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1 Introduction
Gronwall-Bellman inequality [, ] and Bihari inequality [] provided important devices
in the study of existence, uniqueness, boundedness, oscillation, stability, invariant mani-
folds and other qualitative properties of solutions to differential equations, integral equa-
tions and integro-differential equations. In the past few decades, a number of studies have
focused on generalizations of the Gronwall-Bellman inequality. For example, in [–],
the Gronwall-Bellman-Gamidov type integral inequalities and their generalizations were
studied; in [–], the Gronwall-like inequalities and their deformations were investi-
gated; in [–], the Volterra type iterated inequalities were discussed; in [–], the
Volterra-Fredholm type inequalities were examined.

The Gronwall-Bellman inequality can be stated as follows.
If u and f are nonnegative continuous functions on an interval [a, b], and u satisfies the

following inequality:

u(t) ≤ c +
∫ t

a
f (s)u(s) ds, t ∈ [a, b], (.)

where c ≥  is a constant. Then

u(t) ≤ c exp

(∫ t

a
f (s) ds

)
. (.)
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In , Pachpatte [] investigated the retarded linear Volterra-Fredholm type integral
inequality in two independent variables:

u(x, y) ≤ c +
∫ α(x)

α(x)

∫ β(y)

β(y)
a(x, y, s, t)u(s, t) dt ds +

∫ α(M)

α(x)

∫ β(N)

β(y)
b(x, y, s, t)u(s, t) dt ds,

(x, y) ∈ [x, M] × [y, N]. (.)

In , Wang [] investigated a retarded Volterra type integral inequality with two
variables:

ψ
(
u(x, y)

) ≤ a(x, y) + b(x, y)
∫ x

x

c(s, y)ψ
(
u(s, y)

)
ds

+ d(x, y)
[∫ α(x)

α(x)

∫ β(y)

β(y)
f(s, t)ϕ

(
u(s, t)

)
dt ds

+
∫ α(x)

α(x)

∫ β(y)

β(y)
f(s, t)ϕ

(
u(s, t)

)
dt ds

]
, (x, y) ∈ [x, x) × [y, y). (.)

In , Lu et al. [] studied the nonlinear retarded Volterra-Fredholm type iterated
integral inequality:

u(x, y) ≤ k +
∫ α(x)

α(x)

∫ β(y)

β(y)
h(s, t)ω

(
u(s, t)

)

×
[

f(s, t)ω
(
u(s, t)

)
+

∫ s

α(x)

∫ t

β(y)
h(s, t)

[
f(s, t)ω

(
u(s, t)

)

+
∫ s

α(x)

∫ t

β(y)
h(s, t)ω

(
u(s, t)

)
dt ds

]
dt ds

]
dt ds

+
∫ α(M)

α(x)

∫ β(N)

β(y)
h(s, t)ω

(
u(s, t)

)[
f(s, t)ω

(
u(s, t)

)

+
∫ s

α(x)

∫ t

β(y)
h(s, t)

[
f(s, t)ω

(
u(s, t)

)

+
∫ s

α(x)

∫ t

β(y)
h(s, t)ω

(
u(s, t)

)
dt ds

]
dt ds

]
dt ds,

(x, y) ∈ �. (.)

In , Huang and Wang [] discussed the retarded nonlinear Volterra-Fredholm type
integral inequality with maxima:

ϕ
(
v(t)

) ≤ k +
∫ α(t)

α(t)
h(s)

[
f(s)φ

(
v(s)

)
+

∫ s

α(t)
h(τ )

[
f(τ )φ

(
v(τ )

)

+
∫ τ

α(t)
h(ξ )φ

(
max

η∈[ξ–h,ξ ]
v(η)

)
dξ

]
dτ

]
ds

+
∫ α(T)

α(t)
h(s)

[
f(s)φ

(
v(s)

)
+

∫ s

α(t)
h(τ )

[
f(τ )φ

(
v(τ )

)

+
∫ τ

α(t)
h(ξ )φ

(
max

η∈[ξ–h,ξ ]
v(η)

)
dξ

]
dτ

]
ds, t ∈ [t, T],

v(t) ≤ k, t ∈ [t – h, t].

(.)
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Motivated by the work presented in [, , ], we establish some new retarded nonlin-
ear Volterra-Fredholm type integral inequality with maxima in two independent variables
in this paper:

ψ
(
u(x, y)

) ≤ k(x, y) +
∫ ∞

α(x)
a(s, y)ψ

(
u(s, y)

)
ds +

l∑
i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)ϕ

(
u(s, t)

)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)ϕ

(
max

σ∈[ξ ,hξ ]
u(σ ,η)

)
dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, x, y)ψ

(
u(s, t)

)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y)ψ

(
max

σ∈[ξ ,hξ ]
u(σ ,η)

)
dξ dη

]
ds dt, (x, y) ∈ �, (.)

and

up(x, y) ≤ k(x, y) +
∫ ∞

α(x)
a(s, y)up(s, y) ds +

l∑
i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)uqi (s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
uri (σ ,η) dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, x, y)uεj (s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
uδj (σ ,η) dξ dη

]
ds dt, (x, y) ∈ �. (.)

By the amplification method, differential and integration, and the inverse function, we
obtain the lower bound estimation of the unknown function. The example is given to il-
lustrate the application of our results.

2 Main results
In what follows, R denotes the set of real numbers, R+ = [, +∞), I = [M, +∞), I =
[N , +∞) are the given subsets of R, � = I × I. C(�, S) denotes the class of all contin-
uously differentiable functions defined on set � with range in the set S, C(�, S) denotes
the class of all continuous functions defined on set � with range in the set S, and α′(t) de-
notes the derived function of a function α(t). For convenience, we cite some useful lemmas
in the discussion of our proof as follows:

Lemma . (See []) Let u(t), a(t), b(t) be nonnegative and continuous functions defined
for t ∈ R+. Assume that a(t) is non-increasing function for t ∈ R+. If

u(t) ≤ a(t) +
∫ ∞

t
b(s)u(s) ds, t ∈ R+,

then

u(t) ≤ a(t) exp

(∫ ∞

t
b(s) ds

)
, t ∈ R+.
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From Lemma ., we can get the generalization in two dimensions.

Lemma . Let u(x, y), a(x, y), b(x, y) be nonnegative and continuous functions defined for
(x, y) ∈ �. Assume that a(x, y) is a non-increasing function in the first variable. If

u(x, y) ≤ a(x, y) +
∫ ∞

x
b(s, y)u(s, y) ds, (x, y) ∈ �,

then

u(x, y) ≤ a(x, y) exp

(∫ ∞

x
b(s, y) ds

)
, (x, y) ∈ �.

Lemma . (See []) Assume that a ≥ , p ≥ q ≥ , and p �= . Then, for any K > ,

a
q
p ≤ q

p
K

q–p
p a +

p – q
p

K
q
p .

