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Abstract

A new constant WD(X) is introduced into any real 2"-dimensional symmetric normed
space X. By virtue of this constant, an upper bound of the geometric constant D(X),
which is used to measure the difference between Birkhoff orthogonality and isosceles
orthogonality, is obtained and further extended to an arbitrary m-dimensional
symmetric normed linear space (m > 2). As an application, the result is used to prove
a special case for the reverse Holder inequality.
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1 Introduction
The notion of orthogonality has many forms when the underlying space is transferred from
inner product spaces to real normed spaces. For example, Birkhoft [1] introduced Birkhoff
orthogonality in which X is assumed to be a real normed linear space. If |lx + Ly| > ||x|,
VA € R, then x is said to be Birkhoff orthogonal to y. It can be written as x L g y. James [2]
defined isosceles orthogonality, that is, if ||x + y|| = |lx — y||, then x is said to be isosceles
orthogonal to y. It is denoted by x L; y. When X is an inner product space, these two types
of orthogonality are equivalent to inner-product orthogonality.

However, these two types of orthogonality are different in general linear normed spaces.
In order to quantify their difference in a real normed space X, Ji and Wu [3] introduced
the geometric constant D(X)

D(X) = inf{}nﬂg %+ Ayll s,y € SX),x Ly y},
€

where S(X) is the unit sphere of X, and obtained the bounds 2(v/2 —1) < D(X) < 1. In
particular, they provided the value of D(X) in any two-dimensional symmetric Minkowski
plane. Recently, the value of the constant D(X) in the normed plane whose unit circle is
affine regular (4n)-gon was given in [4], and a new lower bound cg(-) of D(-) was obtained
in [5]. Note that the constant D(X) is considered only in the unit sphere S(X). In refer-
ence [6], the author considered two constants BI(X) and IB(X) to measure the difference

between Birkhoff orthogonality and isosceles orthogonality in the entire space X:

lle + y1l = llx =yl
fl]]

BI(X):sup{ :x,yeX,x,y#O,xJ_By}

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13660-017-1474-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-017-1474-0&domain=pdf
http://orcid.org/0000-0002-6480-7036
mailto:ljh0121@126.com

Li et al. Journal of Inequalities and Applications (2017) 2017:203 Page 2 of 9

and

inf. A
IB(X) = sup{w x%,y€X,%,y#0,x J_Iy}‘

And the estimations 0 < BI(X) <2 and % < IB(X) < 1 were also obtained. Other constants
used to measure the difference between Birkhoff orthogonality and Robert orthogonality
[7] were studied by [5] and [8]. For more conclusions about the difference between or-
thogonality types, please refer to literature of references [3-10] and so on.

In this study, by considering the constant D(X) in 2”-dimensional real symmetric
normed linear spaces, we obtain an upper bound WD(X). As we discuss in Corollary 1, this
bound can be extended to any m-dimensional symmetric normed linear space (m > 2).
This article is organized as follows. In Section 2, we present some notations and defini-
tions. In Section 3, the constant WD(X) is introduced and discussed. In Section 4, we
consider WD(X) for the space l;" and present a special case for the reverse Holder in-

equality.

2 Preliminaries

Let us fix some notations. Let X be an n-dimensional real linear normed space. By || - || and
I - I*, we denote the norm of X and the norm of a dual space X*, respectively. The notation
S(X) is the unit sphere of X. Let R and N denote the real field and a positive integer set,
respectively.

Definition Let X be an n-dimensional real normed linear space. If there exist ej, e, ...,
e, € S(X) such that, forany a; e R, i =1,2,...,n, the following equality

llailer + lazles + - - + |anlen|| = llarer + azes + - -+ + ane,|| =

n
Z Faoege;
k=1

always holds, where ®(i) € {1,2,...,n} and ®(i) # ®(j) (if i # ), then we call X a symmetric
normed linear space and {ej, e, ...,¢e,} a group of symmetric axes of X. In particular, we
call )77, *aq()e; a symmetric element of x.

Let X be an n-dimensional symmetric normed linear space and ey, ..., e, be a group of
symmetric axes. For x € X, x is denoted by the coordinate representation of this group of

symmetric axes, i.e., X = (X1,...,%,) = X1€1 + - - - + Xy €.

3 Main results
Firstly, the following elementary results are presented. Throughout this paper, the symbol
(-,-) denotes the natural inner product of two n-dimensional vectors. The first two lemmas

are known, but we fail to find literature sources.

