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Abstract

The result on the Gersgorin disc separation from the origin for strictly diagonally
dominant matrices and their Schur complements in (Liu and Zhang in SIAM J. Matrix
Anal. Appl. 27(3):665-674, 2005) is extended to nonstrictly diagonally dominant
matrices and their Schur complements, showing that under some conditions the
separation of the Schur complement of a nonstrictly diagonally dominant matrix is
greater than that of the original grand matrix. As an application, the eigenvalue
distribution of the Schur complement is discussed for nonstrictly diagonally
dominant matrices to derive some significant conclusions. Finally, some examples are
provided to show the effectiveness of theoretical results.
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1 Introduction
Let A = (a;) € C*" with Ry(A) = Z;;l,j;zi |a;| for all i € (n) define the disc separation of A

by the quantities |a;| — R;(A) that measure the separations of the discs
|Z_6lii|§Ri(A)’ i:1)21'--’n;

from the origin and give estimate min; <;<, |4;;| — R;(A) of the absolute value of the shortest
eigenvalue (the eigenvalue with the smallest absolute value, see [1]) of the strictly diago-
nally dominant matrix A € C"*".

In 2005, Liu and Zhang [1] firstly studied the disc separation of the Schur complements
of strictly diagonally dominant matrices. More precisely, they compared a disc separation
of the Schur complement to that of the original matrix and showed that each Gersgorin
disc of the Schur complement is paired with a particular Gersgorin disc of the original

matrix; the latter is further from the origin than the former. Their result is as follows.

Theorem 1 (see [1]) Given an n x n strictly diagonally dominant matrix A = (a;) and

two sets o = {iy,ip,...,im} C (n) ={1,2,...,n} and o' = (n) — a = {j1,j2,...,j1} C (n) with
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m+1=n,let

m

- ag | = R
wj, = min ————" Z @y, | 1)
D5 Jay,|

Sor all j, € o, and define Ala = (a,, ;,), then

1@, = R, (Ale) > |ay,,jp| = Ry, (A) + @y, > lay,;, | - R;,(A) >0 2)
and
|Eftvft| + Rit (Ala) < |“it:it| +Rit (4) - wj; = |aitJt| +Riz (A). 3)

On the other hand, Liu and Zhang [1] also improved the result of Theorem 1 in [2] when
A € SD,, C HS and established the new result on the eigenvalue distribution for the Schur
complements of strictly diagonally dominant matrices with real diagonal entries.

Theorem 2 (see [1]) Let A = (a;) be an n x n strictly diagonally dominant matrix with real
diagonal entries, and a C (n). Then Ala and A(a') have the same number of eigenvalues

whose real parts are greater (less) than w (resp. —w), where o' = (n) — o and

w:r];EliI/1|:|a,j| - Ri(A) +rgian% Z |aﬁ|]. (4)
lex

In this paper, we will generalize the result on the Gersgorin disc separation from the
origin for strictly diagonally dominant matrices and their Schur complements in [1] to
nonstrictly diagonally dominant matrices and their Schur complements, showing that un-
der some conditions the separation of the Schur complement of a nonstrictly diagonally
dominant matrix is greater than that of the original grand matrix. As an application, we
continue discussing the eigenvalue distribution of the Schur complements for nonstrictly
diagonally dominant matrices to derive some significant conclusions.

The paper is organized as follows. Some notations and preliminary results about non-
strictly diagonally dominant matrices are given in Section 2. Some results on the Gers-
gorin disc separation from the origin are established in Section 3 for nonstrictly diago-
nally dominant matrices and their Schur complements. The eigenvalue distribution of the
Schur complements is discussed in Section 4 for nonstrictly diagonally dominant matrices
to derive some significant conclusions. Some examples are provided in Section 5 to show
the effectiveness of theoretical results. Conclusions are given in Section 6.

2 Preliminaries
In this section we give some notions and preliminary results about special matrices that
are used in this paper.

Cmn(R™*") will be used to denote the set of all m x n complex (real) matrices.