Theorem . Suppose that the following conditions hold:
(i) ψ ∈ C(R+, R+) is an increasing function and ψ(u) > , ∀u > , ψ(∞) = ∞. ψ– is the

inverse function of ψ . ϕ, ϕ, ϕ/ϕ ∈ C(R+, R+) are increasing functions with
ϕi(u) >  (i = , ) for u > . ψ–, ϕi (i = , ) are sub-multiplicative and sub-additive,
that is,

ψ–(αβ) ≤ ψ–(α)ψ–(β), ψ–(α + β) ≤ ψ–(α) + ψ–(β),

ϕi(αβ) ≤ ϕi(α)ϕi(β), ϕi(α + β) ≤ ϕi(α) + ϕi(β), α,β ∈ R+;

(ii) k(x, y), a(x, y) ∈ C(�, R+) and k(x, y) is non-increasing in the first variable;
(iii) bi(s, t, x, y), ci(s, t, x, y), dj(s, t, x, y), ej(s, t, x, y) ∈ C(�, R+) for i = , , . . . , l;

j = , , . . . , l; bi, ci, dj, ej are all non-increasing functions in the last two variables;
(iv) α,αi,αj ∈ C(I, I), βi,βj ∈ C(I, I) are non-decreasing functions with

α(x),αi(x),αj(x) ≥ x, βi(y),βj(y) ≥ y (i = , , . . . , l; j = , , . . . , l). h ≥  is a constant;
(v) the function u ∈ C(�, R+) satisfies the inequality

ψ
(
u(x, y)

) ≤ k(x, y) +
∫ ∞

α(x)
a(s, y)ψ

(
u(s, y)

)
ds

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)ϕ

(
u(s, t)

)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)ϕ

(
max

σ∈[ξ ,hξ ]
u(σ ,η)

)
dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, x, y)ψ

(
u(s, t)

)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y)ψ

(
max

σ∈[ξ ,hξ ]
u(σ ,η)

)
dξ dη

]
ds dt,

(x, y) ∈ �, (.)
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then we have

u(x, y) ≤ ψ–{[k(x, y) + W –


{
W –


{

W
[
W

(
B(M, N) + G–(F(M, N)

))

+ E(x, y)
]

+ F(x, y)
}}]

A(x, y)
}

, (.)

where

W(z) =
∫ z

c

ds
ϕ(ψ–(s))

, c > , z ∈ (, +∞), (.)

W(z) =
∫ z

c

ϕ(ψ–(W –
 (s)))

ϕ(ψ–(W –
 (s)))

ds, c > , z ∈ (, +∞), (.)

G(u) = W

(
W

(
u

D(M, N)

))
– W

(
W

(
B(M, N) + u

)
+ E(M, N)

)
, (.)

on condition that W(+∞) = +∞, W(+∞) = +∞, and G(u) is a strictly increasing function
on R+. We have

A(x, y) = exp

(∫ ∞

α(x)
a(s, y) ds

)
, (.)

B(M, N) =
l∑

i=

∫ ∞

αi(M)

∫ ∞

βi(N)

[
bi(s, t, M, N)ϕ

(
ψ–(k(s, t)A(s, t)

))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, M, N)ϕ

(
ψ–(k(ξ ,η)A(ξ ,η)

))
dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, M, N)k(s, t)A(s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)k(ξ ,η)A(ξ ,η) dξ dη

]
ds dt, (.)

D(M, N) =
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, M, N)A(s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)A(ξ ,η) dξ dη

]
ds dt, (.)

E(M, N) =
l∑

i=

∫ ∞

αi(M)

∫ ∞

βi(N)
bi(s, t, M, N)ϕ

(
ψ–(A(s, t)

))
ds dt, (.)

F(x, y) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)ϕ

(
ψ–(A(ξ ,η)

))
dξ dη

]
ds dt. (.)

Proof Let

z(x, y) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)ϕ

(
u(s, t)

)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)ϕ

(
max

σ∈[ξ ,hξ ]
u(σ ,η)

)
dξ dη

]
ds dt
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+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, x, y)ψ

(
u(s, t)

)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y)ψ

(
max

σ∈[ξ ,hξ ]
u(σ ,η)

)
dξ dη

]
ds dt. (.)

Obviously, z(x, y) is non-increasing in each of the variables. From (.), we have

ψ
(
u(x, y)

) ≤ k(x, y) + z(x, y) +
∫ ∞

α(x)
a(s, y)ψ

(
u(s, y)

)
ds. (.)

Applying Lemma ., we obtain

ψ
(
u(x, y)

) ≤ (
k(x, y) + z(x, y)

)
A(x, y), (.)

i.e.

u(x, y) ≤ ψ–[(k(x, y) + z(x, y)
)
A(x, y)

]
, (.)

where A(x, y) is defined in (.), and A(x, y) is non-increasing in the first variable. So we
have

max
ξ∈[x,hx]

u(ξ , y) ≤ max
ξ∈[x,hx]

ψ–[(k(ξ , y) + z(ξ , y)
)
A(ξ , y)

]

≤ ψ–
[

max
ξ∈[x,hx]

(
k(ξ , y)A(ξ , y)

)
+ max

ξ∈[x,hx]

(
A(ξ , y)z(ξ , y)

)]

≤ ψ–[k(x, y)A(x, y) + A(x, y)z(x, y)
]
. (.)

By (.), (.), (.), and condition (i), we deduce

z(x, y) ≤
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)ϕ

(
ψ–(k(s, t)A(s, t)

)
+ ψ–(A(s, t)

)
ψ–(z(s, t)

))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)ϕ

(
ψ–(k(ξ ,η)A(ξ ,η)

)

+ ψ–(A(ξ ,η)
)
ψ–(z(ξ ,η)

))
dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, x, y)

(
k(s, t)A(s, t) + A(s, t)z(s, t)

)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y)

(
k(ξ ,η)A(ξ ,η) + A(ξ ,η)z(ξ ,η)

)
dξ dη

]
ds dt

≤
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

{
bi(s, t, x, y)

[
ϕ

(
ψ–(k(s, t)A(s, t)

))

+ ϕ
(
ψ–(A(s, t)

))
ϕ

(
ψ–(z(s, t)

))]

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)

[
ϕ

(
ψ–(k(ξ ,η)A(ξ ,η)

))
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+ ϕ
(
ψ–(A(ξ ,η)

))
ϕ

(
ψ–(z(ξ ,η)

))]
dξ dη

}
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

{
dj(s, t, x, y)

[
k(s, t)A(s, t) + A(s, t)z(s, t)

]

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y)

[
k(ξ ,η)A(ξ ,η) + A(ξ ,η)z(ξ ,η)

]
dξ dη

}
ds dt

≤ B(x, y) + C(x, y)

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)ϕ

(
ψ–(A(s, t)

))
ϕ

(
ψ–(z(s, t)

))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)ϕ

(
ψ–(A(ξ ,η)

))
ϕ

(
ψ–(z(ξ ,η)

))
dξ dη

]
ds dt

≤ B(M, N) + C(M, N)

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)ϕ

(
ψ–(A(s, t)

))
ϕ

(
ψ–(z(s, t)

))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)ϕ

(
ψ–(A(ξ ,η)

))
ϕ

(
ψ–(z(ξ ,η)

))
dξ dη

]
ds dt,

∀(x, y) ∈ [X,∞) × [Y ,∞), (.)

where B(M, N) is defined in (.), and C(M, N) is defined as follows:

C(M, N) =
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, M, N)A(s, t)z(s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)A(ξ ,η)z(ξ ,η) dξ dη

]
ds dt. (.)

