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Abstract

In this paper, we investigate the admissible entire solutions of finite order of the
differential-difference equations (f'(z))? + P?(2)f*(z + ©) = Q(z)e*® and

(F )2 +[fz+0)-f(2)])%=Q@)e*?, where P(z), Q(z) are two non-zero polynomials,
o(2) is a polynomial and ¢ € C\{0}. In addition, we investigate the non-existence of
entire solutions of finite order of the differential-difference equation

(F@)" + P(2)f"(z + ¢) = Q(z), where P(z), Q(z) are two non-constant polynomials,

c € C\{0}, m, n are positive integers and satisfy - + 1 < 2 exceptform=1,n=2.
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1 Introduction and main results
In this paper, we assume that the reader is familiar with the standard symbols and funda-
mental results of Nevanlinna theory [1, 2]. In addition, we denote by S(r,f) any quantify
satisfying S(r,f) = o(T(r,f)), as r — 00, outside of a possible exceptional set of finite log-
arithmic measure. We define the logarithmic measure of E to be Im(E) = |, En(L,00) %. A set
E C (1, 00) is said to have finite logarithmic measure if Im(E) < co. Throughout this paper,
all constants are complex constants unless otherwise specified.

Nevanlinna’s value theory of meromorphic functions has been used to study the proper-
ties of entire or meromorphic solutions of differential equations and difference equations

in complex plane, such as [3-5]. In [6], Montel stated the following theorem.

Theorem A Let f(2), g(z) be two transcendental entire functions. Then if m and n are

integers > 3, the functional equation
f(2)+g"(2) =1 1.1)
cannot hold.

However, when 7 = 2 and g(z) has a specific relationship with f(z) in (1.1), the problem
that whether we can obtain the accurate expressions of entire solutions or not is worth
to be considered. Recently, many results focused on this problem that were obtained by
using the Nevanlinna theory, such as [7-14].
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In [10], Liu et al. considered Fermat type differential-difference equation and obtained
the following results.

Theorem B The transcendental entire solutions with finite order of
(@) +fz+c)=1 (1.2)

must satisfy f(z) = sin(z = iB), where B is a constant and ¢ = 2kw or ¢ = 2km + 7w, k is an
integer.

Theorem C The transcendental entire solutions with finite order of

(F@)*+(fe+ 0 -f@)* =1 (1.3)
must satisfy f(z) = 1 sin(2z + iB), where ¢ = kr + %, k is an integer, and B is a constant.
In [7], Chen and Gao improved Theorem B and obtained the following result.

Theorem D Let P(z), Q(z) be two non-zero polynomials. If the differential-difference equa-

tion
2

(f'@)" +P(2)f*(z + ¢) = Qz) (1.4)
admits a transcendental entire solution of finite order, then P(z), Q(z) reduce to constants,
and

eaz+b _ e—(az+b)
fo="T
2a

. _1)k , . .
wherea = tiA, A = %, k is an integer, b is a constant and p, q, c are non-zero constants.

Remark 1.1 Equation (1.2) is a special case of (1.4). Theorem D generalized Theorem B.
From Theorem D, we see that if P(z) and Q(z) are non-constant polynomials, then equa-

tion (1.4) has no transcendental entire solution of finite order.
In this paper, we generalize equations (1.2)-(1.4) and obtain the following results.

Theorem 1.1 Let P(z), Q(z) be two non-zero polynomials, c € C\{0} and «(z) be a polyno-
mial. If the differential-difference equation

(@) + P(2)f*(z + ¢) = Q2)e"® (1.5)

admits a transcendental entire solution of finite order, then f(z) must satisfy one of the
following cases:
(i) P(z) and Q(z) reduce to constants, and

qleAlz+Bl quA22+BZ
= +

J@ == 24,

’
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where A, = ie'1°p, Ay = —ie*2°p, By, B, are constants and A1, Ay, q1, 42, P, C are non-zero
constants;
(ii) P(z) reduces to a constant, Q(z) is a polynomial with degree 1, and

P R
24, 24, 1 A AT
or
qet#B (biz+ by - /%)3A22+Bz 1 1
f(Z)= + ’ —#C,—:C,
24, 24, Ay Ay

where A, = ie"\°p, Ay = —ie’2°p, By, By, ag, by are constants and A1, Az, qu, q2, a1, b1, p, ¢
are non-zero constants;

(iif)
f(z) =B(2)e"?,  a(z)=24z+D,

where B(z) satisfies [B'(z) + AB(2)]* + P2(2)B2(z + c)e*4° = Q(z)eP, A, ¢ are non-zero con-
stants, D is a constant.

Remark1.2 Inequation (1.5), when «(z) is a constant, then equation (1.5) reduces to equa-
tion (1.4). That is, Theorem 1.1 generalizes Theorems B and D.