Z denotes the set of all integers. Let o« € (n) = {1,2,...,n} C Z. |«| denotes the cardinality
of the set «. For nonempty index sets «, 8 C (n), A(e, B) is the submatrix of A € C"*" with
row indices in « and column indices in 8. The submatrix A(w, «) is abbreviated to A(w).
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Let A e C™", a C (n) and o' = (n) — o. If A(at) is nonsingular, the matrix

Ala=A(a') - A, o) [Al)] 1A(oz,o/) (5)

is called the Schur complement with respect to A(x), indices in both a and o’ are arranged
with increasing order. We shall confine ourselves to the nonsingular A(«) as far as A/« is
concerned.

A matrix A = (a;) € R is called nonnegative if a; > 0 for all i,j € (n). A matrix A =
(aij) e R"™" is called a Z-matrix if a; < 0 for all i #j. We will use Z, to denote the set of
all # x n Z-matrices. A matrix A = (a;) € Z,, is called an M-matrix if A can be expressed
in the form A = sI — B, where B > 0, and s > p(B), the spectral radius of B. If s > p(B), A
is called a nonsingular M-matrix M, and M;, will be used to denote the set of all n x n
M-matrices and the set of all # x n nonsingular M-matrices, respectively (see [3]).

The comparison matrix of a given matrix A = (a;) € C"™", denoted by j1(A) = (uy), is
defined by

lagl, ifi=},
Mij = o (6)
_|ﬂij|: ifi 7!]

Itis clear that j4(A) € Z, for amatrix A € C"™*". A matrix A = (a;) € C™" is called a general
H-matrix if w(A) € M. If 1(A) € M2, A is called an invertible H-matrix. H, and HY will

denote the set of all # x n general H-matrices and the set of all # x # invertible H-matrices,
respectively (see [4]).

Lemma 1 (see [2]) IfA € H., then
[u@)]™ > a7 > 0. ?)

For n > 2, an n x n complex matrix A is reducible if there exists an n X n permutation
matrix P such that

A A
pap” - | A An | ®)
0 Ay

where A1y is an r X r submatrix and Ay, is an (n —r) x (n —r) submatrix, wherel <r < n.
If no such permutation matrix exists, then A is called irreducible. If A is a 1 x 1 complex
matrix, then A is irreducible if its single entry is nonzero, and reducible otherwise.

A matrix A € C"*” is called diagonally dominant by row if

@il = Y layl )

j1ji

holds for all i € (n). If inequality in (9) holds strictly for all i € (n), A is called strictly
diagonally dominant by row. If A is irreducible and the inequality in (9) holds strictly for
at least one i € (n), A is called irreducibly diagonally dominant by row. If (9) holds with
equality for all i € (n), A is called diagonally equipotent by row. If (9) holds with equality
for at least one i € (n), A is called nonstrictly diagonally dominant.
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D,(SD,,ID,) and DE, will be used to denote the sets of all n x n (strictly, irreducibly)
diagonally dominant matrices and the set of all # x n diagonally equipotent matrices, re-
spectively.

Lemma 2 (see [5]) Let A € D,,. Then A is singular if and only if there exists a singular
principal submatrix in A.

Lemma 3 (see [5]) Let A € D,. Then A € H., if and only if A has either one zero principal
submatrix or one irreducibly diagonally equipotent principal submatrix. Furthermore, if
AeD,NZ, then A € M;, if and only if A has either one zero principal submatrix or one
irreducibly diagonally equipotent principal submatrix.

Lemma 4 (see Lemma 3.4 in [6]) Given a matrix A € D,, and a set o = (n) — o’ C (n), if
A(y) is the largest diagonally equipotent principal submatrix of A(x) for y =«
then Ala = A(a’ Uy')y’, where

Loz AY) AL )
A Uy)_|:A(O(,,]//) A) } (10)

Lemma 5 (see [1]) Let A € C"" be partitioned as
A
A= an 12 )
An Axn

where Ay = (an, azy,...,am)" and Ay = (@, @13, ..., a1,). If Ay is nonsingular, then

a
detA

FAzz = an — (@, @13, - .., a1,)[Azn] ™

apnl

3 The disc separation of the Schur complement of nonstrictly diagonally
dominant matrices

In this section, we will establish some results on the Gersgorin disc separation from the

origin for nonstrictly diagonally dominant matrices and their Schur complements such

that under some conditions the separation of the Schur complement of a nonstrictly di-

agonally dominant matrix is greater than that of the original grand matrix. Firstly, the

following lemma will be used in the rest of this subsection.

