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1 Introduction
The chemostat is a laboratory apparatus used for the continuous culture of micro-
organisms. Mathematical models of the chemostat are surprisingly amenable to analysis.
Early results can be found in the articles of Levin [1] and Hsu [2]. For a general discus-
sion of competition, Smith and Waltman [3] discussed the well-unstirred model in detail.
Recently, Wu [4-6] and Nie [7, 8] studied the coexistence and asymptotic behavior of
chemostat models from the viewpoint of partial differential equations theories. The re-
sponse functions are mainly the Michaelis-Menten functional response f(S) = S/(1 + «S),
k is a constant. Until very recently, both ecologists and mathematicians chose to base their
studies on the Beddington-DeAngelis (denoted by B-D) functional response introduced by
Beddington [9] and DeAngelis [10]. The Beddington-DeAngelis functional response has
some of the same qualitative features as the Michaelis-Menten form but has an extra term
Bu in the denominator which models mutual interference between predators. It has been
the source of controversy and can provide a better description of predator feeding over a
range of predator-prey abundances, which are strongly supported by numerous field and
laboratory experiments and observations.

In this paper, we are interested in the following unstirred chemostat model with
Beddington-DeAngelis functional response:
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S; =dAS — auf (S,u) - bug(S,v), x€Q,t>0,

ur=dAu+ (1 —-q)auf(S,u), x€Q,t>0,

vr =dAv + bug(S,v) + qauf(S,u), x€Q,t>0,

B yyS=-5, 1 yu=0, tyv=0, x€dQt>0 (1.1)
S(x,0)=Sy(x) >0, x€&,

u(x,0) =up(x) >0,#0, xe€Q,

v(x,0) =vo(x) >0,#0, x€£,

where a, b, m;, k;,i = 1,2 and y are positive constants, a and b are the maximal growth rates
of the two competitors, respectively. # stands the density of the plasmid-bearing organ-
ism; v denotes plasmid-free organism; The parameter ¢, 0 < g < 1 denotes the fraction of
plasmid-bearing organism converting into plasmid-free organism. €2 is a bounded domain
in R” with smooth boundary 9%, f(S,u) = m, g(S,v) = m are Beddington-
DeAngelis functions; m;, i = 1,2 are the Michaelis-Menton constants; k; (i = 1,2) model
mutual interference of between predators.

In the present paper, we shall investigate non-negative steady-state solutions of system

(1.1). Hence, we will concentrate on the following elliptic system:

dAS - auf (S,u) — bug(S,v) =0, x€,

dAu+ (1 - qlauf(S,u) =0, x€L,

dAv + bug(S,v) + qauf(S,u) =0, x€Q,

B yySs=-5° M tyu=0, Lryv=0, x€I

(1.2)

Letz=S+u+v,then S=z-u-v (refer to [4—7]) and z satisfies
a
Az=0, xeg, 8—Z+yz=—SO, x € 0.
v

Then one can argue in the exactly same way as in [4, 5, 7] to obtain the limiting system
of (1.2), which can be written as

dAu+ (1 -qauf(z—u—-v,u)=0, x€,

dAv + bug(z—u—-v) +qauf(z—u—-v,u)=0, x€, (1.3)
3y ru=0, Wirv=0, x€9dQ,
where f(S,u) = m, g(S,v) = m, and S =z — u — v. We only concern on the

case that S(x), u(x), v(x) are non-negative, so we redefine the response function as follows:

5 f(Su), $=0,u=>0,

g(S,v), §=0,u=0,
S, u) =
S 0, others,

5(S,v) =
gSv) {0, others.

Thenf(S, u),3(S,v) € CY(R). We will denotef(S, u),8(S,v) by £(S, u),g(S, v) for the sake
of simplicity, respectively. Thus, the solution of equation (1.3) satisfies

S(x) + ulx) + v(x) =z(x), xe€Q.

In the following, we set up the fixed point index theory on this paper. Let E be a Banach
Space. W C E is called a wedge if W is a closed convex set and e W C W for all @ > 0.
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Forye W,wedefine W, ={x e E:Ir=r(x)>0,s.t,y+rx e W}, S5, ={x € V_Vy X E V_Vy},
we always assume that E = W — W. Let T : W, - W, be a compact linear operator on E.
We say that T has property & on W, if there exists ¢ € (0,1) and w € W,\S,, such that
w—-tTw € S,.

