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1 Introduction

A generalized nonnegative trigonometric polynomial is a function of the type

7

. X — Zj J
sin
2

with r; € R*, z; € C, and the number

(0#a ) (L1)

f@=lal ]
j=1

is called the degree of f.

We denote by GT,, (n € R*) the set of all generalized nonnegative trigonometric poly-
nomials of degree at most n and we denote by T, (n € N) the set of all real trigonometric
polynomials of degree at most n.

In this paper we work on the real line. If x € R, then
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therefore, f € GT), can be written as

m m
=TIz Yoniesn
j=1 j=1

where Tj is a nonnegative real trigonometric polynomial of degree 1. Many inequalities
for generalized nonnegative polynomials are known; see [1].

Note that if f € GT, with each r; > 2 in its representation (1.1), then f is differentiable
for all x e R.

In this paper we deal with doubling weights and A, weights. An integrable, 277 -periodic
weight function W is called a doubling weight if there is a positive constant L such that

wW=<L / w (1.2)
2 J

for any interval J C R, where 2] is the interval with length 2|/| (]/| denotes the Lebesgue
measure of the set /) and with midpoint at the midpoint of J. The constant L in (1.2) will
be called the doubling constant. A periodic weight function W on R is an A, weight if for
every € > 0, there is a § > 0 such that

/WZ(S/W
E J

for any interval /] C R and any measurable set E C J with |E| > €|]|. Obviously A, weights
are doubling weights. Many properties of doubling and A, weights are studied; see [2].

Weighted polynomial inequalities, such as Bernstein, Marcinkiewicz, Remez, Schur,
Nikolskii inequalities, with doubling and A, weights were proved by G. Mastroianni and
V. Totik in [2], where L, norm is considered for 1 < p < 0o. For 0 < p < 1, Tamas Erdélyi [3]
proved such inequalities for the trigonometric case. Recently, it has been proved that in-
equalities of this kind hold also for more general weight functions, namely for the product
of a doubling and an exponential weight (see [4]) and for a class of nondoubling weights
(see [5]).

In this paper we show that many weighted polynomial inequalities hold for generalized
nonnegative trigonometric polynomials as well. We also prove the large sieve for general-
ized trigonometric polynomials with doubling weights.

The rest of this paper is organized as follows. In Section 2, we prove the basic theo-
rems which will be used in the proof of weighted inequalities for generalized trigonomet-
ric polynomials. In Section 3, we prove Bernstein, Marcinkiewicz, and Schur inequali-
ties for generalized trigonometric polynomials with doubling weights and in Section 4 we
prove Remez and Nikolskii inequalities for generalized trigonometric polynomials with
A weights.

2 The basic theorems

The following theorem is a basic tool in proving the weighted inequalities for general-
ized trigonometric polynomials. For ordinary polynomials the theorem is proved by Mas-
troianni and Totik in [2] for 1 < p < 00, and by Tamas Erdélyi in [3] for O < p < 1. The proof
is a modification of their arguments.
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Theorem 2.1 Let 0 < p < co. Let W be a doubling weight, and let

x+1/n
W, (x) := n/ W (¢) dt. (2.1)

—1/n

Then there is a constant C > 0 depending only on p and on the doubling constant L such
that for every f € GT,, (1 < n € R*) with each r; > 2 in its representation (1.1) we have

c-I/_:fPWS/_:fPanc/_:fPW. (2.2)

The function W, in (2.1) is continuous and can be approximated by polynomials as fol-
lows. If 1 <n € R*, then?®

1
Z Wn(x) = VV[n] (x) = LWn(x);

uniformly in x € R, hence, by Theorem 2.2 in [3], for 0 < p < 0o, for each n € R* (n > 1)

there is a nonnegative real trigonometric polynomial P, of degree at most (10;;72L +4)n such
that®

(Pu(®))” ~ Wy (x) (2.3)
and

|P;(x) |p < Cr’ W, (x), (2.4)

uniformly in x € R.
The following lemma plays a crucial role in proving Theorem 2.1.