Lemma 6 Let A = (a;) € D, be nonsingular, and two sets o = {i1,i,..., i} C (n) and o’ =
(n) —a ={j1,)2,...,j1} C (n) with m + [ = n. For any j, € o, denote

x —laj,i | e =i |
=t laa
By = o (1)
: wlA(e)]
|4, |
Then Bj; is doubly diagonally dominant [7] if and only if
R, (A
x> max L (12)

= 1200 (4, |
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When inequality (12) holds, Bj, is an M-matrix of order m + 1, and thus, detBj, > 0. Fur-
thermore, if the strict inequality (12) holds and |a;; | > R; (A) for all i; € o, then B, is a
nonsingular M-matrix of order m + 1, and thus, detBj; > 0.

Proof Similar to the proof of Lemma 4 in [1], we can easily derive the conclusion of this

lemma. O

Theorem 3 Let A = (a;;) € D, be nonsingular, and two sets o = {iy,i,...,in} C (n) and

/

o' =(ny—a={j1jo...,ji} C{n) withm+1[=n,define Ala = (Zijt,js) and wj, as in (1), if
|ﬂjzy/t| > R]t(A) (13)
forallj, € o, then both (2) and (3) hold.

Proof Since A € D, and is nonsingular, Lemma 2 indicates that A(«) is nonsingular. As
aresult, A/a = (@, ;,) exists. According to definition (5) of the Schur complement matrix

Alo, we have the off-diagonal entries

Airje
ajyjy = )y, ~ (“iz'iv“il,izf""“l'zyik)[A(a)]_l ai?,jt ’
igjs
Lt=1,2,...,m, (14)
and the diagonal entries
iy jy
iy = Ay = (“iz:il’“il,iz’""”szik)[A(a)]_l ai:m ’
Ligjy
[=1,2,...,m, (15)

of A/a. The conclusion of this theorem will be proved by proving the following two cases:
(i) If A(er) € HL |, Lemma 1 gives

ee]?
WA@]) ™ = |[A@] | = 0. (16)
Then from (14), (15), (16) and Lemma 5, we have

1
1ol = Ry (Al) = (@, | = Y 1G]

i=1,it
iy jt

iy e

41
=1 Feje — (a/t,il’ (R ﬂiz,ik)[A(a)] . (17)

iy je
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iy ji
! iy
-1 2/i
= 2 Wi — @i i )[A@)] .
i=1,it
iy ji
!
> laj,;| - Z laj,;|
i=1,it
iy j;
d | %o
- Z (@i Wi -+ > By [A ) ]
i=1
Liyyj;
!
> laj ;| - Z ||
i=1,it
iy,
! @
-1 i2,i
- Z (lajg,i1|¢ |djt,i2|;--~t|ajt,im|)|[A(a)] } .
i=1
i,
!
> laj ;| - Z ||
i=1,it
|ﬂi1,ji|
! |az, .|
-1 12:)i
=D (el @i s Vi ) {1 [A )]} (18)
i=1
|,
I
= 1@ | = R, (A) + Y laji, | + 0 -
u=1
|dil»/i|
l |z, i |
-1 129]i
- Z (lajtvil ||y - 1@ iy |) {H[A(Of)] }
i=1
|aimr/i|
m
= 1@ | = Ry (A) + @y, + Y laj, | - o
u=1
|“i1,1'i|
! |az, i |
-1 2Ji
=31 (i b Vi - Vg ) {2 [A@)]}
i=1
|dim;ji|
det B;
=la;, ;| -R,(A) + w, + ———
| /t:/t' /t( ) Jt detM[A(a)]’

where

B/ = ZZI:I |ajtiu| - Wj, ht )
t ’
g ,lL[A(Ol)] (m+1)x (m+1)
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£

/ l T
(- D il = |aimvji|) .

i=1 i=1

T
h= (—|ﬂj1,i1 s eos =i |) .