Suppose that F: W — W is a compact operator, and yo € W is an isolated fixed point of
F,such that Fy, = y, let L = F'(y,) is Fréchet differentiable at yy, it follows that L : W — W,

Proposition 1.1 ([11] Dancer index theorem) Assume that I — L is invertible on E, then we
have

() L has property a« on W, then indexy (F, o) = 0;

(2) L does not have property o on W, then indexy (F, yo) = indexg(L,0) = %1.

Proposition 1.2 ([11]) Assume that F(0) =0, Ao = F'(0) is Fréchet differentiable of F at 0
in W. If the eigenvalue problem

Aoh=2h, heW (1.4)

has no eigenvalue equal to 1, then 0 is isolate fixed point of F, and
(1) if (1.4) has no eigenvalue larger than 1, then indexy (F,6) = 1;
(2) if 1.4) has an eigenvalue A > 1, then indexy F(F,0) = 0.

Proposition 1.3 ([12]) Assuming that T is a positive compact linear operator in ordered
Banach spaces, u is a positive element in Banach space, r(T) is the spectral radius of the
operator T, then

(1) if Tu > u, then r(T) > 1;

(2) if Tu<u, thenr(T)<1;

(3) if Tu=u,thenr(T) =1.

Proposition 1.4 ([13]) Assume that q(x) € C(RQ), q(x) + p > 0 on Q, p is a positive real
constant, A is the principal eigenvalue of the following problem:

AP —qx)p =rp, x€L, g—(‘lj+r¢=0, x€0Q.

If A1 >0 (or < 0), then all eigenvalues of the following problem:

-Ap—pop =t(q(x) +p)p, x€Q, 2—(f+r¢:0, x €0

are larger than 1 (or less than 1).

The organization of our paper is as follows. In Section 2, some prior estimates for pos-
itive solutions are proved by the maximum principle and the upper and lower solution
method. In Section 3, the calculations on the fixed point index of chemostat model by
degree theory and the homotopy invariance theorem. In Section 4, some sufficient con-
ditions on the existence of positive steady-state solutions is established by the fixed point
index theory in cone and bifurcation theory.
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2 Some prior estimates for positive solutions
The main purpose of this section is to give prior upper and lower positive bounds for pos-
itive solutions of (1.3) by using the maximum principle and the upper and lower solution
method.

Let A1, 11 be, respectively, the principal eigenvalue of the following problem:

d
Ap +2pf(2,0)=0, x€€, a—(p+r(p:0, x €09, (2.1)
v
oy
AY +ug(z,0)=0, x€, 8—+r¢=0, x € 0%, (2.2)
v

the corresponding principal eigenvalue function denoted by ¢ (x), ¥ (x), and

lgill =1, Iyl = 1.

First, we consider the single species equation as follows:

d
dAu+a(l-qufi(z—u,u)=0, x€L, a—u+ru:0, x € 0Q. (2.3)
v

By [9, 14, 15], we can directly get the following conclusions.

Lemma 2.1 Ifa < f%‘;, then O is the unique non-negative solution of (2.3); If a > %‘;, (2.3)
has a unique positive solution, denoted by ©, satisfying the following properties:
(i) 0<B<z;

(ii) © is continuously differentiable for a € (212

ot +00) and is point wisely increasing when
a is increasing.

(iii) hmﬂ—’if—j @ = 0 uniformly for x € Q, lim,_, o © = z(x) for almost every x € Q;

(iv) Let Liggy =dA +a(l-q)(f(z—- ©,0) - Of/(z— 6,0) + Of;(z — ©,0)) be the
linearized operator of (2.3) at ©, then L, q) is differentiable in

CHQ) ={ueC¥Q): 3—': +ru = 0}, and all eigenvalues of L, q) are strictly negative.

Remark 2.1 For (2.4), we have the same conclusion as Lemma 2.1. Suppose b > du,, we

denote the unique positive solution by 6 for the following problem:

b
dAv + bug(z-v,v)=0, x€, a—U+ru=O, x €08, (2.4)
v

let Ly =dA +b(g(z-0,0)—0gi(z—0,0) +6g,(z—6,6)) be the linearized operator of (2.4)
até.