∀X ∈ I, Y ∈ I, for all (x, y) ∈ [X,∞) × [Y ,∞), we have

z(x, y) ≤ B(M, N) + C(M, N)

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, X, Y )ϕ

(
ψ–(A(s, t)

))
ϕ

(
ψ–(z(s, t)

))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))
ϕ

(
ψ–(z(ξ ,η)

))
dξ dη

]
ds dt. (.)

Let z(x, y) denote the function on the right-hand side of (.), which is positive and non-
increasing in each of the variables (x, y) ∈ [X,∞) × [Y ,∞). From (.), we have

z(x, y) ≤ z(x, y), ∀(x, y) ∈ [X,∞) × [Y ,∞), (.)

z(∞, y) = B(M, N) + C(M, N). (.)
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Differentiating z(x, y) with respect to x, we have

∂z(x, y)
∂x

= –
l∑

i=

α′
i(x)

∫ ∞

βi(y)

[
bi

(
αi(x), t, X, Y

)
ϕ

(
ψ–(A

(
αi(x), t

)))
ϕ

(
ψ–(z

(
αi(x), t

)))

+
∫ ∞

αi(x)

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))
ϕ

(
ψ–(z(ξ ,η)

))
dξ dη

]
dt

≥ –
l∑

i=

α′
i(x)

∫ ∞

βi(y)

[
bi

(
αi(x), t, X, Y

)
ϕ

(
ψ–(A

(
αi(x), t

)))
ϕ

(
ψ–(z

(
αi(x), t

)))

+
∫ ∞

αi(x)

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))
ϕ

(
ψ–(z(ξ ,η)

))
dξ dη

]
dt,

∀(x, y) ∈ [X,∞) × [Y ,∞). (.)

By the monotonicity of ϕ, ϕ, z and the property of αi, βi, from (.), we get

(∂/∂x)z(x, y)
ϕ(ψ–(z(x, y)))

≥ –
l∑

i=

α′
i(x)

∫ ∞

βi(y)

[
bi

(
αi(x), t, X, Y

)
ϕ

(
ψ–(A

(
αi(x), t

)))

+
∫ ∞

αi(x)

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))ϕ(ψ–(z(ξ ,η)))
ϕ(ψ–(z(ξ ,η)))

dξ dη

]
dt,

∀(x, y) ∈ [X,∞) × [Y ,∞). (.)

Replacing x with s, and integrating it from x to ∞, we obtain

W
(
z(∞, y)

)
– W

(
z(x, y)

)

≥ –
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, X, Y )ϕ

(
ψ–(A(s, t)

))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))

× ϕ(ψ–(z(ξ ,η)))
ϕ(ψ–(z(ξ ,η)))

dξ dη

]
ds dt, ∀(x, y) ∈ [X,∞) × [Y ,∞), (.)

i.e.

W
(
z(x, y)

) ≤ W
(
z(∞, y)

)
+

l∑
i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, X, Y )ϕ

(
ψ–(A(s, t)

))

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))ϕ(ψ–(z(ξ ,η)))
ϕ(ψ–(z(ξ ,η)))

dξ dη

]
ds dt

≤ W
(
z(∞, y)

)
+ E(X, Y ) +

l∑
i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[∫ ∞

s

∫ ∞

t
ci(ξ ,η, X, Y )

× ϕ
(
ψ–(A(ξ ,η)

))ϕ(ψ–(z(ξ ,η)))
ϕ(ψ–(z(ξ ,η)))

dξ dη

]
ds dt, (.)
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where E(X, Y ) is defined in (.). Let z(x, y) denote the function on the right-hand side
of (.), which is positive and non-increasing in each of the variables (x, y) ∈ [X,∞) ×
[Y ,∞). From (.), we have

z(x, y) ≤ W –


(
z(x, y)

)
, ∀(x, y) ∈ [X,∞) × [Y ,∞), (.)

z(∞, y) = W
(
z(∞, y)

)
+ E(X, Y ). (.)

Differentiating z(x, y) with respect to x, we have

∂z(x, y)
∂x

= –
l∑

i=

α′
i(x)

∫ ∞

βi(y)

[∫ ∞

αi(x)

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))

× ϕ(ψ–(z(ξ ,η)))
ϕ(ψ–(z(ξ ,η)))

dξ dη

]
dt

≥ –
l∑

i=

α′
i(x)

∫ ∞

βi(y)

[∫ ∞

αi(x)

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))

× ϕ(ψ–(W –
 (z(ξ ,η))))

ϕ(ψ–(W –
 (z(ξ ,η))))

dξ dη

]
dt. (.)

By the monotonicity of ϕ/ϕ and z, from (.), we obtain

ϕ(ψ–(W –
 (z(x, y))))(∂/∂x)z(x, y)

ϕ(ψ–(W –
 (z(x, y))))

≥ –
l∑

i=

α′
i(x)

∫ ∞

βi(y)

[∫ ∞

αi(x)

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))
dξ dη

]
dt. (.)

Replace x with s, and integrating it from x to ∞, we get

W
(
z(x, y)

) ≤ W
(
z(∞, y)

)
+ F(x, y, X, Y ), (.)

where

F(x, y, X, Y ) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[∫ ∞

s

∫ ∞

t
ci(ξ ,η, X, Y )ϕ

(
ψ–(A(ξ ,η)

))
dξ dη

]
ds dt.

Obviously, F(x, y, x, y) = F(x, y), which is defined in (.). From (.), (.), (.), (.)
and (.), we have

z(x, y) ≤ z(x, y) ≤ W –


(
z(x, y)

)

≤ W –


{
W –


{

W
[
W

(
B(M, N) + C(M, N)

)
+ E(X, Y )

]
+ F(x, y, X, Y )

}}
,

∀(x, y) ∈ [X,∞) × [Y ,∞). (.)

Since X and Y are chosen arbitrarily, we have

z(x, y) ≤ z(x, y) ≤ W –


{
W –


{

W
[
W

(
B(M, N) + C(M, N)

)
+ E(x, y)

]
+ F(x, y)

}}
,

∀(x, y) ∈ [M,∞) × [N ,∞). (.)
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By the definition of C(M, N) and (.), we get

C(M, N) ≤ z(M, N)D(M, N)

≤ W –


{
W –


{

W
[
W

(
B(M, N) + C(M, N)

)
+ E(M, N)

]

+ F(M, N)
}}

D(M, N), (.)

or

W

[
W

(
C(M, N)
D(M, N)

)]
– W

[
W

(
B(M, N) + C(M, N)

)
+ E(M, N)

] ≤ F(M, N), (.)

where D(M, N) is defined in (.). By (.) and the hypothesis of G, we obtain

C(M, N) ≤ G–(F(M, N)
)
. (.)