Lemma 1 Let X be a normed space (R",| - ||) and e; = (1,0,...,0), e; = (0,1,0,...,0),...,
e, =(0,0,...,0,1) be a basis of X. Assume that B is a skew-symmetric matrix, i.e., BT = -B.
Then (x, Bx) = 0 for any x € X.

Proof Given that (x, Bx) = (BTx,x) = —(x, Bx), then (x, Bx) = 0. a
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Lemma 2 Let X be a normed space (R, - ) and e =(1,0,...,0), e, =(0,1,0,...,0),...,
e =(0,0,...,0,1) be a basis of X. There exist rank 2" matrices

Bon1,Bon ;... Bongn_y

such that
(i) each square matrix Bon; (i =1,2,...,2" = 1) is a skew-symmetric orthogonal matrix,
i.e, BL, ;= —Bayn, By By = Idy;
(i) each row and column in Byn; (i =1,2,...,2" — 1) has one and only one non-zero
element, and this element is 1 or -1;
(iii) matrices BZT,,’ian,/, iZj,i,j=12,...,2" = 1, satisfy the preceding two properties, i.e.,
(i) and (ii).

Proof The result is proven by induction. For # = 1, the only matrix

satisfies conditions (i)-(iii).

Assume that this lemma holds for # = k, namely, the matrices By 1, Bok 5, ..., Bk 5k
exist, satisfying the conditions (i) to (iii).

Now, we shall prove this lemma holds for # = k + 1. First, we need to introduce three

rank 2 square matrices o1, 03, 0 and zero matrix 0, which are defined as

1 0 0 1 0 -1 0 0
01 = ) 0y = ) g = 3 0= ’
0 -1 1 0 1 0 0 0

respectively. Next, we claim that the set {Byk:1 ), Boki1 g, ..., Byki1 oks1_1} can be written as

the following set:
{Byi (01), Bys (02), Ido (0) :i = 1,2,...,2F — 1}. (1)

So we only need to prove that the matrices in (1) satisfy the three properties in this lemma,
where B, ;(07) denotes the matrix in which the entries 1, -1, 0 in matrix B, ; are replaced
by the matrices o, -0}, 0 respectively; and Id,« (o) denotes the matrix in which the entries
1, 0 in the unit matrix Id, are replaced by the matrices o, 0, respectively.

Let

T
[sz,i(o—j)] sz,l'((j]‘) = ng,l' (O'}'T)B2k,i(al‘) = Idzk (U/TUI) = Id2k+11
wherei=1,...,25-1,7=1,2,and

[1dy ()] Iy (0) = Ido (0 ) doi (o) = Idic (07 0) = Idir.

Then the matrices in (1) are proven to be orthogonal.
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By induction, BZT,( Box; (where i 71, j=1,2) is a skew-symmetric orthogonal matrix and
T
[szyi(oj)] sz,l(aj) = B;,(,L,(GjT)sz‘l(Gj) = B;k,l,szJ(UjTGj) = ng’isz’l(ldz).

We obtain that [By« ;(07)] Tsz,l(oj) is also a skew-symmetric orthogonal matrix that satis-
fies condition (ii). Similarly, [Byk ;(0))]7Byk j(0), i # 1, j # m and [By ;(0;)]" Idyi (o) satisfy
conditions (i) and (ii). Thus, the matrices in set (1) satisfy condition (iii). a

In order to present an upper bound of D(X), a new constant WD(X) for any real normed
linear space X = (R, || - ||) is introduced.

Definition 1 Let X be a normed space (R¥", | - ||) and e; = (1,0,...,0), e; = (0,1,0,...,0),
...,ean =(0,0,...,0,1) be a basis of X. The geometric constant WD(X) is defined as

WD(X) = inf{ inf [lx+ 211 € S(X),y = B, B € (Byr1, By ,an,zn,l}},
€

where Byny, Bony,...,Bongn_; are given as in Lemma 2.