Theorem 1.2 Let Q(z) be a non-zero polynomial, a(z) be a polynomial and c € C\{0}. If
the differential-difference equation

(@) +[fz+ ) -f@D] = Qz)e*® (1.6)

admits a transcendental entire solution of finite order, then f(z) must satisfy one of the

following cases:

(i)
f(2) = B(z)e* + co, a(z) =24z + D,

where B(z) satisfies [B'(z) + AB(2)]? + [B(z + )’ — B(2)]? = Q(z)eP, A, ¢ are non-zero con-
stants, ¢, D are constants; In particular, if A = %, then

g€t + qre®?
=——F ¢

f(2) Y Zia, @éf =qe™ (2eic - 1),
or

1) = bieP(iz + 1) +;(%€Bl + boeBz)e_,-z ven bi(2ic+1) = —2igeP B e 2 2,
or

fl2) = M&Z +c3, g€ =qie’ (2e7 - 1),
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or

_ aleBl(—iz+1)—i(aoeBl +q26B2)e

f(2) 5 24y ar(2ic—1) = —2ig,eP2 7B, e = 2,
where cy, ¢a, 3, Ca, B1, Ba, ag, by are constants and ay, by, q1, q2, ¢ are non-zero constants;
(ii)
B
qe’iz et , .
z) = + +cs, €2 —1=iAy,c=—i
f@= 5 B 2
or
eA1z+B1 eb2z
f(Z)=q1 2 +co, €M°—1=—iA},c=i,

2A;

where By, B>, cs, ¢ are constants and A1, A,, q1, g2 are non-zero constants;

(iii)

qleA1z+Bl Q26A22+BZ
= +

z +c7,
f(2) A, 2, 7
or
(miz+ao - G g ghazhy 1
flz) = + +cg, =,
2A1 2A2 A1 +1
or
flz) = pet + (biz+bo - %)&2%32 +c v _ c
24, 24, Y Ay-i
or
(a1z + ag - ;’1—11)43“‘1“31 (b1z + bg — j—lz)e"‘ﬂ”g2 1 1
f(z): + + C10, .= . =G
24, 24, Ar+i Ay—i

where eM1° —1 = —iA;, e*2° —1 = iAy, By, By, ag, by are constants and Ay, Ay, q1, 42, a1, by, ¢

are non-zero constants.

Remark 1.3 In equation (1.6), when Q(z) is non-zero constant and «(z) is a constant, then
equation (1.6) reduces to equation (1.3). That is, Theorem 1.2 generalizes Theorem C.

Fermat type functional equations were investigated by Gross [15, 16] and many others.
In [17], Yang studied the Fermat type functional equation

a(2)f"(2) + b(z)g" (2) = 1, (1.7)
where a(z), b(z) are small functions with respect to f(z) and obtained the following result.

Theorem E Let m, n be positive integers satisfying % + % < 1. Then there are no non-
constant entire solutions f(z) and g(z) that satisfy (1.7).
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When g(z) has a specific relationship with f(z) in (1.7), Liu et al. [10] studied the

differential-difference equation

(F @) +fMz+0 =1, (1.8)
and obtained the following result.

Theorem F Equation (1.8) has no transcendental entire solutions with finite order, pro-

vided that m # n, where m, n are positive integers.
Now, we generalize (1.8) and obtain the following result.

Theorem 1.3 Let P(z), Q(z) be two non-constant polynomials and ¢ € C\{0}, then the
equation

(f'@)" + P2)f"(z + ¢) = Q2) (1.9)

has no transcendental entire solutions with finite order, provided that % + % < 2 except for

m =1, n =2, where m, n are positive integers.

2 Some lemmas

In order to prove our conclusions, we need some lemmas.

Lemma 2.1 (see [2, 18]) Let f(z) be a transcendental meromorphic solution of

S"P@zf) = Qz.f),

where P(z,f) and Q(z,f) are polynomials in f(z) and its derivatives with meromorphic co-
efficients, say {a; |A € I}, such that m(r,a;) = S(r,f) for all A € I. If the total degree of Q(z,f)
as a polynomial in f(z) and its derivatives is < n, then m(r, P(z,f)) = S(r,f).

Lemma 2.2 (see [19]) Suppose that fi(2),f2(2),...,fu(z) (n > 2) are meromorphic functions
and g1(2),£(2), ..., gu(z) are entire functions satisfying the following conditions:

1) Y1 f(2)e® =0.

(2) gi(2) — gk(2) are not constants for1 <j <k <n.

(B) Forl1<j<ml<h<k=<n,T(rfz)=0(T(r 818} (r — o0, r ¢ E).
Thenfi(z)=0(j=1,...,n).

Lemma 2.3 (see [19]) Suppose that fi(2),f2(2),...,fu(z) (n > 3) are meromorphic functions
which are not constants except for f,(z). Furthermore, let 27:1 fi2) =1 Iff,(2) # 0 and

ZN(V,J%Z)) +(n-1) Zﬁ(r,fj(z)) < (A + 0(1))T(r, k(z)),
j=1 / j=1

whererel, k=1,2,...,n—1and ) <1, then f,(z) = 1.
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Lemma 2.4 Let Q(z) be a non-zero polynomial and satisfy
Qz+¢)-Q(z) =aQ'(2) + b, (2.1)

where a, ¢ are non-zero constants, b is a constant, then one of the following cases holds:
(i) if b =0 and a #c, then Q(z) reduces to a non-zero constant;
(i) if b =0 and a = c, then Q(z) reduces to a non-zero constant or Q(z) = a1z + ay, where
ay is a non-zero constant, ag is a constant;
(iii) ifb#0 and a #c, then Q(z) = a1z + ag and b = a;(c — a), where a; is a non-zero
constant, aq is a constant;
(iv) ifb#0 and a = c, then Q(z) = axz> + ayz + ag and b = ayc?, where a, is a non-zero

constant, ay, ag are constants.