Next, let A; be the principal eigenvalue of the following eigenvalue problem:
» o
Ay +2of(z-0,0)=0, x€Q, 8—+rg0=0, x €082, (2.5)
v

the corresponding eigenfunction denoted by ¢;(x) and uniquely determined by normal-

ization ||¢ ]| = 1.
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In order to accurately estimate the positive solution of (1.3), we consider the following
boundary value problem:

d
dAv + bug(z —v,v) +aqOf(z-v,0)=0, x€, a—U+rv=0, x€ 0. (2.6)
v

Lemma 2.2 Suppose a > %, there exists a unique positive solution of (2.6). Then 0 < v < z,
and 6 <v <z, when b > du,.

Proof Let w =z — v, then

B
dAw + bug(w,v) + aqOf (w,0) =0, x€Q, 8_0) +ro=8% xedq.
v
Suppose inf, g w(x) = w(xp) < 0, then xy ¢ Q. Otherwise, Aw(x) > 0. However,

dAw(xg) = bv(xo)g(w(xo), v(xo)) + aq@f(w(xo), 0) <0,

a contradiction. If xy € 9, it follows from the definition of r(x) and S°(x) that

w

ov

X0

= 8%(xp) — rao(xg) > 0.

This contradicts 3—‘1‘}’|x0 <0, hence,v<zon ,and v <zv Zz,thenw=2z-v>0,#0.
If w(xp) = 0, for some point xg € €, then it follows from the maximum principle [16] that
x9 € 9. Furthermore, from the Holp lemma [16], we can get g—f}’ lxo < 0, this contradicts
the boundary condition.

Thus, v < z on €, and for

dAv + bug(z - v,v) + aq®f (z — v,0) > dAv + bug(z — v, v).

Hence v >0 when b > du;.

Next, we will prove the existence and uniqueness of solutions. For sufficiently small § > 0,
8¢,z are the upper and lower solutions of (2.6). It follows from the comparison principle
[16] that (2.6) exists the minimum solution v; and maximum solution v, satisfying 5¢; <
vy =z

In the following, we prove the uniqueness. Thanking to vy, v, are the solution of (2.6),
we have

dAv; + buig(z — v, v1) +aqOf(z-1,0) =0, x€K,

dAv; + buag(z — vg, 1) + aqOf(z — v,,0) =0, x€ Q.

Multiplying the second equation and first equation by v, vy, respectively, and applying
the Green’s formula, we obtain I = fQ d(Av; - vy — Avy - vp) = 0. Then

/Qbvlvg(g(z—vl,Ul)—g(z—vg,vz)) dx+aq/9@[vzf(z—vl,O)—vlf(z—UQ,O)] dx =0.

According to the monotonicity of f, g, and v; < vy, we get v; = vs. d
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In conclusion, we can get prior estimates on the system (1.3).

Theorem 2.3 Suppose (1, v) is non-negative solution of (1.3), and u #0,v # 0. Then
(i) 0<u<®<z,0<v<d<z,x€Q;
() u+v<z,xey
ad
(iii) a > ﬁ.

Proof The proofis in [8, 14], we omit it. O

3 Calculations of fixed point index
In this section, we will calculate the fixed point index of (1.3) by using the standard fixed
point index theory in cone.

Let Co(R) = {ye C(S_Z)|g—i +ry=0}, E= [Co(2) x Co(K2)]. For a sufficiently large P > 0,
and 7 € [0,1], we consider the following equations:

(-dA+tPu=t(P+a(l-q)f(z-u—-v,u))u, xe,

(=dA +tP)u=t(Pv + bg(z—u—v,v)v +qauf(z-u—v,u)), x€€, (3.1)
g—”v‘+m=0, g—:j+rU=0, x € 0Q2.

For (u,v)” € E, T € [0,1], (U, V)T € [C"**(Q)] x [C**(Q)] is the unique solution of the
following linear problem:

(-dA+P)U=t(P+a(l-q)fz—u—-v,u))u, x€,
(~dA +TP)V =1(Pv + bg(z —u—v,v)v + qauf (z —u—v,u)), x€,
Wirl=0, % +rV=0, x€dQ,

define F; : [0,1] x E — E, F.(u,v)T = (U, V)7, it follows from [17] that F, is compact.
It is clear to see that (u, v)” € E is fixed point of F; if only and if («,v)” € E is a positive
solution of (1.3). Let

Ko = {u € Co(Q)|u(x) > 0,x € @},
W = {(u,u) € Elu(x) > 0,v(x) >0,x € Q},

D= [(u,v) eW0<ulx)<0,0<v(x) <max0+1l,xe Q},
Q
D' = (intD) N W.