It is clear that Bj, € Z,,,1. In Lemma 6, we set

m
R;,(A)
X = Z |a/tiu| - a)j[ > lglfé(m |ai i I . (19)
u=1 wto
According to Lemma 6, det B;, = det u(B;,) > 0. Continuing (17),
~ detB,'
|aft,ft| - R}'t(A/a) z |ajt:ft| - Rjt(A) T wj, + m
> |aj, | - R;,(A) + wj, = |aj,;.| - R;,(A) > 0. (20)
Similarly,
~ detB]
|a/t,/t| + Rit(A/a) = |“}'zyiz| + Rit (4) - Wiy = m
= |ﬂ/zv/t| + th(A) - wj, = |ﬂjt:jt| - R/’z (A). (21)

This completes the proof of case (i).

Next, we prove case (ii). Assume A(«) ¢ H‘Ia‘, it then follows from Lemma 3 that A(«) has
at least one diagonally equipotent principal submatrix. Let A(y) be the largest diagonally
equipotent principal submatrix of the matrix A(«) for y =« — ¥y’ C «. Then A(y’) has no
diagonally equipotent principal submatrix and hence A(y’) € H‘Iy,I from Lemma 3. Since
A € D, and A(y) is the largest diagonally equipotent principal submatrix of the matrix
A(w), it follows from Lemma 4 that A/a = A(e’ U y’)/y’, where o' = (n) — o C (n) and
A’ U y’) is given in (10). Since A(y’) € H‘Iy,I N Dy, it follows from the proof of case
(i) that both (2) and (3) hold, which shows that the proof of case (ii) is completed. This
completes the proof. d

Theorem 4 Given a matrix A = (a;;) € D, and two sets o = {i1,iz,...,im} C (1) and o' =
(n) —a = {j1,j2,...,ji} C (n) with m + 1 = n, define wj, as in (1) and Ala = (a,,), if wj, >0
forallj, € o, then

|2iiz,jt| _RJ':(A/‘X) z |“in:' _Riz(A) + wj, > |a]’m}'t| _Rj:(A) =0 (22)
and
|E/zvit| + Rj[(A/Ol) = |ajt»jt| + Rjt(A) —wj, < |dit'iz| + Rjt(A)' (23)

Proof Using the same proof method as the one of Theorem 3, the conclusion of this the-

orem is obtained immediately. O
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Theorem 5 Given a matrix A = (ay) € D, and two sets a = {i1,iy,...,im} C (n) and o' =
(n) — o = {j1,jos ..., 1} C (n) with m + [ = n, define wj, as in (1), if Ae) is nonsingular, then
Ala = (d;, ;) satisfies

7, j,| — Ri,(Ala) = |aj, .| - R;,(A) + wj, > |a, ;| — R;,(A) = 0 (24)
and

|, j.| + Rj,(Alar) < |aj,j,| + R;,(A) - wj, < laj,j,| + R;,(A). (25)
Proof Similar to the proof of Theorem 3, one may derive the conclusion of this theorem. [

4 The eigenvalue distribution of the Schur complement of nonstrictly
diagonally dominant matrices

In this section, the result of Theorem 2 will be generalized to nonstrictly diagonally dom-

inant matrices.

Theorem 6 Let A = (a;) € D, be nonsingular with real diagonal entries, and o C (n) such
that forallj e o' = (n) —a C (n), |aj| > Ri(A) = ZZ:U{# |ajk|. Then Alo and A(a’) have the
same number of eigenvalues whose real parts are greater (less) than w (resp. —w), where w
is defined in (4).