Combining (.), (.) and (.), we get the desired result. �

Corollary . Let the functions k, a, α, bi, ci, αi, βi (i = , , . . . , l), dj, ej, αj, βj (j = , , . . . , l)
and u be defined as in Theorem ., p is a positive constant and p ≥ . If the function u(x, y)
satisfies the inequality,

up(x, y) ≤ k(x, y) +
∫ ∞

α(x)
a(s, y)up(s, y) ds +

l∑
i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)u(s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
u(σ ,η) dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, x, y)up(s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
up(σ ,η)) dξ dη

]
ds dt, (x, y) ∈ �, (.)

then: (i) if p > , we have

u(x, y) ≤
{{

k(x, y)

+
[[̃

B(M, N) + G–


(̃
F(M, N)

)] p–
p +

p – 
p

F̃(x, y)
] p

p–
}

A(x, y)
} 

p
, (.)

where

B̃(M, N) =
l∑

i=

∫ ∞

αi(M)

∫ ∞

βi(N)

[
bi(s, t, M, N)k


p (s, t)A


p (s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, M, N)k


p (ξ ,η)A


p (ξ ,η) dξ dη

]
ds dt
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+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, M, N)k(s, t)A(s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)k(ξ ,η)A(ξ ,η) dξ dη

]
ds dt, (.)

F̃(x, y) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)A


p (s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)A


p (ξ ,η) dξ dη

]
ds dt, (.)

G(u) =
p

p – 

[(
u

D(M, N)

) p–
p

–
(̃
B(M, N) + u

) p–
p

]
, (.)

on condition that G(u) is a strictly increasing function on R+.
(ii) If p = , we have

u(x, y) ≤
[

k(x, y) +
B(M, N) exp (F(x, y))

 – D(M, N) exp (F(M, N))

]
A(x, y), (.)

where

D(M, N) exp
(
F(M, N)

)
<  (.)

and

B(M, N) =
l∑

i=

∫ ∞

αi(M)

∫ ∞

βi(N)

[
bi(s, t, M, N)k(s, t)A(s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, M, N)k(ξ ,η)A(ξ ,η) dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, M, N)k(s, t)A(s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)k(ξ ,η)A(ξ ,η) dξ dη

]
ds dt, (.)

F(x, y) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)A(s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)A(ξ ,η) dξ dη

]
ds dt. (.)

Proof Inequality (.) followed by letting ψ(u(x, y)) = up(x, y), ϕ(u(x, y)) = ϕ(u(x, y)) =

u(x, y) in Theorem .. Then ψ–(u(x, y)) = u

p (x, y) and (u + v)


p ≤ u


p + v


p , (uv)


p =

u

p v


p .
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If p > , we have

W(z) =
∫ z

c

du
u/p =

p
p – 

z
p–

p –
p

p – 
c

p–
p ,

W –
 (z) =

(
p – 

p
z + c

p–
p

) p
p–

.

Applying Theorem ., we can easily get (.).
If p = , we have

W(z) =
∫ z

c

du
u

= ln z – ln c, W –
 (z) = c exp z,

G(u) = W

(
u

D(M, N)

)
– W

(
B(M, N) + u

)
= ln

u
D(M, N)(B(M, N) + u)

.

Obviously, G(u) is a strictly increasing function on R+, G–
 (u) is the inverse of G(u), we

get

G–
 (u) =

B(M, N)D(M, N) exp (u)
 – D(M, N) exp (u)

, D(M, N) exp (u) < ,

where B(M, N) is defined in (.). Applying Theorem ., we can easily get (.). Details
are omitted here. �

Theorem . Suppose that the following conditions hold:
(i) (ii)-(iv) of Theorem . are satisfied;

(ii) qi, ri are nonnegative constants with p ≥ qi, p ≥ ri, i = , , . . . , l, and εj, δj are
nonnegative constants with p ≥ εj, p ≥ δj, j = , , . . . , l.

If (x, y) ∈ �, u(x, y) satisfies the following inequality:

up(x, y) ≤ k(x, y) +
∫ ∞

α(x)
a(s, y)up(s, y) ds +

l∑
i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)uqi (s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
uri (σ ,η) dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, x, y)uεj (s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
uδj (σ ,η)) dξ dη

]
ds dt, (x, y) ∈ �, (.)

then we have

u(x, y) ≤
{[

k(x, y) +
B(M, N)

 – D(M, N)
exp

(
F(x, y)

)]
A(x, y)

} 
p

, (x, y) ∈ �, (.)
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where

B(M, N) =
l∑

i=

∫ ∞

αi(M)

∫ ∞

βi(N)

{
bi(s, t, M, N)A

qi
p (s, t)

[
qi

p
K

qi–p
p

 k(s, t) +
p – qi

p
K

qi
p



]

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, M, N)A

ri
p (ξ ,η)

×
[

ri

p
K

ri–p
p

 k(ξ ,η) +
p – ri

p
K

ri
p



]
dξ dη

}
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

{
dj(s, t, M, N)A

εj
p (s, t)

[
εj

p
K

εj–p
p

 k(s, t) +
p – εj

p
K

εj
p



]

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)A

δj
p (ξ ,η)

×
[

δj

p
K

δj–p
p

 k(ξ ,η) +
p – δj

p
K

δj
p



]
dξ dη

}
ds dt, (.)

F(x, y) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)A

qi
p (s, t)

qi

p
K

qi–p
p



+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)A

ri
p (ξ ,η)

ri

p
K

ri–p
p

 dξ dη

]
ds dt, (.)

D(M, N) =
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, M, N)A

εj
p (s, t)

εj

p
K

εj–p
p

 exp
(
F(s, t)

)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)A

δj
p (ξ ,η)

δj

p
K

δj–p
p

 exp
(
F(ξ ,η)

)
dξ dη

]
ds dt

< . (.)

Proof Let

z(x, y) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)uqi (s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
uri (σ ,η) dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, x, y)uεj (s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
uδj (σ ,η)) dξ dη

]
ds dt. (.)

Obviously, z(x, y) is non-increasing in every variable. From (.) and (.), we have

up(x, y) ≤ k(x, y) + z(x, y) +
∫ ∞

α(x)
a(s, y)up(s, y) ds. (.)
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By Lemma ., we obtain

up(x, y) ≤ [
k(x, y) + z(x, y)

]
A(x, y), (x, y) ∈ [M,∞) × [N ,∞), (.)

where A(x, y) is defined in (.). Then we get

u(x, y) ≤ [(
k(x, y) + z(x, y)

)
A(x, y)

] 
p , (x, y) ∈ [M,∞) × [N ,∞). (.)