Then W isa cone in E, D is bounded set in W, let F = Fj. It follows that there exists K > 0
such that f(z —u — v, u) > f(z — u,u) — Kv.
Suppose that P is sufficiently large, for all (i, v) € D, we can get

P+a(l-q)f(z—u-v,u)>0, P+bg(z—u—-v,v)—aquk > 0.
Then F : D' — W is continuously differentiable, hence, (1.3) had non-negative solution if
only and if F has fixed point on D. According to the homotopy invariance of degree, we

have

degy (I - F;,D',(0,0)) = degy, (I - F,D',(0,0)), 7 €l0,1].



Feng et al. Journal of Inequalities and Applications (2016) 2016:294 Page 7 of 14

In the following, we calculate the index number of (0,0) and (0,6) by using the fixed
point theory.

Lemma 3.1 For the index number of the operator F at (0,0) the following results hold:
(i) ifa # Ty 4 b > p1d, then indexy (F, (0,0)) = 0;
(if) Suppose that b < ,uld Ifa> Ald , then indexy (F, (0,0)) = 0; Ifa < ’\ld , then
indexy (F, (0,0)) =

Proof Define the operator at (0, 0) of F as follows:

o e\ _ . o (P+a(l-q)f(z0) 0 @
Lo(g,¥) = F'(0,0) (1//) =(-dA +P) ( 2af(2.0) P+bg(z,0)> (w)

Hence, F'(0,0) - (¢, ¥)T = A(p, ¥)7 is equivalent to

—dAg + Py = %(P(p +a(l-q)f(z,0)p), x€9,
—dAY + Py = 1 (Py + brg(z,0) + qapf(2,0), x€, (3.2)
(e, ¥)eW.

Take yp = (0,0), then W, = Ko x Ko, Sy, = {(0,0)}, Wy, \S,, = Ko x Ko\{(0,0)}.
If 1 is an eigenvalue of (3.2), then
dAp +a(l-q)f(z,0)p=0, x€g, (33)
dAY + byg(z,0) + aqef(z,0) =0, x€L, '

if a 7! 4 p # puyd, form the first equation of (3.3) and definition of A;, we have ¢ = 0.
Slmllarly, it follows from the second equation that ¥ = 0. Thus 1 is not an eigenvalue of
Ly, it is to see that (0, 0) is an isolated fixed point.

(i) Suppose that a # d = b > pid. If A, is the pr1nc1pa1 eigenvalue of —d Ay — bg(z,0)y =
M/f, then A; < 0. From Proposmon 1.4, there exists X < 1is an eigenvalue of (-dA + P)y =
%(P + bg(z,0))y, ¥ is the corresponding eigenfunction, then the Ly has no eigenvalue
greater than 1,so (0, ¢) is the corresponding eigenfunction. It follows from Proposition 1.2
that we have indexy (F, (0,0)) =

(ii) Suppose that b < p1d. If a > , 1is not an elgenvalue of (3.2), and A (—dA — (1 -
q)af (z,0)) < 0. From Proposition 1. 4 then there ex1sts = <1 which is an eigenvalue of the
first equation of (3.2), the corresponding elgenfunctlon denoted by ¢1, and putting it into
the second equation, we have

1 1 1
-d — — |P - —bg(z, = — ) .
( A+ (1 )A»())P )A»o g(z 0))¢ . aqf (z,0)¢

Thanks to b < j11d and i <1, all eigenvalues of the operator (—dA + (1 - i)P— ibg(z, onI

are larger than 0, that is the operator is inverse, hence, let

1 1 11
Yy = <—dA + (1 - A—)P— A—hg(z,O)) —aqf(z,0)¢;
Ao Ao Ao
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Then there exists the eigenvalue of L is larger than 1, and the corresponding eigenfunction
denoted by (¢, Y1), then from Proposition 1.1, we can get indexy (F(0,0)) = 0.

