P p) P Pp)
Cpi(Ba+ k) Tpi(By) Barbpi Bipk
- By +k
Fp,k(ﬁz) Fp,k(ﬁl +k) pgkp(kp)kle pgkp(kp)ﬁklﬁ
(B2)p.k (B1+K)p,k

_ (B2)pi (B + K)pi _ Ba(B1 + pk)
(BOpk (B2 + K)pi — Bi(Ba + pk)’

we complete the proof. 0

Proof of Theorem 1.2 Using the formulas

Zn+1

E! z2)=E" (D)4 ——————————
060 = Bl D 1 Bl
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and

Zn+2

n+2 n
Ofﬂpk( ) E ﬂpyk(z) p,k[a(n+2)+ﬁ]’

we have

Ey ok DE E, ,spk(z) [Emlpk(z)]

|:En+1 () L} [n+1 () L]
“ﬁpkz+r‘p,k[a(n+1)+,3] ekt Ppila(n+2) + ]

il Zn+1 Zn+2
= ”k(Z)[Fp,k[amu) +B] Tpula(n+2) +/3J
22n+3
Cpilo(m+1) + BIT, kloe(m + 2) + B]
o el

Cpilam + B)Tpilo(n +1) + Bl

m=n+3
o Zn+m+1
B ng Tplo(m 1) + BT klor(n +2) + ]

o Tpila(m—1) + BITpilo(n +2) + Bl = Tplom + B)Tpilae(m +1) + B
Cpilam + BTy ila(n+1) + BITprla(m —1) + BIT, i[a(n + 2) + B]

m=n+3

X Zn+m+1.

Since the function I',x(x) is log-convex on (0,00), we know that the function x —
Ty (x+a)
1[: k(%)
B +a(m - (n+2)) and using Lemma 2.1 and Lemma 2.2, we obtain

(a > 0) is increasing on (0,00). Thus, witha =a, x =a(mn+1)+ B<a(m+1) +

CpilB +o(n+1)+al - CpilB+a(m+1)+o+alm—(n+2))]
CpxlB+am+1)] = TlB+am+1)+alm—(n+2))]

That is,

Lpila(n+2)+ Bl - Ly ilam + B)
Tpila(n+1) + B] ~ Tpila(m—1)+B]

It follows that

,ﬂ,pv (Z)Enﬂpyk(z) [En,ﬂ,p,k( )]2 > 0. O

4 Conclusions
In this paper, we show several Turdn type inequalities for a generalized Mittag-Leffler
function with four parameters via the (p, k)-gamma function, and we generalize some

known results.
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