Lemma 2.2 Let 0 < p < 00 and let W be a doubling weight, and

x+1/n
W, (x) := n/ W (¢) dt.
x—1/n
Let
0<T<m<- <17, <27
and

) :min{rz — Ty T = Te1y 270 — (Ty — 1:1)} >0.

Then there is a constant C > 0 depending only on p and on the weight W such that for every
feGT, (neR") we have

m 2
Y fE)Wih) < c(b ’; L, 5—1) SP @)W () dx,
j=1 0

where b := (% +5).
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Proof Applying Theorem 2.2 in [6] to f* € GT,, with r = p and ¥ (x) = x, we have

2
Y ) < (”2—;1 ¥ 5-1> @ /O 17 (x) dx. (2.5)

j=1

The polynomial P, in (2.3) has degree at most (—2= ng + 4)n, hence, fP, € GT}, where b =
(IO%L +5). Applying (2.3) and (2.5) we have

S P @Wam) < G Y (F@)Pu())
j=1

bn+1 |\ [* »
=< Cz( o +4 ) (f(x)Pn(x)) dx

§C3<bz;1+5_1) fo PP W) d,

which completes the proof. d

As an application of Theorem 2.1 we have the following weighted analog of a large sieve.

Theorem 2.3 Let 0 < p < 0o and let W be a doubling weight. With the same notations as
in Lemma 2.2, there is a constant B > 0 depending only on p and on the weight W such that
forevery f € GT, (1 <neR") with each rj > 2 in its representation (1.1) we have

m

fo’(r;)Wn(r,-)sB(b”“ )/ FP@OW () ds,

j-1

where b := (loiz +5).
Proof Applying Lemma 2.2 and Theorem 2.1, we have

m
n+1

b
S ) Wale) < c( i

j=1
bn+1 2
<B +4 fPx)W(x) dx,
2r 0

which completes the proof. d

2
+ 5-1) FP(x) Wi () dx
0

We now prove Theorem 2.1.

Proof of Theorem 2.1 We closely follow the proof of Theorem 2.1 in [3]. Let 0 < p < oc.
First we show that there is a constant C > 0 depending only on p and on the doubling

constant L such that for every f € GT, (1 < n € R*) with each r; > 2 in its representation
(1.1) we have

/_: If'I'' W, < Cn? /_: If 1P W, (2.6)
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logy L

= 4)n such that

In fact by (2.3), there is a polynomial P, of degree at most N = (

e e
e [ e
Using
f/Pn:(an)/_fP;l

and (a + b)Y <2?(a? + b?) for any a, b,p > 0, we have

[rewe<z([wyrs [(imp).

For the first term in the right hand side of the above inequality, we use Bernstein’s in-
equality (Theorem 10 and its Remark in [1]) for generalized trigonometric polynomials of
degree at most (n + N), and (2.3), then we have

f_ (P < Culn+ NY f P
< G+ NY / s

For the second term, we use (2.4), then we have

[ e <cor [ iprw.
Since

log, L
n~N=<& +4>n,
p

we have, for 0 < p < 0o,

g e
f IF'Fw, < Cnpf fIP W,.
- -7

Thus the proof of (2.6) is complete.

Note that the case 1 < p < 0o of the theorem follows from the case 0 < p < 1. In fact, if
1 < p < oo then we may apply the theorem for the case 0 < p <1 with f and p replaced by
f? and 1, respectively. Since

Loz p)

1
- an (x) = Wn(x) = an(x):
V4
uniformly in x € R, the case 1 < p < 0o of the theorem follows.
So from now on we assume that 0 < p < 1. Now let K be a large positive even integer
which will be chosen later, and set #n* = [#] and

Jiim [Zin 2(i + 1)m

, , i=0,1,...,Kn" -1.
Kn* Kn*
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Let «; € J; be a point such that f(«;) = max,e;, f(x) and let B; € J; be a point such that
W, (B;) = max,ej, W,(x). Let

Mn = pr(ai) Wn(/gi);

where the summation is taken for i = 0,1,...,Kn* — 1, unless stated otherwise. Now let
&; € J; be arbitrary. Using @ — b’ < (a—- b)Y fora > b >0, 0 <p <1, we have