When a < %, 1 is not the eigenvalue of (3.2). Next, we prove that Ly does not have the
« property on W, . Suppose that Ly on W), has « property, then there exist t; € (0,1) and
the function (¢, ¥) € V_Vyo \Sy, =Ko x Ko\{(0,0)} such that (I — £;Lo)(¢, )T e Sy, that is,

:(—dA +P)p=t1(P+a(l-q)f(z,0)p, x€€, (3.4)
(—dA +P)y = t,((P + bg(z,0))y + qaf (z,0)p), x€ Q.

For (3.4), if = 0, then ¢ = 0, since (¢, ¥) is an eigenfunction, hence ¥ # 0, we discuss
the following two cases:

(a) If ¢ = 0, then from the second equation of (3.4), we see that A;(—-dA — bg(z,0)) > 0
when b < p1d, it follows from the Proposition 1.4 that (3.4) has no eigenvalues which are
equal to or less than 1. This is a contradiction hypothesis.

(b) If ¢ £ 0, then we can get the following results from equation (3.4), when

a< %, Al(—dA —a(l- q)f(z,O)) > 0.
It follows from Proposition 1.4 that (3.4) has no eigenvalues which are equal to or less
than 1, this is a contradiction with the hypothesis. Hence, Lo as no property o on W, . By
Proposition 1.4, we can get that

indexyw (F,yo) = indexy (Lo, (0,0)) = £1.

It is easy to see that indexyw (Lo, (0,0)) = (-=1)?, where o is the sum of the algebraic mul-
tiplicities of the eigenvalues of Ly which are greater than 1. From above results and
(3.2), we see that Ly has no eigenvalues which are greater than 1, then o = 0, that is,
indexy (F, (0,0)) = 1. a

Lemma 3.2 indexy (F,D’) = 1.

Proof Taking 7 € (0,1) sufficiently small, such that ta(l — q) < Aid, Tb < A d, it follows
from Lemma 3.1 that indexw (F, (0,0)) =1, so as 0 < t << 1, degy, ({ — F;,D’,(0,0)) = 1, by
the homotopy invariance, we get degy, (I — F;,D’,(0,0)) = 1, thus indexy (F,D’) = 1. O

Lemma 3.3 Suppose b > u1d, the index on the point of (0, 0) satisfies the following results:
(i) Ifa< %j then indexy (F, (0,0)) = 1; ifa > QL; then indexy (F, (0,6)) = 0.
(ii) Ifa= ’}i—;, then either (1.3) has a positive solution or indexy (F, (0,0)) = 1.

Proof Defining the linearized operator F on (0, 6) as follows:

Li=F(0 e)=(—dA+p)‘1< P+al-q)f(z-0,0) 0 )

aqf(z-0,0)— bbg(z—6,0) P+L,

where Ly, = b(g(z — 0,0) — 0g{(z - 0,0) + 0g;(z — 0,0)). Taking y; = (0,0), then V_Vyl =Ky x
Co(Q), Sy, = {0} x Co(£2), Wy, \Sy, = Ko\{0} x Co(€).



Feng et al. Journal of Inequalities and Applications (2016) 2016:294 Page 9 of 14

First, we will prove that I — L; is invertible on W), as a # ﬁ—z. Assume that there exists
&, € Co(R) such that L, (¢, )" = (¢, %), then

dA¢ +a(l-q)f(z—6,0)¢ =0,
dAAY + Ly +qaf(z—-0,0)¢ — b0g'(z - 0,0)p =

From the definition of & 7 hd and A;, we can get ¢ = 0, and taking ¢ = 0 into the second
equation, then dAv + Ly = 0
It follows from Lemma 2.1 that ¥ = 0, hence I — L; is inverse on W,.

(i) When a < 1—‘;, we can prove that L; has no property & on W,,.

We assume that L; has property o on Wyp then there exist ¢; € (0,1) and the function
(@, ¥) € Wy, \S,, = Ko\{0} x Co{Q}, such that I - ,Li(¢, ¥)T € S,, = {0} x Co(R), that is

(-dA +P)p - (P + (1-q)af (z—6,0)p = 0,

(—dA + P)y — ti(aqf (z - 6,0)¢ — bOg,(z - 0,0)¢ + Py + L) € Co(RQ). (3:5)

It follows from the definition of ¢,y which satisfies (3.5), let T = (-dA + P)"{(P + (1 -
q)af (z—0,0))I, for (3.5), T = %¢ > ¢, from Proposition 1.3, we can obtain r(7T') > 1. How-

ever, from a < '1\%‘;, we know that there exists ¢ > 0 such that

dA¢ +a(l - q)f (z—6,0)¢ = A (dA + a(l - q)f (z - 6,0))¢ < 0.
Adding both sides with P¢ > 0, we can get (dA + a(l - q)f (z—0,0) + P)¢ < P¢, that is
To=(—dA + P)_l(a(l -q)f(z-6,0) + P)qb <.