By Lemma ., we have

uqi (x, y) ≤ [(
k(x, y) + z(x, y)

)
A(x, y)

] qi
p

≤ A
qi
p (x, y)

[
qi

p
K

qi–p
p


(
k(x, y) + z(x, y)

)
+

p – qi

p
K

qi
p



]

= A
qi
p (x, y)

[
qi

p
K

qi–p
p

 k(x, y) +
p – qi

p
K

qi
p

 +
qi

p
K

qi–p
p

 z(x, y)
]

,

max
ξ∈[x,hx]

uri (ξ , y) ≤ max
ξ∈[x,hx]

[(
k(ξ , y) + z(ξ , y)

)
A(ξ , y)

] ri
p

≤
[(

max
ξ∈[x,hx]

k(ξ , y) + max
ξ∈[x,hx]

z(ξ , y)
)

max
ξ∈[x,hx]

A(ξ , y)
] ri

p

≤ A
ri
p (x, y)

[
ri

p
K

ri–p
p


(
k(x, y) + z(x, y)

)
+

p – ri

p
K

ri
p



]

= A
ri
p (x, y)

[
ri

p
K

ri–p
p

 k(x, y) +
p – ri

p
K

ri
p

 +
ri

p
K

ri–p
p

 z(x, y)
]

,

uεj (x, y) ≤ A
εj
p (x, y)

[
εj

p
K

εj–p
p

 k(x, y) +
p – εj

p
K

εj
p

 +
εj

p
K

εj–p
p

 z(x, y)
]

,

max
ξ∈[x,hx]

uδj (ξ , y) ≤ A
δj
p (x, y)

[
δj

p
K

δj–p
p

 k(x, y) +
p – δj

p
K

δj
p

 +
δj

p
K

δj–p
p

 z(x, y)
]

.

(.)

Combining (.) and (.), we have

z(x, y) ≤
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

{
bi(s, t, x, y)A

qi
p (s, t)

[
qi

p
K

qi–p
p

 k(s, t)

+
p – qi

p
K

qi
p

 +
qi

p
K

qi–p
p

 z(s, t)
]

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)A

ri
p (ξ ,η)

[
ri

p
K

ri–p
p

 k(ξ ,η)

+
p – ri

p
K

ri
p

 +
ri

p
K

ri–p
p

 z(ξ ,η)
]

dξ dη

}
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

{
dj(s, t, x, y)A

εj
p (s, t)

[
εj

p
K

εj–p
p

 k(s, t)

+
p – εj

p
K

εj
p

 +
εj

p
K

εj–p
p

 z(s, t)
]
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+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y)A

δj
p (ξ ,η)

[
δj

p
K

δj–p
p

 k(ξ ,η)

+
p – δj

p
K

δj
p

 +
δj

p
K

δj–p
p

 z(ξ ,η)
]

dξ dη

}
ds dt

= B(x, y) + C(x, y) +
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)A

qi
p (s, t)

qi

p
K

qi–p
p

 z(s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)A

ri
p (ξ ,η)

ri

p
K

ri–p
p

 z(ξ ,η) dξ dη

]
ds dt

≤ B(M, N) + C(M, N)

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)A

qi
p (s, t)

qi

p
K

qi–p
p

 z(s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)A

ri
p (ξ ,η)

ri

p
K

ri–p
p

 z(ξ ,η) dξ dη

]
ds dt,

(x, y) ∈ [M,∞) × [N ,∞), (.)

where B(M, N) is defined in (.), C(M, N) is defined as follows:

C(M, N) =
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, M, N)A

εj
p (s, t)

εj

p
K

εj–p
p

 z(s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)A

δj
p (ξ ,η)

δj

p
K

δj–p
p

 z(ξ ,η) dξ dη

]
ds dt. (.)

∀X ∈ I, ∀Y ∈ I, for all (x, y) ∈ [X,∞) × [Y ,∞), we have

z(x, y) ≤ B(M, N) + C(M, N) +
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, X, Y )A

qi
p (s, t)

qi

p
K

qi–p
p

 z(s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, X, Y )A

ri
p (ξ ,η)

ri

p
K

ri–p
p

 z(ξ ,η) dξ dη

]
ds dt. (.)

Let z(x, y) denote the function on the right-hand side of (.), which is positive and non-
increasing in each of the variables (x, y) ∈ [X,∞) × [Y ,∞). From (.), we have

z(x, y) ≤ z(x, y), (x, y) ∈ [X,∞) × [Y ,∞), (.)

z(∞, y) = B(M, N) + C(M, N). (.)

Differentiating z(x, y) with respect to x, we have

∂z(x, y)
∂x

= –
l∑

i=

α′
i(x)

∫ ∞

βi(y)

[
bi

(
αi(x), t, X, Y

)
A

qi
p
(
αi(x), t

)qi

p
K

qi–p
p

 z
(
αi(x), t

)

+
∫ ∞

αi(x)

∫ ∞

t
ci(ξ ,η, X, Y )A

ri
p (ξ ,η)

ri

p
K

ri–p
p

 z(ξ ,η) dξ dη

]
dt
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≥ –
l∑

i=

α′
i(x)

∫ ∞

βi(y)

[
bi

(
αi(x), t, X, Y

)
A

qi
p
(
αi(x), t

)qi

p
K

qi–p
p

 z
(
αi(x), t

)

+
∫ ∞

αi(x)

∫ ∞

t
ci(ξ ,η, X, Y )A

ri
p (ξ ,η)

ri

p
K

ri–p
p

 z(ξ ,η) dξ dη

]
dt. (.)

Dividing both sides of (.) by z(x, y), noticing that z(x, y) is non-increasing in each
variable, we have

(∂/∂x)z(x, y)
z(x, y)

≥ –
l∑

i=

α′
i(x)

∫ ∞

βi(y)

[
bi

(
αi(x), t, X, Y

)
A

qi
p
(
αi(x), t

)qi

p
K

qi–p
p



+
∫ ∞

αi(x)

∫ ∞

t
ci(ξ ,η, X, Y )A

ri
p (ξ ,η)

ri

p
K

ri–p
p

 dξ dη

]
dt,

(x, y) ∈ [X,∞) × [Y ,∞). (.)

Replace x with s, and integrate it from x to ∞, we get

z(x, y) ≤ z(∞, y) exp
(
F(x, y, X, Y )

)
, (x, y) ∈ [X,∞) × [Y ,∞), (.)

where

F(x, y, X, Y ) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, X, Y )A

qi
p (s, t)

qi

p
K

qi–p
p



+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, X, Y )A

ri
p (ξ ,η)

ri

p
K

ri–p
p

 dξ dη

]
ds dt. (.)

It is obvious that F(x, y, x, y) = F(x, y), which is defined in (.). From (.), (.) and
(.), we get

z(x, y) ≤ [
B(M, N) + C(M, N)

]
exp

(
F(x, y, X, Y )

)
, (x, y) ∈ [X,∞) × [Y ,∞). (.)

Due to the fact that X, Y are chosen arbitrarily, we have

z(x, y) ≤ [
B(M, N) + C(M, N)

]
exp

(
F(x, y)

)
, (x, y) ∈ [M,∞) × [N ,∞). (.)

By the definition of C(M, N), we have

B(M, N) + C(M, N) ≤ B(M, N) +
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, M, N)A

εj
p (s, t)

εj

p
K

εj–p
p



× [
B(M, N) + C(M, N)

]
exp

(
F(s, t)

)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)A

δj
p (ξ ,η)

δj

p
K

δj–p
p



× [
B(M, N) + C(M, N)

]
exp

(
F(ξ ,η)

)
dξ dη

]
ds dt

≤ B(M, N) +
[
B(M, N) + C(M, N)

]
D(M, N), (.)
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where D(M, N) is defined in (.). Then, according to D(M, N) < , we have

B(M, N) + C(M, N) ≤ B(M, N)
 – D(M, N)

. (.)