Proof Denote
Q) =ad’ +a12 +---+ay (a;#0).
Then

Q2) =saz ™ + (s —Da, 12+ - +ay,
Qz+c)=asz+c) +a,1(z+c) ™+ +ay,

Qlz +¢) - Qz2) = sascz”™ + (a;C2c* + a1 Cojc) 2> + -+

(i) If b = 0 and a # ¢, comparing the coefficients of z°~! on both sides of (2.1), we see that
sasc = asag, it contradicts with a # ¢ and a; # 0.

(ii) If b= 0, a = c and s > 2, comparing the coefficients of z*~? on both sides of (2.1), we
see that a,C?c? + a;1C} ;¢ = a(s — 1)as_1, then a;C*c* = 0, a contradiction. Thus s < 1, that
is, Q(z) reduces to a non-zero constant or Q(z) is a non-constant polynomial with degree 1.

(iii) If » # 0 and a # ¢, Q(z) is a non-zero constant, note that b # 0, clearly (2.1) is a
contradiction. If s > 2, comparing the coefficients of z*™! on both sides of (2.1), we see that
sasc = asas, a contradiction. If s = 1, by (2.1), we see that b = a;(c — a) # 0.

(iv) If b # 0 and a4 = ¢, Q(z) is a non-zero constant, note that b # 0, clearly (2.1) is a contra-
diction. If s = 1, by (2.1), we see that b = a;(c — a) = 0, a contradiction. If s > 3, comparing
the coefficients of z*~2 on both sides of (2.1), we see that a,C*c* + a,1C ;¢ = a(s — 1)a,_1,
then a,C?c* = 0, a contradiction. If s = 2, by (2.1), we see that b = ayc* #0. O

Lemma 2.5 (see [3]) Let 1y, 02 be two complex numbers such that n, # 0, and let f(z) be a
finite order meromorphic function. Then we have

( flz+m)

W) =50)

3 Proof of Theorem 1.1
Suppose that f(z) is a transcendental entire solution of finite order of (1.5), then

[f'(2) + iP2)f (z + O)|[f'(2) - iP(2)f (z + ¢) ] = Q(=)e*®. (3.1)
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Thus, both f'(z) + iP(z)f (z + ¢) and f'(z) — iP(z)f (z + c) are entire functions with finitely many
zeros. Combining (3.1) with the Hadamard factorization theorem [19], Theorem 2.5, we

assume that

f/(2) +iP(2)f (z + ¢) = Qi(2)e*1®
and

f(2) = iP)f (z + ¢) = Qa(2)e™?,

where Q;(z), Qa(2) are two non-zero polynomials, @;(z), a2(z) are two polynomials and
cannot be constants simultaneously, otherwise f(z) is a polynomial. Thus, we have

Qi1(2)e"1@ + Qy(z)ex2®@
2

f(z) = (3.2)

and

Qi(2)e™® — Qy(z)e2®

2iP(z) (33)

flz+¢) =

Differentiating (3.3) and shifting (3.2) by replacing z with z + ¢, we have

[Q1(2) + Qi(2); (2)]P(2) — Qi(2)P'(2) 1@z
iP2(z2)Qi(z + ¢)
[Q3(2) + Q2(2)a5(2)]P(2) — Q2(2)P'(2) p22(@)-an(z+0)
iP2(z)Qi(z + ¢)

_ QZ(Z + C) eag(z+c)—a1(z+c) =1 (3.4)
Qi(z+0)

We deduce that [Q}(2) + Q1(2)er; (2)]P(z) — Q1(2)P'(z) # 0 and [Q)(z) + Qa(2)ay(2)]P(z) —
Q2(2)P'(2) # 0. If [Q, (2) + Qu(2)} (2)]P(2) — Qi(2)P'(z) = 0, then P(z) = AQ,(2)e™@), where
A is a non-zero constant. Note that P(z), Q;(z) are non-zero polynomials, then o;(z) must
be a constant. Let o;(z) = A;. Since o;(z) and a3(z) cannot be constants simultaneously,
thus a3 (2) cannot be a constant, then [Q,(z) + Q2(2)a;,(2)]P(z) — Q2(2)P'(2) #£ 0. Then (3.4)
can be rewritten as

[(Q)(2) + Qu(2)e(2)) P(2) — Qa(2)P'(2) ]2 + iP*(2) Qa(z + )™+
+iP*(2)Qi(z + c)e™ = 0. (3.5