From Proposition 1.3, we can obtain r(T') < 1, and then get a contradiction. Hence L; has
no property ¢ on V_Vyo. From Proposition 1.1, we know

indexy (F,y1) = indexyw (L1, (0,60)) = £1

It is easy to see that indexw (Ls, (0,0)) = (-1)°, where o is the sum of the algebraic mul-
tiplicities of the eigenvalues of L; which are greater than 1. Set A be the eigenvalue of L,
the corresponding eigenfunction named by (¢, ¥), then Ly (¢, )7 = A(¢, ¥)7, that is

(=dA + Py Y P+ (1-gq)af(z—6,0))¢ = Lo,
(~dA + P)Haqf(z—0,0)¢ — bOg|(z—0,0)¢ + Py + Lyr) = M.

By the definition of the above operator T, we see that T¢ = A¢ and r(T) < 1, then all
eigenvalues of L; are less than 1, so

indexyy (F, (0,0)) = indexg (L1, (0,0)) = (1) = (-1)° = L.

Next, we prove that L; has property & on W), when a > Suppose that n is the prin-

cipal eigenvalue of dA¢ + a(l — q)f(z - 6,0)¢ = no, thanks toa > > 0, from Propo-
sition 1.4, we know that there exists #; € (0,1) is eigenvalue of (- dA +P)p =t1(P +a(l -
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q)f(z—6,0))¢, take ¢ € Ko\{0} as the corresponding eigenfunction, then (¢,0) € W/yl \Sy,
such that

(~dA +P)p—t;(P+a(l - )f (- 0,0)) = 0,
~ti(~dA + P)(aqf (z- 0,0)¢ — bog|(z - 0,0)¢) € Co(<),

thatis, I — ;L1 (¢, )T € Sy, thus, L1 has property a on V_Vyl. By the Proposition 1.1, we can
obtain indexy (F, (0,0)) = 0.

(ii) First, we show that I — L; is not invertible on V_Vyl. That is, there exists (, x) € W/yl
such that L;(w, x)T = (», x)7, it follows that

dAw +a(l-q)f(z-6,0)w =0,
dAx +Lyx +qaf(z—0,0)w — bbg|(z—0,0)w = 0.

Ifa= i—z, then we take qSl > 0 into the second equation of (3.6) as follows:
Liap(dA + Ly)x = —qaf (z - 0,0)a1 + bog|(z— 6,0).

From Remark 2.1, we see that all the eigenvalues of L4 less than 0, that is, the operator
L q) is invertible, then there exists the unique

x1= L7y (~qaf (z—6,0)w; + bOgi(z - 6,0)d,),

hence there exists (¢, x1) € W,, = Ko x Co(Q) such that Li(w, x)T = (», x)T. Thus, we
have proved that I — L; is not invertible on W,,. Hence, the results cannot be proved by
Proposition 1.1 in this case.

In the following, we prove that (1.3) can bifurcate from (a, 0, ) by the bifurcation theory
[18, 19], then we get the result. Defining the function as F(a, u,v) = (dAu + a(l — q)uf (z -
u—v,u),dAv + bug(z — v — u,v) + aqf (z — u — v,u)u). Clearly, F(a,0,6) = 0. Define the
operator as follows:

dA +a(l- -6,0 0
L1(a,0,6) = Dy F(a,0,6) = +a(l-q)f(z-0,0) ,
~bOg|(z—0,0) +aqf(z—60,0) dA+L,

where D\ F(a,0,0) stands for the Fréchet derivatives of F at the point (i, v).
Let Li(a,0,0)(w, x)T = (0,0)7. From the analysis of (3.6), we see that the nuclear space
of Ly(a,0,0) satisfies N(L;(a,0,0)) = span{(dgl, x1)}. Hence dimN(L;(a, 0,0)) = 1.
The adjoint operator of L;(«,0,0) can be written as
L0,0,6) - (dA +a(l-q)f(z—6,0) —bog)(z—6,60) +aqf (z - 9,0)) .
0 dA + Lb