From (.) and (.), we get

z(x, y) ≤ B(M, N)
 – D(M, N)

exp
(
F(x, y)

)
, (x, y) ∈ [M,∞) × [N ,∞). (.)

Combining (.) and (.), we obtain the desired result. �

Remark . If qi = ri =  (i = , , . . . , l), εj = δj = p (j = , , . . . , l), the inequality (.)
becomes (.), but the proof of Theorem . is different from that of Corollary ..

Corollary . Let k, a, α, αi, βi, bi, ci (i = , , . . . , l), αj, βj, dj, ej (i = , , . . . , l) be defined as
in Theorem ., then q, r are nonnegative constants with  ≤ q ≤ ,  ≤ r ≤ . For (x, y) ∈ �,
u(x, y) satisfies the following inequality:

u(x, y) ≤ k(x, y) +
∫ ∞

α(x)
a(s, y)u(s, y) ds

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)uq(s, t)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
ur(σ ,η) dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, x, y)u(s, t)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y) max

σ∈[ξ ,hξ ]
u(σ ,η)) dξ dη

]
ds dt, (x, y) ∈ �, (.)

then we have

u(x, y) ≤
{[

k(x, y) +
B(M, N)

 – D(M, N)
exp

(
F(x, y)

)]
A(x, y)

} 


, (.)

where

F(x, y) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi(s, t, x, y)A

q
 (s, t)

q


K
q–




+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)A

r
 (ξ ,η)

r


K
r–


 dξ dη

]
ds dt, (.)
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B(M, N)

=
l∑

i=

∫ ∞

αi(M)

∫ ∞

βi(N)

{
bi(s, t, M, N)A

q
 (s, t)

[
q


K
q–


 k(s, t) +

 – q


K
q




]

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, M, N)A

r
 (ξ ,η)

[
r


K
r–


 k(ξ ,η) +

 – r


K
r




]
dξ dη

}
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

{
dj(s, t, M, N)A


 (s, t)

[



K– 


 k(s, t) +



K





]

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)A


 (ξ ,η)

[



K– 


 k(ξ ,η) +



K





]
dξ dη

}
ds dt, (.)

D(M, N) =
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj(s, t, M, N)A


 (s, t)




K– 


 exp
(
F(s, t)

)

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, M, N)A


 (ξ ,η)




K– 


 exp
(
F(ξ ,η)

)
dξ dη

]
ds dt

< . (.)

Proof Inequality (.) follows by inequality (.) with p = , qi = q, ri = r (i = , , . . . , l),
εj = δj =  (j = , , . . . , l). Then, applying Theorem ., we can easily get (.). Details are
omitted here. �

Remark . As one can see, the established results above mainly deal with Volterra-
Fredholm type integral inequalities with maxima in two variables. And they are differ-
ent from the results presented in [, , ]. In Theorem ., in the case of one variable,
if we take k(x, y) = k, a(x, y) = , l = l = , b(s, t, x, y) = d(s, t, x, y) = h(s), c(ξ ,η, x, y) =
e(ξ ,η, x, y) = h(ξ ), ψ(u) = ϕ(u), ψ(u) = ϕ(u) in the second iterated integral, orderly, we
will get the inequality that is similar to inequality (.). If the above conditions are satisfied
in two dimensions and ϕ(maxσ∈[ξ ,hξ ] u(σ ,η)) = ϕ(u(ξ ,η)), we get analogs of the inequal-
ity (.). And if we take l = , l = , bi(s, t, x, y) = fi(s, t), ci(ξ ,η, x, y) =  in Theorem .,
inequality (.) reduces to (.).

3 Applications in the integral equation
In this section, we apply our results in Theorem . and Theorem . to study the retarded
Volterra-Fredholm type integral equations with maxima in two variables. Some results on
the boundedness of their solutions are presented, which demonstrate that our results can
be used to investigate the qualitative properties of solutions of some integral equations.

Example We consider the retarded Volterra-Fredholm type integral equation of the form

ψ
(
v(x, y)

)
= g(x, y) +

∫ ∞

x
g(s, y)ψ

(
v
(
s + ρ(s), y

))
ds

+
l∑

i=

∫ ∞

x

∫ ∞

y
Fi

(
s, t, x, y, v

(
s + ρi(s), t + γi(t)

)
,

∫ ∞

s

∫ ∞

t
Fi

(
s, t, x, y, max

σ∈[ξ+ρi(ξ ),h(ξ+ρi(ξ ))]
v
(
σ ,η + γi(η)

))
dξ dη

)
ds dt
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+
l∑

j=

∫ ∞

M

∫ ∞

N
Gj

(
s, t, x, y, v

(
s + ρj(s), t + γj(t)

)
,

∫ ∞

s

∫ ∞

t
Gj

(
s, t, x, y, max

σ∈[ξ+ρj(ξ ),h(ξ+ρj(ξ ))]
v
(
σ ,η + γj(η)

))
dξ dη

)
ds dt,

(x, y) ∈ �. (.)

Suppose that the following conditions hold:
(i) g(x, y), g(x, y), v(x, y) ∈ C(�, R);

(ii) x + ρ(x), x + ρi(x), x + ρj(x) ∈ C(I, I) and y + γi(y), y + γj(y) ∈ C(I, I) are strictly
increasing with

ρ(M) = ρi(M) = ρj(M) = , γi(N) = γj(N) = ,

ρ(x) ≥ , ρi(x) ≥ , ρj(x) ≥  for x ≥ M,

γi(y) ≥ , γj(y) ≥  for y ≥ N ,

ρ ′(x) > –, ρ ′
i(x) > –, ρ ′

j (x) > –,

γ ′
i (y) > –, γ ′

j (y) > – (i = , , . . . , l; j = , , . . . , l);

(iii) Fi, Gj ∈ C(� × R, R), Fi, Gj ∈ C(� × R, R) (i = , , . . . , l; j = , , . . . , l).
Let α(x) = x + ρ(x), αi(x) = x + ρi(x), αj(x) = x + ρj(x), βi(y) = y + γi(y), βj(y) = y + γj(y).

Then α, αi, αj, βi, βj satisfy the condition (iv) of Theorem ..