My =Y fPEIWL(B) = D (P () =[P (E)) Wo(Bi)
= Z(f o) = f( ‘i:z Bi)
< Z[f’(ﬂ)(ai —gi)’pW (B

( Kn*> > I @) wap) (2.7)

with some 7; € J;. Since, uniformly for x,y € J;,
LW, (x) < Wu(y) < LW,,(x),

we can continue this:

( o ) G Y | () W) (2.8)

Now we write

Z t,| W, (%) = Zlf T ’p ) + Z [f’(ri)’pW T

i=21 i=21+1

and then applying Lemma 2.2, we have

1 bn+l K
ZV(E)‘FWV,(Q)EQ( Z; n )/ lf‘p

i=21

and

bn+1 Kn* 2
Z lf (Tl)|pW (TL) = C4( 27 27T ) 0 lf/|an;

i=20+1
hence

G
T

2
Z[f’(t,»)‘an(ti) <—(bn+1+Kn* )/ IF'IF'w,
0
2
< C4I(l’l/ lf/ |me
0
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where we assume that K > (logTﬂ +6) so that bn + 1 < Kn (b is defined in Lemma 2.2).

Thus, by using the above inequality and (2.6), we can continue the inequality (2.8) thus:

2 \? 2
_ P&, . dls
M, Zf(a)m(mscs(](n*) o [Clrw,
27
< CeK'?n / If 1P W,.. (2.9)
0
Since
27T
PV, = / W,
/0 yrw=3 | 5
2
1 FP ¢y N 2
< D VP @)Wl = 1My,
we have

2w
Mn - E )p(gi)Wn(ﬁi) =< C7ﬁMm
from which it follows that
1
Mn_ Lo iWn iS_M;«u
E (&) Wa(B:) 5

or, equivalently,

%Mn <> fPEIWa(B)s
provided

log, L
8L
p

K > (Cr4m)'? + 6.

Using
LW, (B:) < Wa(n:) < LW,(B)),

uniformly whenever »; € J;, we have, for any &;, n; € J;,

1
Sy M < D S E)Walmi).

In particular, this is true for the points y; € J; and §; € J; where f(y;) = min,ey, f(x) and
W,(8;) = minges, W, (x); hence, we have, for any x;,y; € J;,

1 1
S Mn = 57 DS WalB)
< pr(xi)Wn()/i)

<M, <2L Y fP(y) Wa(8)).
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If we also note that y; € J; implies

W(x)dx < W,(y;) < L0028y | W (x)dx,

Ji Ji
it follows that
n
% // PP W) da
< pr(xi)wn(yi)
<2LL02Ny / FP(y) W (x) dx, (2.10)
Ji

whenever x;,y; € J;. Letting x; = y; = 2in/(Kn*) + x and integrating the above inequality
with respect to x € [0, (27)/(Kn*)], we obtain

/4

LK Z/]_fp(ai)W(x) dx < Zlfp(x)wn(x) dx

8 LLU°&2K)
<

= e X [ roweas

Since f(«;) = max,e, f(x) and f(y;) = min,ey, f (x), we obtain

LLK Z/]ifp(x)w/(x)dx < Z/]ifp(x)w/n(x) dx

87 L1 (1022 K)
< HT FP)W (x) dx,
Ji

which proves the theorem. d

3 Results on weighted inequalities for generalized trigonometric polynomials
with doubling weights

In this section we apply the basic theorem to prove the weighted inequalities for general-

ized trigonometric polynomials with doubling weights.

3.1 Bernstein inequality

Bernstein type inequalities have numerous applications in approximation theory. The fol-
lowing is a Bernstein type inequality for generalized trigonometric polynomials with dou-
bling weights.

Theorem 3.1 Let W be a doubling weight and let 0 < p < 0o. Then there is a constant C > 0
depending only on p and on the weight W such that for every f € GT, (1 <n € R*) with
each rj > 2 in its representation (1.1) we have

/_: If''w <cCn /_: IFPw. (3.1)

Proof By Theorem 2.1 we can replace W, by W in (2.6). O
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3.2 Marcinkiewicz inequality

A Marcinkiewicz type inequality is useful when we need to estimate L, norms of a trigono-
metric polynomials by a finite sum. The following theorem describes such inequalities for
generalized trigonometric polynomials with doubling weights.