Let Li(a,0,0)(w, x)T = (0,0)7, it is easy to get (w,x) = (431,0), so N(Li(a,0,0)) =
span{(qgl,O)}. According to the Fredholm theorem [18], we can obtain R(L(a,0,0)) =
{(, x) € E| [ w1 dx = 0}, s0 codimR(L(a,0,0)) = 1.
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Define Ly(a,0,0) = D,D(,,)F(a,0,0), then

o [(U-q)f(z-6,0) 0\ (1) [(U-q)f(z-6,0)¢
Lz(“’o’e)'(%’)(l)_( af (z-6,0) 0) (xl)_( af (z—6,0) )

Owing to N(L}) and R(L;) are orthogonal, however fQ(l -q)f(z-96, 0)@12 Z0.

Hence Ly (a, 0, 9)(q31, x1)T ¢ R(L1). To sum up, when a = ’;\1—‘;, b > ., d, it follows from the
bifurcation theorem [18, 19] that F(a, u, v) = 0 (a € R) can produce the bifurcation at the
point (a,0,6). That is, there exist |s| <& (§ > 0) and the C' function as (a(s), ¢(s), (s)) :
(=8,8) = R x E, such that u(s) = s(¢1 + ¢(s)), v(s) = 6 — s(x1 + ¢(5)),

LZ(O) =a, ¢(0) = ‘P(O) = O’ ¢(S)7 ‘P(S) € Z; VA @N(Ll) = E’

and satisfying F(a(s), u(s), v(s)) = 0 (|s| < 8).

We shall discuss two possible cases as follows:

Case I: if d/(s) = 0, then a(s) = a, for s submitting to |s| < o, and F(a(s), u(s), v(s)) = 0,
that is, (u(s), v(s)) is the solution (1.3), since ¢; > 0, and |s| is very small, then there exists
& > 0 such that u(s) > 0, v(s) > 0, when 0 < s < ¢ < §. Hence, (1.3) have positive solutions.

Case 2: if d/(s) # 0, then there exists 8’ > 0,4(s) is not equal to 0 when |s| < § < §'. Ac-
cording to the uniqueness of the bifurcation solution of F(a(s), u(s), v(s)) = 0, (0, 6) is iso-
lated fixed point of the operator F in the neighborhood of (4, 0,0). Owing to 1 is the eigen-
value of F/(0,0), we cannot calculate indexy (F, (0,0)) = (-1)?. Hence, we can define the

operator as

Fi(u,v) = (-dA + P)™* Pu+(1-qlaf(z—u—v,u)u—tu
t’ M+bg(z—u—v,0)v+qaf(z—u—-v,u)u)’

Obviously, (0,0) is the fixed point of F;. Defining the derived operator of F; at (0,0) as

follows:

L, =F(0 9):(—dA+P)‘1( p+(l-q)af(z=0,0)-t 0 )

~b0gi(z~0,0) +aqf(z-6,0) P+L,

The compact operator F; deduce that F; is compact operator. Suppose that 1 is the eigen-
value of L, when ¢ € (0,1], then L;(¢), ¥)T = (¢, ¥)7, that is,

dA¢ +a(l-q)f(z—6,0)¢p —tp =0,
dAY + Lyy + aqf(z—-0,0)¢ — bOgi(z-06,0)¢ = 0.

Thanks to a(l — q) = M1d, then A (dA + (1 — g)af(z — 0,0) — ) < 0, that is, dA + (1 -
q)af (z—6,0) —t is invertible, then ¢ = 0, and from Lemma 2.1, we know that the operator
L is invertible. Then, similarly, we see that ¥ = 0. Thus, 1 is not the eigenvalue of L,.