If degay(z) > 2, then dega(z) = degaa(z + ¢) > 2, deg(az(z + ¢) — aa(2z)) > 1, and €22,
e02(z+)  p2(z+0)-2(2) gre of regular growth, by Lemma 2.2, we have

[Q4(2) + Q@3 (2)[P(2) — Qa(2)P(2) = iP*(2)Qu(z + ) = iP*(2)Qa(z + ¢) = 0,

a contradiction. Thus dega,(z) < 1, note that ay(z) cannot be a constant, then ay(z) =

Ayz + By, where Aj is a non-zero constant. Rewriting (3.5) as

H(z)e" = —iP*(2)Q,(z + c)e™, (3.6)
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where H(z) = iP*(z)Qa(z + ¢)e>*B2 + [(Q}y(2) + Qa(2)th (2))P(2) — Q2 (2) P (2) 122 If H(z) = 0,
since iP*(z)Q1(z + c)e!l # 0, clearly (3.6) is a contradiction. If H(z) # 0, we can see that the
left side of (3.6) is a transcendental entire function, and the right side of (3.6) is a non-zero
polynomial, a contradiction.

Similarly, we can prove that [Q}(z) + Q2(2)a)(2)]P(2) — Q2(2) P (2) # 0.

Thus, [Q}(2) + Qi(2)a;(2)]P(2) - Qi (2)P'(2) # 0 and [Q,(2) + Qa(2)y (2)]1P(2) - Q2(2) P’ (2) #
0, by (3.4) and Lemma 2.3, we see that if any two of en1@-(t) g0(@-aiz+) apd
e®2#+e)-a1(z+9) are not constants, then the third term must be constant. If any two of them
are constants, then the third term also must be constant. In what follows, we discuss
four cases: Case 1, e1@-01(+0) gand ¢®2@-0(+0) gre not constants; Case 2, e41@-1(+9) and
e?2(@+0-a1(z+d) gre not constants; Case 3, €221+ gnd e*2(Erd-e1(z+) gre not constants;
Case 4, en1@D-01(z+0) | gar@)-1(z+¢) gp( g2(@+0-e1(z+) gre all constants.

Case 1, e19-01+9) and 220219 gre not constants, by (3.4) and Lemma 2.3, we have

_Meaz (z+c)-a1 (z+c)

XY =1, (3.7)

which implies that ay(z + ¢) — a1 (z + ¢) is a constant, and

[Q(2) + Q@ (2)IP(2) - Qu@P'(@) oy (-0
[Q3(2) + Qa(2)at) (2)]P(2) — Qa(2)P'(2)

=1, (3.8

which implies that o4 (z) — a5 (2) is a constant.
Denote g?2(+9-1(z+0) = @221 = [ (+0), by (3.7), we get Q1(z) = —kQ,(z), substituting
it into (3.8) yields

2[P'(2)Qa(2) - P(2)Q}(2)] = P(2) Qa(2)[ 1 (2) + a3 (2) ]

Since P(z) and Q,(z) are non-zero polynomials, «;(z) and a;(z) are polynomials, from the
above identity, we get o} (z) + 5 (z) = 0, that is, a;(z) + 2 (2) is a constant. Note that o;(z) —
op(2) is a constant, then both «;(z) and o (z) are constants, a contradiction.

Case 2, e?1@-e1(z+0) g e2(2+0-01(z4¢) e not constants, by (3.4) and Lemma 2.3, we have

(%) + QE)@)IPE) - REPE) uyo-are —

iP2(2)Qi(z +¢) L

which implies that a; (z) — o1 (z + ¢) is a constant, then ay (z + ¢) — o1 (z + 2¢) is also a constant,
and

[Q(2) + Qi(2)e (2)]P(2) — Qi (2)P'(2) @-02(z40)

iP2(z2)Qa(z + ) =L

which implies that o4 (z) — oz (z + ¢) is a constant.

By o1 (2) —a1(z+2c¢) = [on(2) —oa(z+ )] + o2 (z+ €) —o (2 + 2¢)], we see that o4 (2) — 1 (2 + 2¢)
is a constant, then «;(z) is a constant or a polynomial with degree 1, which implies that
o1(2) — a1 (z + ¢) is also a constant, a contradiction.

Case 3, e2-1(z+9) and e@2(+9-1(z+9) are not constants, by (3.4) and Lemma 2.3, we have

[Q1(2) + Qi(2); (2)]P(2) — Qi(2)P'(2) p1(E)-a1(z+0)
iP2(2)Q1(z + ¢)

=1, (3.9)
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which implies that o1(z) — o1(z + ¢) is a constant, note that [Q|(z) + Qi(z)x;(2)]P(z) —
Q1(2)P'(z) #£ 0, then «;(z) cannot be a constant, therefore, ;(z) can only be a polyno-
mial with degree 1. Denote «;(z) = A1z + By, where A; is a non-zero constant, and B; is a
constant. Rewriting (3.9) as

A1P(2)Qi(2) + P(2)Q,(2) - P (2)Qi(2) = ie"“P*(2)Qi(z + ¢), (3.10)