Proof Since A € D, and is nonsingular, it follows from Lemma 2 that A(«) is nonsingular.
Thus, A/« exists. Similar to the proof of Theorem 5 in [1], u[A/«a] — wl is diagonally dom-
inant coming from (2) in Theorem 1, so is A/« — wi. Further, (2) indicates that @, ;, —w > 0
if and only if @}, ;, > 0. This implies that |/, (A/a)| = |J,(A/a — wI)|. Thus, by the Gersgorin
theorem, A/ —wl has |/, (A/«)| eigenvalues with positive real part (on the open right-half
complex plane). On the other hand, the eigenvalues of A/« — wi are the eigenvalues of A/«
minus w, so A/o has |J,(A/a)| eigenvalues with positive real part greater than w. Again,
since [A(a)] ™ = [A/a]™! (see, e.g., p.184 in [8]) and further that A/a and [A/a]™! have the
same number of eigenvalues with positive real part. It follows from Corollary 3 of [1] that
Ala and A(o’) have the same number of eigenvalues whose positive real parts are greater
than w. For the number of negative parts of eigenvalues, the argument above still works
with —A/« in place of A/a. d

Theorem 7 Given a matrix A = (a;) € D, with real diagonal entries, and two sets o C (n)
and o' = (n) —a C (n), if

. |ai| — Ri(A)
9 = Wil — 2 >0, 26
iegf}&/[ D lapl | > (26)

|| =

then Ala and A(o') have the same number of eigenvalues whose real parts are greater (less)
than ¥ (resp. —v).

Proof Since A € D, and ¢ = miniea,jea/[l‘m“f{(‘q) D ke laixl] > 0, la;] > Ri(A) for all i € o
and A(e) has no diagonally equipotent principal submatrix. Then it follows from Lemma 2
that A is nonsingular, so is A(«). Thus, A/« exists. Similar to the proof of Theorem 6, the

conclusion of this theorem is derived immediately. O
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In this section, some numerical examples are given to demonstrate the effectiveness of the

results obtained in this paper.

Example 1 Consider the following 7 x 7 matrix:

1 -1 0 0 0 0 O
1 -2 -1 0 0 0 O
0o 1 -2 -1 0 O O
A= 0 0 1 -3 1 0 O
0 0 O 3 -1 0
o 0 o 0 1 -3 -1
o 0 o o0 0 1 2

(27)

Let o = {1,2,3}. Then o’ = {4,5,6,7}. It is verified that A and A(«) are both nonsingu-
lar and (13) holds. Thus, A satisfies the conditions of Theorems 3 and 5. According to

Theorems 3 and 5, both (2) and (3) hold.

In what follows we will verify the conclusions of Theorems 3 and 5. Direct computations

yield the following results:

-4 1 0 O
1 3 -1 0
Ala = ,
0 1 -3 -1
0o 0 1 2

|daa] — Ra(Ala) =3, lasal — Ra(A) =1,
lds 5| — Rs(Ala) =1, lass| — Rs(A) =1,
|des| — Re(Ala) =1, lasel — Re(A) =1,
|d77] — Rs(Ala) =1, lazz71 - R (A) =1,
|daal + Ra(Alar) =5, |aa,al + Ry(A) =5,
lds5| + Rs(Ala) =5, lass| + R5(A) =5,
|de6| + Re(Alat) = 5, las| + Re(A) =5,

|a77] + Rs(A/a) = 5, laz7| + R7(A) = 5.

Thus,

[da4| — Ro(A/a) > |agal — Ra(A) + w4 > |agal — Re(A) > 0,
|d55] — Rs(A/at) > |ass| — Rs(A) + ws > |ass| — Rs(A) > 0,
[d6,6] — Re(Alat) = lags| — Re(A) + we = lage| — Re(A) > 0,

|d77] — Rs(Ala) = |az7| — R7(A) + w7 > |az 7| — R7(A) = 0

(28)

(29)
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and

|daal + Ra(Ala) < |agal + Ra(A) — w4 < |asal + Ru(A),

|d55] + Rs(Ala) < |ass| + R5(A) — ws < |ass| + Rs(A), -
|de,6] + Re(Alar) < laes| + R(A) — we < |aes| + Re(A),

|477] + Rs(Ala) < laz 7] + R7(A) — w7 <laz 7] + R7(A).