Due to (0,6) is the isolated fixed point of F;, indexy (L;(0,0)) = (-1)°. To show that L;
has no eigenvalue greater than 1, suppose that ¢ > 1 is an eigenvalue of L;. Let

(w, %) #(0,0), Ly(w,x)T =0(w,x)T, then
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dAw + Pw = é(Pa) +a(l-q)f(z-6,0)w— ta)). (3.7)

Equation (3.7) can be rewritten as follows:

1 t P
dAw+ —(1-qlaf(z-0,0)w = (P+ — - —)w.
o o o

Thankstoo >1,thenv =P + § - g > 0 is some eigenvalue of dA + %(1 —q)af(z-6,0).
However, from

A (dA + é(l —q)af (z - 9,0)) < Al(dA +(1- q)af(z—0,0)),

we obtain A;(dA + %(1 —q)af(z—-6,0)) <0, this contradicts with v > 0. Hence, indexy (F;,
(0,0)) =1ast € [0,1]. Because (0, 0) is isolated fixed point of (1.3), we can take some neigh-
borhood U of (0,0) in D’ such that F, has no fixed point at /. Using the homotopy in-
variance property, we get index w (F, (0,6)) = indexw (F:(0,6)) = 1. O

4 Coexistence of the chemostat model

In this section, by using the fixed point index calculation method, combined with Lem-
mas 3.1-3.3, we can show that there exists the sufficient condition of existence of non-
negative solutions to equation (1.3).

Theorem 4.1
(i) Ifa< '1\%‘1, b < pd, then the unique non-negative solution of (1.3) is zero;
(ii) ifa> %, b < uyd, then (1.3) have at least one positive solution besides (0,0);

(ili) ifa> t—q, b > uyd, then (1.3) have at least one positive solution besides (0,0), (0,6).

Proof (i) From Lemma 2.1, (1.3) can have no semi-trivial solution as (0,0) when a < 1\1—2[,

b < u1d then there exists only a zero solution as (0, 0). It follows from Lemma 3.1 that
indexW(F, (0, 0)) =1, then indexW(F, D') = indexW(F, (o, 0)).

Hence, we cannot prove the existence of positive solution by the fixed point index theory.
In the following, we show it by the upper and lower solution method.
When a < t—f]l, we suppose (1.3) have non-negative solution (&, U). It follows that either
u>0oru=0.If z>0, then

0=dAu+a(l-q)f(z—u-0,n)u<dAu+al-q)f(z-u,n)u «xec.

Hence # is a positive lower solution of (1.3), and there exists an upper solution as C; >
0, it < Cp,x € Q. Therefore, (1.3) has a positive solution u, such that # <u, < Cj, x €
Q. This contradicts Lemma 2.1. Thus & = 0, then when b < j1d, assume that (1.3) have
non-negative solution (0, U), and U > 0, this contradicts with Remark 2.1. Hence, the non-
negative solution of (1.3) has the only zero.

(ii) If a > %;,b < pd, from Lemma 2.1, we know that (1.3) has a semi-trivial solution
(0,0), then there exists only (0, 0). It follows from Lemma 3.1 that

indexy (F, (0,0)) =0,
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and according to Lemma 3.2, indexy (F,D’) = 1, then
indexy (F,D') # indexy (F, (0,0)).

Hence (1.3) has at least a positive solution on D'.
(iii) Similar to the proof of (ii), we can prove that (0, 0), (0, ) are the non-negative solu-
tions, if a > f%’;, b > pnid. Thanks to Lemmas 3.1-3.3,

indexy (F,D') #indexy (F, (0,0)) + indexy (F, (0,6)).
Hence (1.3) has at least a positive solution on D'. |

Remark 4.1 When a = ?%‘;, b > uyd, it follows from Lemma 3.3 that we can obtain either
index (F, (0,0)) =1, or for (1.3) there exists a positive solution.
When indexy (F, (0,0)) =1,

indexW(F,D’) = indexW(F, (o, 0)) + indeXW(F, (0,9)),

the method of the index calculation cannot judge the existence of positive solutions. If
another result of Lemma 3.3 holds, then (1.3) has a positive solution. To sum up, we cannot
determine whether we have the existence of the positive solution.

5 Conclusion

The coexistence of an unstirred chemostat model with B-D functional response is studied
by fixed point index theory in our paper. First of all, some prior estimates for positive
solutions are proved by the maximum principle and the upper and lower solution method.
Second, the calculations are performed on the fixed point index of chemostat model by
degree theory and the homotopy invariance theorem. Finally, some sufficient condition on
the existence of positive steady-state solutions is established by fixed point index theory
in cone and bifurcation theory.
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