Theorem 3.2 Let W be a doubling weight and let 0 < p < 0o. Then there are two constants
K >0 and C > 0 depending only on p and on the weight W such that for every f € GT,
(1 <n e R*) with each r; > 2 in its representation (1.1) we have

T C m
/ fIW == WD)
- "

provided the points To < 11 < - - - < Ty, satisfy 1.1 — 1; < 27 /(Kn) and v,, > 19 + 270

Proof Let n* = [n]. In the proof of Theorem 2.1 we have proved in (2.10) that there exists

a positive integer K such that if J; = [%, %], i=0,1,...,Kn* - 1, and «; € J; arbitrary,
then

57 X [ de < 3w

Since f(a;) = max,ej, f (), we have

57 X [ rewe < 3w,

Thus, the theorem is true if there is at least one point 7; (mod 2x) in every J, i

0,1,...,Kn* — 1, or if the points 79 < 7 < - -+ < T, satisfy 1;,, — 7; < 27/(Kn) and 1, >
To + 27, O

3.3 Schur inequality
The following is a Schur type inequality for generalized trigonometric polynomials with

doubling weights involving generalized Jacobi weights.

Theorem 3.3 Let W be a doubling weight and let 0 < p < 00. Let V be a generalized Jacobi
weight of the form

m
V) =v@) [ [lx-xl", xxel-m,m),7>0,
i=1

where v is a positive measurable function bounded away from 0 and co. Then there is a
constant C > 0 independent of n such that for every f € GT, (1 < n € R*) with each r; > 2
in its representation (1.1) we have

/fPW§Can WYV,

24 24

where I' = max) <<, {Vi}.



Joung Journal of Inequalities and Applications (2017) 2017:91 Page 10 of 14

Proof By the Lemma 4.5 in [2], WV is also a doubling weight and it is easy to see that
(WV),(x) ~ W, (%) V(%) and V,,(x) > cn". Thus, by Theorem 2.1, we have

[ v~ [ o,

T
~ / prnVn

c T
S
1 T
~ / v,
which completes the proof. O

4 Results on weighted inequalities for generalized trigonometric polynomials
with A, weights
In this section we prove the weighted inequalities for generalized trigonometric polyno-

mials with A, weights.

4.1 Remez inequality
The Remez inequality is useful because we can exclude exceptional sets of measure at
most 1. The following describes such inequalities for generalized trigonometric polyno-

mials with A, weights.

Theorem 4.1 Let 0 < p < 0o and let W be an A, weight. Then there is a constant C > 0
depending only on p and on the weight W such that if f € GT, (1 <n € R") with each
rj > 2 in its representation (1.1) and E is a measurable subset of [0,27] of measure at most
A €(0,1], then

fPW < CcHm / fPW. (4.1)

[0,27] [0,2]\E

Proof First we show that if we replace W by W, in (4.1), then inequality holds. By (2.3),

we have a trigonometric polynomial P, of degree at most (% +4)n such that

PP~ W,

n

Then we apply the Remez inequality for generalized trigonometric polynomials (see The-

orem 8 in [1]) to fP, € GT}, where b = (% +5) as follows:

/ ffW, =G (fPn)’
[0,27] [0,27]

< C1C1+bnkf (ﬂ)n)p
[0,27]\E

< cclvbm / fPW,. (4.2)
[0,27\E
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Note that the case 1 < p < 0o of the theorem follows from the case 0 < p < 1. So from
now on we assume that 0 < p < 1. Next we follow the proof of Theorem 2.1. Let K be a

large positive even integer which will be chosen later, and set n* = [1] and

2ir 2(i+1)m . .
Ji= ——F— |, i=0,1,...,Kn" -1

Kn*'  Kn*

Define the set J by

Je={i:IEN] = Iil/2},

and let
r=Jn
ie]
Then

| <2) IENJ| < 20| <21
ie]

Let a; € J; be a point such that f(o;) = max,;, f(x) and let §; € J; be a point such that
W, (B;) = max,ej, W,(x). Let