P(z) must be a constant, denoted P(z) = p (#0). Then (3.10) can be rewritten as
1 / * 4
Qiz+0)-Qe)=-Q(@ and A= ie"1p.
1

By Lemma 2.4, we have (i) if Ail # ¢, then Q,(z) = ¢q; (constant); (ii) if All =¢,then Qi(z) = q1
(constant) or Q;(z) = a1z + ag, where a; is a non-zero constant and ay is a constant.
By (3.4) and (3.9), we have

[Q5(2) + Qa(2)a3(2)]P(2) — Qa(2)P (2) 20-0n(ed) _ |

iP2(2)Qy(z + ¢) (311)

which implies that o, (2) — a2(z + ¢) is a constant, note that [Q}(z) + Qx(2)at)(2)]P(z) —
Q2(2)P'(z) # 0, so ap(z) cannot be a constant, then a,(z) can only be a polynomial with
degree 1, denote ay(z) = Az + By, where A; is a non-zero constant and B, is a constant.
Note that P(z) = p (¥ 0), then (3.11) can be rewritten as

1
Q(z+c) - Q)= A—ZQ’Z(z) and A, = —ie?p.

By Lemma 2.4, we have (i) if Al—z # ¢, then Qy(2) = ¢ (constant); (ii) if Aiz =¢,then Qx(2) = q
(constant) or Q,(z) = byz + by, where b, is a non-zero constant and by is a constant.

Note that A; = ie'1°p and A, = —ie?2°p, we see that A; # A,, that is, Ail # Aiz. In what
follows, we discuss three subcases: Subcase 3.1, Al—l #cand % #¢; Subcase 3.2, Ail =cand
A% % ¢; Subcase 3.3, Ail # ¢ and i =c.

Subcase 3.1, Ail #c and % # ¢, then Q1(2) = q1 and Qa(z) = g2, by (1.5), (3.2) and (3.3),
we obtain

qleA1Z+Bl + q26A22+Bz

f'(2 5

and

qleAlz+Bl quA2Z+Bz
= + .

J& == 24,

Subcase 3.2, Ail =cand ALZ # ¢, then Q(z) = q1 and Qy(2) = g or Qi(z) = a1z + ap and
Q2(2) = q2. If Q1(2) = q1 and Q(2) = ¢, the same as Subcase 3.1. If Q1(z) = a1z + a¢ and
Qz(2) = ¢, by (1.5), (3.2) and (3.3), we obtain

(a1z + ag)eM#*B1 4 g, et2e+B2
- 2

f'(2
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and

B
(a1z + ag — fl—ll)eAlz+ 1 . qoe25B

24, 24,

f2) =

Subcase 3.3, Ai] #cand A—12 = ¢, then Q;(z) = q1 and Q1(2) = g7 or Q1(z) = q1 and Q,(z) =
b1z + by. If Q1(z) = q1 and Q,(z) = ¢, the same as Subcase 3.1. If Q1(z) = q; and Qy(z) =
b1z + by, by (1.5), (3.2) and (3.3), we obtain

_ e+ (byz + bo)e 2P
- 2

f(2)

and

qleA1z+Bl N (blz + bO — Ii_;)eAQZ-#BZ

J@ == 24,

Case 4, e1@-01(z+0)  p2(2)-en(z+) g gr2(e+o)-1(z+9) gre g]] constants, that s, o1 (2) — a1 (z+¢),
oy (2) —ai(z + ¢) and ay(z + ¢) — a1 (z + ¢) are all constants. Note that a;(z) and «,(z) are not
constants simultaneously, then o4 (z) = Az + By, a3(2) = Az + B; and «(z) = 2Az + D, where
A is non-zero constant and By, By, D (= By + By) are constants. Therefore, by (1.5), (3.2)
and (3.3), we have f(z) = B(z)e"?, where B(z) satisfies [B'(z) + AB(z)]? + P?(z)B*(z + c)e?A° =
Q(z)eP.

This completes the proof of Theorem 1.1.

4 Proof of Theorem 1.2
As in the beginning of the proof of Theorem 1.1, from (1.6), we have

Qi) @ + Qu(z)e®

f'(2 5

and

1(2)e1®) — Qy(z)e™®

oY (4.2)

flz+0)-f(2) = Q

where Q;(z), Qx(z) are two non-zero polynomials, «;(z), o2(z) are two polynomials and
cannot be constants simultaneously, otherwise f(z) is a polynomial. Differentiating (4.2),
shifting (4.1) by replacing z with z + ¢ and combining (4.1), we have

Qi (2)+ Qi (Z)Oli (2) +iQi(2) (D)1 (z+0)

iQi(z+c¢)
_ Q/z(z) + Qz(z)aé(z) —-iQy(2) o (2)-ay(z+¢) Qafz+0) o (z+0)—0t) (z+0)
iQilz+0) ¢ Qlzro)’ =@y

If Q) (2) + Qi(2)a; (2) +iQi(z) = 0, that is, —Q} (2) = (o1 (2) +i) Q1 (2), then we have o} (2) +i =0
and Q;(z) = q1 (constant). Thus «;(z) = —iz + By, where B; is a constant, substitute it into
(4.3) yields