Proposition 1 Let X be a normed space (R¥", | - ||) and e; = (1,0,...,0), e, = (0,1,0,...,0),
...,en =(0,0,...,0,1) be a basis of X. And the normed space X is such that, for any x € S(X)
and any y = Bon ix, Bon; € {Bany,...,Bonon_1}, there exists Ao € R such that x + Loy Lp H,
where H = span{y, Byn 1%, ..., Bon ;_1%, Bon j,1%, ..., Bon gn_1x}. Then

WD(X):min{ b, ) :xeS(X)} :min{ﬂ:x#O,xeX}. 2)
flc(I* llo¢ 1l

Proof Assume that x € S(X), y = Bx, where B € {Byn1,Bon,...,Bynn_1}. Without losing
generality, let y = Byn1x. Then there exists Lo € R such that ||x + Loy|| = min,cr ||x + Ay,
i.e.,, x + Aoy Lpy. Based on Corollary 4.2 in [11], we have the following equalities:

A0)=0,  filx+Xoy) = llx+ Aoy, AlIF =1,

for some f; € X*. Let M, = {f € X" : f(y) = 0}. Then dim(M,) = 2" — 1. Based on Lemma 2,
the matrices By»; and BzTn, Bonj (i #j) are skew-symmetric. Then, by Lemma 1, the follow-
ing can be obtained:

(x,an,ix) =0, (an,l'x,Bgn,jx> =0, i 3/],

which imply that all of the vectors x, By, ..., By n_1x are in M, and linearly indepen-
dent. Thus,

M, = span{x, Bonpx, ... ,an,zn_lx}(c X*).

Given that f; € M,, we may assume that fi = 1% + apBonpx + - - - + 0pn_1Bon on_1%, where
ai,..., 01 € R We get filx + Aoy) = (o1, %) = (o120, % + Aogy) = ||x + Aoy||. This leads to
fi|span{x,y} = a1x|span{x,y} and ||a1x|span{x,y}”* > 1. Hence, we obtain that 1 =< ”ﬁ|span{x,y}”* <
If1lI* = 1. Then we have |lo1%|spanfxy II" = 1.
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Since x + Aoy Lg H, where H = span{y, Bynx,...,Bonon_1x} C X, and x ¢ H, then X =
span{x + Aoy} + H. Thus, for any z € H and any real number g, b, the following inequality

||a(x + koy)|| < Ha(x +Xoy) + bz”

holds. Thus, the inequalities |{a1x, a(x + oY) + b2)| < llonX|spaniuyy | *lla@(x + Xop) || < lla(x +
Aoy) + bz|| indicate that ||ayx|* <1, and then ||ayx||* = 1, namely, |oy]| = W is independent
of y and ||x + Aoy| = (a1%,x). So Eq. (2) is obtained, and thereby we complete the proof. [J

Lemma 3 Let X be a real symmetric linear normed space (R*", || - ||) and e, = (1,0,...,0),
e =(0,1,0,...,0),...,em =(0,0,...,0,1) be a basis of X.

(1) Assume that each row and each column in the 2" x 2" matrix B has only one
non-zero element, which takes the value of 1 or —1. Then matrix B is an isometric
operator on X.

(2) Assume that

(i) B is a skew-symmetric and orthogonal matrix, i.e., BT = -B, BTB = Id;

(i) Each row and each column in matrix B has only one non-zero element, which
takes the value of 1 or —1.

Then ||Bx|| = ||x|| and x L Bx for any x € X.

Proof (1) The equality y = Bx indicates that y is merely the vector in which the elements are
a rearrangement of the corresponding elements of x; some items in the elements change
their sign. Thus, based on the definition of a real symmetric linear normed space, we have
Bl = [l*[l.

(2) Let y = Bx, by Lemma 3(1), B is an isometric operator. Thus, ||Bx|| = ||x|| = 1. Mean-
while, |lx + y|| = ||({d + B)x|| = ||BId — B)x|| = |(Id — B)x|| = ||x — ||, and ¥ L y are ob-
tained. O

Then the main theorem can be obtained.

Theorem 1 Let X be a real symmetric linear normed space (R*", || - ||) and e, = (1,0, ...,0),
e =(0,1,0,...,0),...,ean =(0,0,...,0,1) be a basis of X. And the normed space X is such
that, for any x € S(X) and any y = Bon;x, Byn; € {Bany,...,Banon_1}, there exists g € R
such that x + Loy Lp H, where H = span{y, Byn 1%, ..., Bon; 1%, Bon j11%, ..., Bon on_1x}. Then
2(v/2-1) <D(X) < WD(X) < 1.