My =Y fP () Wa(B)).

i¢]
Now let &; € J; be arbitrary. Using exactly the same method as in the proof of Theorem 2.1
(from (2.7) to (2.9)), we have
2
M, S FEWL(B) < Gk [ f W,
ie] 0

By (4.2) we have

2w
/ fp W, < C12 Cl+bn2) / fp W, = C12 C1+bnzx Z f" W,
0 [0,27]\I* iy Vi

2
< CRCHVR NP @) W) = CRCHV2 2 M,

oy Kn*
hence,
1
Mn _ y4 ; Wn ; < C C1+bn2)»_Mn,
;é}:f E)W,(B) = CuC P
from which it follows that
1
Mn_ L iWn iE_Mn:
> FEWB) =

i¢]
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provided

K = (2C5C12bm) . (4.3)
Using

L7Wou(Bi) < Wa(ni) < LW,u(:)

uniformly whenever n; € J;, we have, for any &;, n; € J;,

_M = P(&)W(1:).
2L i¢]

In particular, this is true for the points y; € J; and §; € J; where f(y;) = min,, f(x) and
W, (8;) = min,ej, Wy,(x), hence, we have, for any x;,y; € J;,

ﬂM <Zé]:fpxlw(yz

<M, <2LY [P (y)Wia(8).

i¢]

Now we use the property of the A, weight. If i ¢ J, then |J; \ E| > |/;|/2 = 7w /(Kn*), hence,
by Lemma 5.1(vi)’ in [2], there are constants s and D such that, for y; € J;, i ¢ J,

yi+l/n 2 s
W,,(yi):n/ W/SnD( i >/ W
yi-1/n |]l \E| JI\E

2K\°
< nD(—) w. (4.4)
]l\E

T

Similarly to (2.10), we have

N W(y,)<C4nD<2K> )3 f min/?()) W 2)
]l\

E
i¢] igg JINE T

whenever x;, y; € J;. Letting x; = y; = 2im/(Kn*) + x and integrating the above inequality
with respect to x € [0, (277)/(Kn*)], we obtain

Z/f”(x x)dx-/ fPw,

@] [0,27]\I*
(e () 5 e
<C z“SD( ) Z / SR W (x) dx

< CsK*! / fP(xe) W (x) dx.
[0,27]\(I*UE)
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Applying Theorem 2.1, (4.2), and the definition of K in (4.3), we have

fPW < Ce fPW,, < CeCICI+20m / W,

[0,27] [0,27] [0,27]\I*
< C7 Cl+2bn)»1<s—l / fp w
[0,27]\(I* UE)
<G (C(p+S—1)/p)1+2bnA / fPW,
[027]\E
which proves the theorem. 0

4.2 Nikolskii inequality

Nikolskii inequality is used to compare the L, and L, norms of polynomials. The following
theorem describes such inequalities for generalized trigonometric polynomials with A
weights.

Theorem 4.2 Let W be an A, weight and let 0 < p < q < 00. Then there is a constant C > 0
depending only on p and q and on the weight W such that for every f € GT, (1 <n e R*)
with each r; > 2 in its representation (1.1) we have

g 1/q T 1/p
( / fqW> fcn”P”q< / f”WP/q) .
- -

Proof Define the set E by

E= {xe [, 7] fT(x) W (x) > ”/nqu}-

Then [.f*W > n|E| [ f?W, hence, |E| <1/n. Now applying the Theorem 4.1, we have

b4
f fiw < C/ fiw
1 [-7,n\E

T
<l ([ rwen)

7,w\E

T (g-p)lq T
< cplPla (/ fqW) (/ prp/q)
- -7

Taking pth root yields the theorem. d

5 Conclusions

In this paper, we have established weighted inequalities, such as the Bernstein,
Marcinkiewicz, Schur, Remez, Nikolskii inequalities, for generalized trigonometric poly-
nomials with doubling weights. We also have established the large sieve for generalized
trigonometric polynomials with doubling weights.
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Endnotes

a
b

Here, and in what follows, [x] denotes the integer part of x.
In what follows A ~ B means that there are two positive constants C; and G, such that C; < B/A < G,.
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