[Q/Z(z) + Qs (2) (aé (2) — i)]e”(z) +iQy(z + €)e®%9 + iQy(z + ¢)e1 ) = 0. (4.4)
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Suppose degas(z) > 2. Clearly, Q,(2z) + Q2(2)(y(z) — i) # 0. According to dego(z) =
degar(z+c¢)>2,degay(z+c) =1, deg(aa(z + ¢) — a1(z + ¢)) = deg(az(z) — a1 (z + ¢)) > 2 and
deg(az(z + C) -y (Z)) > 1’ and eDlz(Z), eaz(z+c)’ eoq(z+c), eaz(z+c)—a1(z+c), eaz(z)—oq(zw), eaz(uc)—ozz(z)

are of regular growth, by Lemma 2.2, we have
Q)(2) + Q2(2) (a3 (2) — i) = iQi(z + ¢) = iQu(z + ¢) =0,

a contradiction. Thus deg ay(z) < 1, that is, a3 (z) = B, (constant) or a5 (z) = Apz + B, where
€22 [Q) (2)-iQa(2)+iQy (z+0)]
- iQy (z+¢) ’
the left side of this identity is a transcendental entire function, and the right side of this

A, is a non-zero constant. If ay(z) = By, by (4.4), we have e1#+9 =

identity is a rational function, a contradiction. Hence, a5(z) = A2z + By. Rewriting (4.4) as
—igy iV BBy — Q) (2) + (Ay — 1)Qa(2) + ie™°Qa(z + ¢).

If—i—A; #0, clearly the above identity is a contradiction. Then A, = —i. The above identity

can be rewritten as
2iQ(2) - Qy(2) — ique P12 = i Qy(z + ). (4.5)

If Q1(2z) = ¢ (constant), by (4.5), we get g5 = g,e%2(2¢° — 1). By (1.6), (4.1) and (4.2), we

have

f(z) = 7%631 ;qzeBz e
and

fz) = M(z’iz +c.

—2i

If Q(z) is a non-constant polynomial, by (4.5), we obtain
2i[Q2(z +c) - Qz(z)] = —Qy(2) —iqre B2, 2j = je7i,

Note that —igie “*#1752 5/ 0 and - 1. # ¢, by Lemma 2.4, we see that Q,(z) = bz + by, where
by is a non-zero constant and by is a constant. From (4.5), we get b; (2ic + 1) = —2iq;e%1752,
by (1.6), (4.1) and (4.2), we have

(b1z + bo)e®? + q1eft
e
2

f(2) =
and

b1eP2(iz + 1) + i(q1€P" + bye??)
2

e %+

f(2) =

Similarly, if Q}(z) + Qa(2)ay(z) — iQ2(z) = 0, then we have

f(2)

ePr + gref? ;
_ q1 2‘42 P cs, q2€B2 — qleBl (2e—tc _ 1),
L
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or

_ P (—iz+1) — i(age® + qre™)

5 €% +cy,  ar(2ic—1) = —2ig,ePr 71,6 = 2,

f(2)
where c3, ¢4, B1, By, ag are constants and a4, q1, g2 are non-zero constants.

According to the above proof, we can see that Qj(z) + Qi(2)x;(2) + iQi(z) = 0 and
Q5(2) + Q2(2)ay(2) — iQ2(z) = 0 cannot be valid simultaneously. In what follows, we as-
sume that Q;(z) + Qi(2)a(2) + iQi(2) # 0 and Q) (2) + Qa(2)ay(z) — iQx(z) # 0. By (4.3)
and Lemma 2.3, we see that if any two of e?1(®)-®1(z+0) | gu2(@)-a1(z+c) gn( en2(E+a-c1(z+e) gre
not constants, then the third term must be constant. If any two of them are constants,
then the third term also must be constant. In the following, we discuss four cases: Case
1, em1@-a1(z+9) gpd 20—+ are not constants; Case 2, e19-01E+0) apd e2E+d-a1(z+) gre
not constants; Case 3, e22@-1(z+9) apd g22(+-0(2+9) gre not constants; Case 4, e®1 (@),
e22(D-a1(z+9) gn er2lerd)-ai(z+9) gre g]] constants.

Case 1 and Case 2, similarly to the proof of Case 1 and Case 2 of Theorem 1.1, we can
obtain a contradiction.

Case 3, e2@-1(z+0) and e@2(+9-1(z+9) are not constants, by (4.3) and Lemma 2.3, we have

Qi (2) + Ql(z)ai(z) +iQi(2) e @1z _ 1 (4.6)
iQiz +¢) - ’

which implies that o;(z) — o1 (z + ¢) is a constant, then o;(z) = A1z + By or o1(z) = By, where

A is a non-zero constant and B is a constant. By (4.3) and (4.7), we also have

_ Q/Z(Z) + Qz(Z)Olé(Z) —iQx(2) 22— (z+0)

iz 10 =1, (4.7)

which implies that a,(z) — aa(z + ¢) is a constant, then a,(z) = A2z + By or ay(z) = By,
where A, is a non-zero constant and B, is a constant. Note that «1(z) and a(z) cannot be
constants simultaneously, In what follows, we discuss three subcases: Subcase 3.1, o (z) =
B; and a»(z) = Az + By; Subcase 3.2, a1(z) = A1z + By and a»(z) = B»; Subcase 3.3, a;(z) =
Aiz + By and a(z) = Az + Bs.