Theorem . In Eq. (.), suppose that the following conditions hold:

ψ
(
v(x, y)

)
= v(x, y),

∣∣g(x, y)
∣∣ ≤ k(x, y),

∣∣g(x, y)
∣∣ ≤ a(x, y),

∣∣Fi(s, t, x, y, u, v)
∣∣ ≤ bi(s, t, x, y)ϕ

(|u|) + |v|,
∣∣Fi(s, t, x, y, u)

∣∣ ≤ ci(s, t, x, y)ϕ
(|u|), i = , , . . . , l,

∣∣Gj(s, t, x, y, u, v)
∣∣ ≤ dj(s, t, x, y)|u| + |v|,

∣∣Gj(s, t, x, y, u)
∣∣ ≤ ej(s, t, x, y)|u|, j = , , . . . , l,

(.)

where k, a, bi, ci, dj, ej, ϕ, ϕ are defined in Theorem .. Assume that the function
G(u) = W(W( u

D(M,N) )) – W(W(B(M, N) + u) + E(M, N)) is increasing. Then we have
the following estimate:

∣∣v(x, y)
∣∣ ≤ [

k(x, y) + W –


{
W –


{

W
[
W

(
B(M, N) + G–


(
F(M, N)

))

+ E(x, y)
]

+ F(x, y)
}}]

A(x, y), (x, y) ∈ �, (.)

where

A(x, y) = exp

(∫ ∞

α(x)
Ma

(
α–(s), y

)
ds

)
, (.)
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B(M, N)

=
l∑

i=

∫ ∞

αi(M)

∫ ∞

βi(N)
MiMi

[
bi

(
α–

i (s),β–
i (t), M, N

)
ϕ

(
k(s, t)A(s, t)

)

+
∫ ∞

s

∫ ∞

t
MiMici

(
α–

i (ξ ),β–
i (η), M, N

)
ϕ

(
k(ξ ,η)A(ξ ,η)

)
dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)
MjMj

[
dj

(
α–

j (s),β–
j (t), M, N

)
k(s, t)A(s, t)

+
∫ ∞

s

∫ ∞

t
MjMjej

(
α–

j (ξ ),β–
j (η), M, N

)
k(ξ ,η)A(ξ ,η) dξ dη

]
ds dt, (.)

D(M, N) =
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)
MjMj

[
dj

(
α–

j (s),β–
j (t), M, N

)
A(s, t)

+
∫ ∞

s

∫ ∞

t
MjMjej

(
α–

j (ξ ),β–
j (η), M, N

)
A(ξ ,η) dξ dη

]
ds dt, (.)

E(M, N) =
l∑

i=

∫ ∞

αi(M)

∫ ∞

βi(N)
MiMibi

(
α–

i (s),β–
i (t), M, N

)
ϕ

(
A(s, t)

)
ds dt, (.)

F(x, y) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)
M

iM

i

×
[∫ ∞

s

∫ ∞

t
ci
(
α–

i (ξ ),β–
i (η), x, y

)
ϕ(A(ξ ,η) dξ dη

]
ds dt, (.)

M = max
x∈I


α′(α–(x))

< ∞,

Mi = max
x∈I


α′

i(α–
i (x))

< ∞, Mi = max
y∈I


β ′

i (β–
i (y))

< ∞, i = , , . . . , l;

Mj = max
x∈I


α′

j(α–
j (x))

< ∞, Mj = max
y∈I


β ′

j (β–
j (y))

< ∞, j = , , . . . , l;

(.)

W, W are defined in Theorem ..

Proof By applying the conditions (.) to (.), we have

∣∣v(x, y)
∣∣ ≤ k(x, y) +

∫ ∞

x
a(s, y) · ∣∣v(s + ρ(s), y

)∣∣ds

+
l∑

i=

∫ ∞

x

∫ ∞

y

[
bi(s, t, x, y)ϕ

(∣∣v(s + ρi(s), t + γi(t)
)∣∣)

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)ϕ

(∣∣∣ max
σ∈[ξ+ρi(ξ ),h(ξ+ρi(ξ ))]

v
(
σ ,η + γi(η)

)∣∣∣
)

dξ dη

]
ds dt

+
l∑

j=

∫ ∞

M

∫ ∞

N

[
dj(s, t, x, y)

∣∣v(s + ρj(s), t + γj(t)
)∣∣

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y)

∣∣∣ max
σ∈[ξ+ρj(ξ ),h(ξ+ρj(ξ ))]

v
(
σ ,η + γj(η)

)∣∣∣dξ dη

]
ds dt
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≤ k(x, y) +
∫ ∞

α(x)
a
(
α–(s), y

)∣∣v(s, y)
∣∣ 
α′(α–(s))

ds

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi

(
α–

i (s),β–
i (t), x, y

)
ϕ

(∣∣v(s, t)
∣∣)

+
∫ ∞

s

∫ ∞

t
ci
(
α–

i (ξ ),β–
i (η), x, y

)
ϕ

(
max

σ∈[ξ ,hξ ]

∣∣v(σ ,η)
∣∣)

× 
α′

i(α–
i (ξ ))


β ′

i (β–
i (η))

dξ dη

]


α′
i(α–

i (s))


β ′
i (β–

i (t))
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj

(
α–

j (s),β–
j (t), x, y

)∣∣v(s, t)
∣∣

+
∫ ∞

s

∫ ∞

t
ej
(
α–

j (ξ ),β–
j (η), x, y

)

× max
σ∈[ξ ,hξ ]

∣∣v(σ ,η)
∣∣ 
α′

j(α–
j (ξ ))


β ′

j (β–
j (η))

dξ dη

]


α′
j(α–

j (s))


β ′
j (β–

j (t))
ds dt

≤ k(x, y) +
∫ ∞

α(x)
Ma

(
α–(s), y

)∣∣v(s, y)
∣∣ds

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
MiMibi

(
α–

i (s),β–
i (t), x, y

)
ϕ

(∣∣v(s, t)
∣∣)

+
∫ ∞

s

∫ ∞

t
M

iM

ici

(
α–

i (ξ ),β–
i (η), x, y

)
ϕ

(
max

σ∈[ξ ,hξ ]

∣∣v(σ ,η)
∣∣)dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
MjMjdj

(
α–

j (s),β–
j (t), x, y

)∣∣v(s, t)
∣∣

+
∫ ∞

s

∫ ∞

t
M

jM

jej

(
α–

j (ξ ),β–
j (η), x, y

)

× max
σ∈[ξ ,hξ ]

∣∣v(σ ,η)
∣∣dξ dη

]
ds dt, (.)

for (x, y) ∈ �, where M, Mi, Mi (i = , , . . . , l), Mj, Mj (j = , , . . . , l) are defined in
(.). Applying the results of Theorem . to (.) with ψ(u) = u, a(s, y) = Ma(α–(s), y),
bi(s, t, x, y) = MiMibi(α–

i (s),β–
i (t), x, y), ci(ξ ,η, x, y) = M

iM
ici(α–

i (ξ ),β–
i (η), x, y),

dj(s, t, x, y) = MjMjdj(α–
j (s),β–

j (t), x, y), ej(ξ ,η, x, y) = M
jM

jej(α–
j (ξ ),β–

j (η), x, y), we
obtain the desired estimation (.). �

Theorem . In equation (.), suppose that the following conditions hold:

ψ
(
v(x, y)

)
= vp(x, y),

∣∣g(x, y)
∣∣ ≤ k(x, y),

∣∣g(x, y)
∣∣ ≤ a(x, y),

∣∣Fi(s, t, x, y, u, v)
∣∣ ≤ bi(s, t, x, y)|u|qi + |v|,

∣∣Fi(s, t, x, y, u)
∣∣ ≤ ci(s, t, x, y)|u|ri , i = , , . . . , l,

∣∣Gj(s, t, x, y, u, v)
∣∣ ≤ dj(s, t, x, y)|u|εj + |v|,

∣∣Gj(s, t, x, y, u)
∣∣ ≤ ej(s, t, x, y)|u|δj , j = , , . . . , l,

(.)
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where p, qi, ri, εj, δj, bi, ci, dj, ej (i = , , . . . , l; j = , , . . . , l) are defined as in Theorem ..
Then we have the following estimate:

∣∣v(x, y)
∣∣ ≤

{[
k(x, y) +

B(M, N)
 – D(M, N)

exp
(
F(x, y)

)]
A(x, y)

} 
p

, (.)

where

B(M, N) =
l∑

i=

∫ ∞

αi(M)

∫ ∞

βi(N)
MiMi

{
bi

(
α–

i (s),β–
i (t), M, N

)
A

qi
p

 (s, t)

×
[

qi

p
K

qi–p
p

 k(s, t) +
p – qi

p
K

qi
p



]

+
∫ ∞

s

∫ ∞

t
MiMici

(
α–

i (ξ ),β–
i (η), M, N

)

× A
ri
p

 (ξ ,η)
[

ri

p
K

ri–p
p

 k(ξ ,η) +
p – ri

p
K

ri
p



]
dξ dη

}
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)
MjMj

{
dj

(
α–

j (s),β–
j (t), M, N

)
A

εj
p

 (s, t)

×
[

εj

p
K

εj–p
p

 k(s, t) +
p – εj

p
K

εj
p



]

+
∫ ∞

s

∫ ∞

t
MjMjej

(
α–

j (ξ ),β–
j (η), M, N

)

× A
δj
p

 (ξ ,η)
[

δj

p
K

δj–p
p

 k(ξ ,η) +
p – δj

p
K

δj
p



]
dξ dη

}
ds dt, (.)

D(M, N) =
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)
MjMj

×
[

dj
(
α–

j (s),β–
j (t), M, N

)
A

εj
p

 (s, t)
εj

p
K

εj–p
p

 exp
(
F(s, t)

)

+
∫ ∞

s

∫ ∞

t
MjMjej

(
α–

j (ξ ),β–
j (η), M, N

)

× A
δj
p

 (ξ ,η)
δj

p
K

δj–p
p

 exp
(
F(ξ ,η)

)
dξ dη

]
ds dt

< , (.)

F(x, y) =
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)
MiMi

[
bi

(
α–

i (s),β–
i (t), x, y

)
A

qi
p

 (s, t)
qi

p
K

qi–p
p



+
∫ ∞

s

∫ ∞

t
MiMici

(
α–

i (ξ ),β–
i (η), x, y

)

× A
ri
p

 (ξ ,η)
ri

p
K

ri–p
p

 dξ dη

]
ds dt. (.)
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Proof Applying the conditions of (.) to (.), we have

∣∣v(x, y)
∣∣p ≤ k(x, y) +

∫ ∞

x
a(s, y)

∣∣v(s + ρ(s), y
)∣∣p ds

+
l∑

i=

∫ ∞

x

∫ ∞

y

[
bi(s, t, x, y)

∣∣v(s + ρi(s), t + γi(t)
)∣∣qi

+
∫ ∞

s

∫ ∞

t
ci(ξ ,η, x, y)

∣∣∣ max
σ∈[ξ+ρi(ξ ),h(ξ+ρi(ξ ))]

v
(
σ ,η + γi(η)

)∣∣∣ri
dξ dη

]
ds dt

+
l∑

j=

∫ ∞

M

∫ ∞

N

[
dj(s, t, x, y)

∣∣v(s + ρj(s), t + γj(t)
)∣∣εj

+
∫ ∞

s

∫ ∞

t
ej(ξ ,η, x, y)

∣∣∣ max
σ∈[ξ+ρj(ξ ),h(ξ+ρj(ξ ))]

v
(
σ ,η + γj(η)

)∣∣∣δj
dξ dη

]
ds dt

≤ k(x, y) +
∫ ∞

α(x)
a
(
α–(s), y

)∣∣v(s, y)
∣∣p 

α′(α–(s))
ds

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
bi

(
α–

i (s),β–
i (t), x, y

)∣∣v(s, t)
∣∣qi

+
∫ ∞

s

∫ ∞

t
ci
(
α–

i (ξ ),β–
i (η), x, y

)

× max
σ∈[ξ ,hξ ]

∣∣v(σ ,η)
∣∣ri 

α′
i(α–

i (ξ ))


β ′
i (β–

i (η))
dξ dη

]


α′
i(α–

i (s))


β ′
i (β–

i (t))
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
dj

(
α–

j (s),β–
j (t), x, y

)∣∣v(s, t)
∣∣εj

+
∫ ∞

s

∫ ∞

t
ej
(
α–

j (ξ ),β–
j (η), x, y

)

× max
σ∈[ξ ,hξ ]

∣∣v(σ ,η)
∣∣δj 

α′
j(α–

j (ξ ))


β ′
j (β–

j (η))
dξ dη

]

× 
α′

j(α–
j (s))


β ′

j (β–
j (t))

ds dt

≤ k(x, y) +
∫ ∞

α(x)
Ma

(
α–(s), y

)∣∣v(s, y)
∣∣p ds

+
l∑

i=

∫ ∞

αi(x)

∫ ∞

βi(y)

[
MiMibi

(
α–

i (s),β–
i (t), x, y

)∣∣v(s, t)
∣∣qi

+
∫ ∞

s

∫ ∞

t
M

iM

ici

(
α–

i (ξ ),β–
i (η), x, y

)
max

σ∈[ξ ,hξ ]

∣∣v(σ ,η)
∣∣ri dξ dη

]
ds dt

+
l∑

j=

∫ ∞

αj(M)

∫ ∞

βj(N)

[
MjMjdj

(
α–

j (s),β–
j (t), x, y

)∣∣v(s, t)
∣∣εj

+
∫ ∞

s

∫ ∞

t
M

jM

jej

(
α–

j (ξ ),β–
j (η), x, y

)

× max
σ∈[ξ ,hξ ]

∣∣v(σ ,η)
∣∣δj dξ dη

]
ds dt, (.)
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for (x, y) ∈ �, where M, Mi, Mi (i = , , . . . , l), Mj, Mj (j = , , . . . , l) are defined
in (.). Applying the results of Theorem . to (.) with a(s, y) = Ma(α–(s), y),
bi(s, t, x, y) = MiMibi(α–

i (s),β–
i (t), x, y), ci(ξ ,η, x, y) = M

iM
ici(α–

i (ξ ),β–
i (η), x, y),

dj(s, t, x, y) = MjMjdj(α–
j (s),β–

j (t), x, y), ej(ξ ,η, x, y) = M
jM

jej(α–
j (ξ ),β–

j (η), x, y), we
obtain the desired estimation (.). �

4 Conclusion
In this paper, we established several new retarded nonlinear Volterra-Fredholm type in-
tegral inequalities with maxima in two independent variables in Theorem . and Theo-
rem ., and gave their specific cases in Corollary . and Corollary ., respectively, which
can be used in the analysis of the qualitative properties to solutions of integral equations
with maxima. In Theorem . and Theorem ., we also presented the applications to
research the boundedness of solutions of retarded nonlinear Volterra-Fredholm type in-
tegral equations.

Using our method, one can further study the integral inequality with more dimensions.
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