Proof The first inequality has been proven in Theorem 1 of [3]; thus, the last inequal-
ity can be easily obtained. The second inequality can be proven as follows by assuming
that x € S(X). Given that X is a symmetric normed linear space and By, i = 1,...,2" — 1,
satisfies properties (i) and (ii) in Lemma 2. By Lemma 3(2), By x € S(X) and x L; Byn jx
(i=1,...,2" —1) can be obtained. Hence, we get D(X) < WD(X). O

It is easy to extend the above result to any m-dimensional real symmetric normed linear
space.

Corollary1 Let X be a real symmetric linear normed space (R™, || - ||) and e; = (1,0, ...,0),
e; =(0,1,0,...,0),...,e, = (0,0,...,0,1) be a basis of X. And the normed space X is such
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that there exists a subspace Y C X with dimY = 2" and, for any x € S(Y) and any y =
Bonix, Bonj € {Bony,...,Bongn_1}, there exists Lo € R such that x + Loy Lg H, where H =
span{y, anllx, ceey anvi_lx, an,iﬂx, ceey anygn_lx}. Then 2(\/5 -1)< D(X) <WD(Y)<1.

It is worth mentioning that the upper bound WD(X) of the geometric constant D(X),
which is given in Theorem 1, has several advantages. Firstly, it is defined unrelated to
isosceles orthogonality compared to D(X). Secondly, due to (2), WD(X) has a simple ex-
pression, which makes calculation feasible. Finally, it is less than one in general. For exam-

ple, we consider WD(X) for the space l;" in the next section.

4 The case of 2’
The space l;" is used to show that the aforementioned upper bound WD(X) is optimal for
D(X).

Proposition 2 Let p,q > 1 such that}? + é =1. Then

2
WD(I2') = inf{* :telo, 1]},
(L+t)1(1+ep)r

Proof Assume that x = aje; + g€y + -+ - + ognegn € S(l;n) and y = Bon %, Bon; € {Bony, ...,

Byn on_1}. For simplicity, we may take o; > 0,i=1,2,...,2", and

on=2 on=2
V= E Oon-1_py1€k + E (=Dotgn-2_g, €924
k=1 k=1
on-2 on=2
+ E Olon_j41€9n-1, ) + E (—l)azn—1+2n—2_k+1€2n—1+2n—2+k.
k=1 k=1

Let f(X) = ||x + Ay||” and

on-2 on-2
AO) =D (@t dam gl + ) (oona g = Mtana )
k=1 k=1
on=2 on=2
+ Z((in—1+k + )\,(in,k+1)p + Z((in—1+2n—2+k - )Lazn—l+2n—27k+1)p‘
k=1 k=1

Then the equality fi (1) = f(A) holds on the interval [§, 5], where

on=2 073 on=2 Aon-1 4
& = maxymaxy ———— ,maxy ————
k=1 Oon-1_j41 k=1 Oon_j41

and

-2 -2
n= min{IZIZin{ e } ;Zin{ Fonteaniik ”
= , .
k=l [ Qgn-2_jp1 ) k=1 | Ogn-ly9n-2_ gy
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Since f(A) is a convex function on [£, 5], then fi (1) is also a convex function on [£, n]. There
exists one case in which the following equalities about A hold:

g1 (0 + Aotgn1 P71 = e (Qqn-2 42 — Ay )P,
Agn1_1(0tg + Aotgn1_1)P7Y = g (0rgn-1_y — Ao )P,
.
Aon-2 1 (Qgn-2 + )»Otznfzﬂ)p_l = on-2 (Wgn-2,7 — Aotgn-2 e
.
ot (0tgn-1,1 + Acgn P71 = atgnt g (0tgn — Aetgn-1,1)P 7Y,
.

azn_zn—2+1(a2n—1+2n—2 + )\.azn_zn—2+1 )p—l = Oon-1,9n-2 ((in—l won=241 — )\.(in—l+2n—2 )p—l‘

1
In this case, f/(A) = 0. If we let y; = (%”;—‘,—kﬂ)ﬁ, 1<k <2"2 then

3= on-1_g+1 — VkOk
O + VkOQon-1_g11

1

If we let yon2,, = (zzn%)l"l, 1<k <2"2, then
21=Lk

3= Oon_f+1 — Vilon-1,k

Oon-1,f + ViOon_j41
On the one hand, we have

3= Oon-1_g11 — VkOk < Oon-1_f11

< , l<k<2"?
O + ViOon-1_g41 (073

and

Oon_ - on-1 Olon_
5 = 2n_k+1 — VkOon ko %2 k+1’ 15/(52”"2.