(29) and (30) show that the conclusions of Theorems 3 and 5 are true.

Let us investigate Theorem 6. Since o = {1,2,3} and o’ = {4,5, 6,7} such that A satisfies
the condition of Theorem 6, A/ and A(«a’) have the same number of eigenvalues whose
real parts are greater (less) than w (resp. —w).

Now, we verify the effectiveness of the conclusion by direct computations. We get w = 1;
further, we have that the eigenvalues of A/a and A(’) are —4.127, —-2.626, 3.000, 1.753
and —3.106, —2.671, 3.023, 1.754, respectively. Thus, A/« and A(a’) have two eigenvalues
whose real parts are greater (less) than 1 (resp. —1). This shows that the conclusion of

Theorem 6 is true.
Example 2 Consider the following 6 x 6 matrix:

5 -1 0 1 0 -1

A= ) . (31)

Assume « = {1,2,3}. Then o’ = {4,5, 6}. By direct computations, we get ws = w5 = 0.80
and wg = 0.60. Since w;, > 0 for all j, € &', it follows from Theorem 6 that both (2) and (3)
hold.

The following will show the effectiveness of Theorem 6 by direct computations. Since

-6.50 -125 1.25
Ala = 1.47 6.41 -1.06 |,
0.742 0.790 5.05

[daa| — Ra(Alat) = 4, |aa,4] — R4(A) =0,
|ds5] — Rs(A/a) = 3.88, lass| — Rs(A) = 0, (32)
[d6,6| — Re(Ala) = 3.52, |as,6] —Re(A) = 0,

[daa| + Ra(Ala) =9, lagal + Ra(A) =12,

|2i5]5| + R5(A/Ol) = 894, |6l5'5| + R5(A) = 12,

|Zi6,6| + Ré(A/Ol) = 658, |a6,6| + R6(A) =10.
Thus,

|daa] — Ra(A/a) > |aga| — Ra(A) + w4 > |agal — Ri(A) > 0,
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|ds5| — Rs(A/a) > |ass| — Rs(A) + ws > |ass| — Rs(A) > 0, (33)

lde6| — Re(Ala) > |age| — Re(A) + ws > |as6] — Re(A) >0
and

|daal + Ra(Ala) < lasal + Ra(A) — w4 < |asal + Ra(A),
|ds5| + Rs(A/a) < |ass| + R5(A) — ws < |ass| + Rs(A), (34)

[de,6| + Re(Alar) < lael + Re(A) — we < |ase| + Re(A).

(33) and (34) show that the conclusions of Theorem 6 are true.

It follows that we will verify the effectiveness of Theorem 7. Direct computations give
¥ =0.60 > 0. According to Theorem 7, A/« and A(«) have the same number of eigenval-
ues whose real parts are greater (less) than o (resp. —¥).

By direct computations, eigenvalues of A/ and A(«’) are —6.422, 5.691 + 0.5714, 5.691 —
0.571i and —5.992, 5.496 + 0.815i, 5.496 — 0.815i, respectively. As a result, A/o and A(')
have two eigenvalues whose real parts are greater than 0.6 and have an eigenvalue whose
real part is less than —0.6, respectively. This shows that the conclusion of Theorem 7 is

true.

6 Conclusions

This mainly studies the disc separation and the eigenvalue location of some special ma-
trices. Firstly, the result on the Gersgorin disc separation from the origin for strictly diag-
onally dominant matrices and their Schur complements in [1] is extended to nonstrictly
diagonally dominant matrices and their Schur complements to reveal that under some
conditions the separation of the Schur complement of a nonstrictly diagonally dominant
matrix is greater than that of the original grand matrix. Secondly, some significant con-
clusions are derived to establish the eigenvalue distribution of the Schur complements for
nonstrictly diagonally dominant matrices. Finally, some examples are provided to demon-
strate the effectiveness of some theoretical results obtained in this paper.
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