Subcase 3.1, a1(z) = By and a3(z) = Az + By, by (4.6), we have

Qi(z + ¢) - Qi(z) = —-iQ|(2).

By Lemma 2.4, we see that if ¢ # —i, then Q,(z) = q1 (constant); If ¢ = —i, then Q,(z) =q1
(constant) or Q;(z) = a1z + ag, where a; is a non-zero constant and ay is a constant.
By (4.7), we have

Qx(z+¢)— Qulz) = i(g;(z) and A, —i=—ie™.

By Lemma 2.4, we see that if - # ¢, then Q,(2) = ¢ (constant); If A% =¢,then Qy(2) =

Ax—i o—i
q> (constant) or Q,(z) = b1z + by, where by is a non-zero constant and by is a constant.
If Qi1(z) = q1 and Qy(2) = ¢q3, by (1.6), (4.1) and (4.2), we get ¢ = —i. Note that A, —i =

—iet2¢, then # # —i. Therefore, we only need to consider three subcases: Subcase 3.1.1,
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A;_i # ¢ (= —i), Q1(z) = q1 and Q(2) = ¢o; Subcase 3.1.2, ﬁ # ¢ (= —i), Qu(z) = a1z + ay
and Q(z) = ¢»; Subcase 3.1.3, # =c (# i), Qi(z) = q1 and Qy(z) = byz + b.
Subcase 3.1.1, # # ¢ (= —i), Q1(z) = q1 and Q2(2) = g2, by (1.6), (4.1) and (4.2), we get

_ qleBl + Q2€A2Z+Bz

f'2) 5

and

qeliz gt B

J@ ==+

+ C5.

Subcase 3.1.2, ﬁ #c (= —i), Q1(z) = a1z + ap and Qz(z) = ¢, by (1.6), (4.1) and (4.2), we
have

(@12 + ag)eP! + qyet?+B2

f(2) = 5 ,
mePr?  agelz  qetr©Br
&= 2 o4, %
and

1 _ 22+By 1
Fleto)—f(2) = (z + ao)eBzi gae? ~ al:B

(az + ag)ePt — qyet2*tP

2i

then a; must be zero, a contradiction.
Subcase 3.1.3, /ﬁ =c (¥ —i), Q1(z) = q1 and Q(z) = b1z + by, by (1.6), (4.1) and (4.2), we
have

" _ qleBl + (b12+ bo)eAzz+Bz
Sf(2) = 5 ,
b +
f)= qleglz N (b1z + by — A—;)eAzz By
2 2A,

+cr,

and

_qe’ic  (biz+ by)et* B
flz+c)—f(2) = o o

_ q1ePt = (biz + bo)e>*P
- 2i

’

then ¢ = —i, note that ¢ # —i, a contradiction.
Subcase 3.2, a1(z) = A1z + By and o(z) = By, similarly to the proof of Subcase 3.1, (1.6)

admits a transcendental entire solution, if and only if Allﬂ, #c(=1), Qi(z) =q1 and Q,(2) =
q>- By (1.6), (4.1) and (4.2), we get

0P+ gy

f(2) = 5

Page 13 of 17
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and

I
f@= T+ T v Mol idyesi,

where By, By, ¢ are constants and ¢, ¢, are non-zero constants.
Subcase 3.3, o1(z) = A1z + By and «3(2) = Azz + By, by (4.6) and (4.7), we obtain, respec-

tively,
1 ..
Qiz+¢)—Quz)=——Q(z) and A;+i= jehe (4.8)
Al +1
and
Qa(z+¢)— Qu(z) = IﬁQé(z) and A, —i=—ie". (4.9)

Clearly, A; # Ay. In what follows, we discuss four subcases: Subcase 3.3.1, - #cand
Az - 76 Subcase 3.3.2, A — =cand ;= #¢; Subcase 3.3.3 #cand +— = ¢; Sub-
1
case 3.3.4, A1+z A2 - =C.
Subcase 3.3.1, A = by (4.8), (4.9) and Lemma 2.4, we have Q;(z) = ¢1

and Q;(z) = ¢, where ¢q; and qz are non-zero constants. By (1.6), (4.1) and (4.2), we get

’A+

q1eAlz+Bl + qzeAzﬁBg

fi(z)= 5
and
~ qleAlz+Bl Q26A22+BZ
fz) = A + 2, +co.
Subcase3.3.2, 1 — = - = ¢, (4.8) and Lemma 2.4, we have (z) =

or Qi(z) =amz + ao, where ai, q1 are non-zero constants and 4 is a constant. By A # c
(4.9) and Lemma 2.4, we have Q(z) = ¢,, where ¢, is a non-zero constant. If Q, (z) =
and Q(z) = ¢q», the same as Subcase 3.3.1. If Q;(2) = a1z + ap and Q2 (z) = ¢q», by (1.6), (4.1)
and (4.2), we get