Oon-1, ) + ViOon_j41 - Olon-1 4k

On the other hand, we have

2, 2
ok o+ 0, _
x_<_ ): 27kl >0, 1<k<2"?
Ogn-1_jy1 gt _gy1 (O + VicOtgn-1_gy1)
and
2 2
Oon-1,k [05v) +a2”—k 1 -
A—(— *): 2k s >0, 1<k<2"2
Qon_f+1 Olzn-k+1(0!2n—1+k + YkOon_ke1)

These inequalities show that A € [£,5]. Hence, if all yx and yyn2,; (1 < k < 2"72) are equal,
then the preceding equalities about X are equal. If f;(A) has a minimum value on the inter-
val [£,n], then f() also has a minimum value on the interval [&, ].



Li et al. Journal of Inequalities and Applications (2017) 2017:203 Page 8 of 9

Aop-1_ Qon_ !
Let t; = % and &2,y = % I<k<2"2).Ifay= =Qpm2=0gni, ==
+
Oon-1,9n-2 and Oon-2,1 = ++* = 0Qyn-1 = Ugn_gn-2,1 = *+* = Qn, then ti=t=---= tzn—l are ob-
. _44-1 .
tained. We may assume that &; = £, = --- = £u1 = £, and take Ag = %, where ¢ is any

positive number such that }7 + % =1, then f/(A¢) = 0 and

filho) = af[(l +Aot) + (- AO)P] + 0/27[(1 + Aot) + (- AO)P]

+oeekad [+ o) + (= ho) | +ab, [+ Aot + (E = 1o} ]

2n-141
R alzan—lJrzn—Z [(1 + )"Ot)p + (t - )\'O)p]

~ 1+t
T @+ a)p11+ )

Moreover, we may assume that o3 > oyu-1, then 0 < ¢t < 1. If ¢ < arys-1, then we can take

t=ti=7 0‘1" . The sufficient and necessary condition for the extreme points of a derived
21—l _k+1
convex function is that it must be the stagnation point. Since fi(A) is a strictly convex

function, then A is unique. Hence, we have

on . . 1+t12
WD(ZP ) =infyinf{ ————— = : 41 € [0,1] ¢,...,
L+tha@+d)r
1+
inf % it € [0,1]},
(l+t’27)5(1+t§)15
1+122,
inf +1 21 Tl € [0,1] }}
L+ 25, )T (L + )P
1422
- inf %:te[o,l]}. .
1 +t1)a(1 +tP)r

Remark 1 According to the above proof, WD(ZZ") is independent of the selection of B.

Thus, it may verify the existence of the space X satisfying the condition of Proposition 1.

Corollary 2 Let m, n be any positive integer such that 2" < m. Then
2 2n

2(vV2-1) =<D(l}) <D(L) < WD(L') <1.
Corollary 3 lim, .o D(') = 2(v/2 - 1). Specially, WD(") = 2(v/2 - 1).
Corollary 4 Let p,q > 1 such that 1% + é = 1. Assume that l;n has the property that, for
any x € S(l;") and any y = Bon ix, Bon; € {Bgn,...,Bonon_1}, there exists Lo € R such that
x+ Aoy Lg H, where

H= span{y, B2n,1x, N ,an,i_lx, B2n,,-+1x, N ,an,zn_lx}.

Then, for any x € l;n and x # 0, there exists a positive constant b = WD(ZZ") such that

2(V2 = Dlxll, Ixlly < bllxllylixlly < (%) < %l 1%l 3)
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The third inequality in (3) is the classical Holder inequality

q

n
Z bl ,
k=1

=

n n
DT O
k=1 k=1

where a; >0, by >0 (k=1,2,...,n), p>1, g >1and 117 + é = 1. This classical inequal-
ity plays a very important role in many areas of pure and applied mathematics. Various
generalizations and improvements of this classical inequality have been studied by many
mathematicians. The second inequality in (3) is a special case of the reverse version of
Holder inequality, which differs from other known results (e.g., see [12]). One of its values
is that the constant b is always greater than or equal to 2(+/2 —1).

5 Conclusion

In this paper, by studying the geometric constant D(X) of any real 2”-dimensional symmet-
ric normed space X = (R, || - ||), we obtained an upper bound WD(X), which is not greater
than 1. And using the special properties of a finite dimensional normed space R, 1- 1D
and the constraints on (R, || - ||), we also give a simple formula for WD(X). In particular,

when X = 112,", this formula is used to give a special form of the reverse Holder inequality.
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