(a1z + ag)e1#*B1 4 g et27B2

! —
fl2) = 3
and
(alz +ag— %)8A12+Bl qzeA22+32
z) = ! + +cg.
24, 24,
Subcase 3.3.3, A — 7 and = ¢, similarly to the proof of Subcase 3.3.2, we can ob-

tain

qleAlz+Bl qzeA22+Bz

SO ==,
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or

~ qleA1z+Bl N (blz+ bO — j_lz)eAzz-*-BZ

J@ == 24,

+ Co,

where B;, B, by, c7, ¢ are constants and A;, Az, q1, g2, b1, ¢ are non-zero con-
stants.

Subcase 3.3.4, ﬁ = ﬁ =c. By ﬁ = ¢, (4.8) and Lemma 2.4, we have Q,(z) = q; or
Qi1(z) = a1z + ag, where a1, q1 are non-zero constants and ag is a constant. By Azl_i =
(4.9) and Lemma 2.4, we have Qy(z) = g, or Q4(z) = b1z + by, where by, g5 are non-zero

(&

constants and by is a constant. If Q;(z) = q; and Q2(z) = ¢, the same as Subcase 3.3.1.
If Q1(2) = a1z + ag and Qy(z) = ¢, the same as Subcase 3.3.2. If Q1(z) = ¢q1 and Qu(2) =
byz + by, the same as Subcase 3.3.3. If Q;(2) = a1z + a¢ and Qx(z) = b1z + by, by (1.6), (4.1)
and (4.2), we get

(am1z +ag)e™*P + (biz + bo)e P
- 2

f(2)

and

(arz +ag = e (biz+ bo ~ j—lz)e"‘ﬂ”g2
+

f&)= 24, 24,

+C10.

Case 4, e@D-a1(zxc) gmr(@)-en(z+0) g ge2(etc)-1(z+0) gre g]] constants, thatis, o (z) —o (z +¢),
ay(z) —a1(z + ¢) and ay(z + ¢) — a1 (z + ¢) are all constants. Note that o (z) and a3 (z) are not
constants simultaneously, then o4 (z) = Az + By, a3(2) = Az + B; and «(z) = 2Az + D, where
A is non-zero constant and By, By, D (= By + B,) are constants. Therefore, by (1.6), (4.1) and
(4.2), we have f(z) = B(z)e? + ¢y, where B(z) satisfies [B'(z) + AB(z)]? + [B(z + ¢)e’* — B(2)]* =
Q(z)eP.

This completes the proof of Theorem 1.2.

5 Proof of Theorem 1.3

Suppose that f(z) is a transcendental entire function of finite order satisfying (1.9). In what
follows, we will discuss four cases: Case 1, m = n > 2; Case 2, m > n; Case 3, n>m > 2;
Cased,n>3,m=1.

Casel, m =n>2.1f m = n = 2, note that P(z) and Q(z) are non-constant polynomials,
by Theorem D, we see that (1.9) has no transcendental entire solutions of finite order. If
m =n > 3, rewriting (1.9) as @(}”(z))” + %J”‘ (z+c) =1, by Theorem E, we see that (1.9)
has no transcendental entire solutions of finite order.

Case 2 and Case 3, similarly to the proof of the Case 1 and Case 2 of [10], Theorem 1.2,
we can also obtain (1.9) has no transcendental entire solutions of finite order.

Case 4, n > 3, m = 1. Differentiating (1.9), we get

n(f'@)" ") + P@)f (2 +¢) + PR (2 +¢) = Q(2).
Substituting (1.9) into the above equation yields

(f'@)"" [nf”(Z) - %f ’(Z)] =—P(2)f'(z+c) + Q(2) - Q2)

P'(2)
P(z)’

(5.1)
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Denote F(z) = f'(z), ¢(z) = nf"(z) - %f’(z) =nF'(z) - I;(%)F(z). Then (5.1) can be rewrit-

ten as

Fer 9 v 0 - 0022, (5.2)

n—1 _
F"(2)p(z) = —P(2) Q) Q)

By Lemma 2.5, we see that m(r, F;Z)”)) =8(r,F) and m(r, Q'(z) - Q(z)%) = S8(r,F), note

that » —1 > 2, by Lemma 2.1, we have
m(r,¢(z)) = S(r,F) and m(r,F(2)p(2)) = S(r, F).
We see that ¢(z) # 0, otherwise (f'(z))" = F"(z) = AP(z), where A is a non-zero constant,

a contradiction. Note that f(z) is a transcendental entire function, then N(r, ¢(z)) = S(r, F)

and

A

T(r,F(2) = m(r,F(2)) < m(r,F(2)p(2)) + ”"(r’ %)

< m(r,cp(z)) +N(r,¢(2)) + S(r, F) = S(r, F),

thatis, T(r,f'(z)) = T(r, F(2)) < S(r, F) = S(r,f"), a contradiction.
This completes the proof of Theorem 1.3.
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