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1 Introduction

Let B(H) be the C*-algebra of all bounded linear operators on a complex separable Hilbert
space H. Let || - || denote a unitarily invariant norm defined on a two-sided ideal . that is
included in Co, (the set of compact operators); it has the basic property ||[UAV || = || A|| for
every A € ). and all unitary operators U,V € B(H). For A € B(H), |A| = (A*A)%, where
A* is the conjugate operator of A.

Hiai and Zhan [1] proved that if A, B, X € B(H) with A, B positive and X € 7, 7 > 0, then
the function f(v) = |||A"XB*|"|| - ||AY""XB"|"| is convex on the interval [0,1] and attains
its minimum at v = % maximum at v = 0 and v = 1. Consequently, it is decreasing on [0, %
and increasing on [%, 1]; moreover, f(v) = f(1 — v) for v € [0,1]. Thus for every unitarily
invariant norm || - ||, we have the operator inequality

[la2xB2|'|" < [|a'xB["| - ||aXB"|'| < |iaxy] - |ixBr| @

for A,B,X € B(H) with A,B positive, X € 7, r > 0, and v € [0,1]. The inequality
IlA > XB% "> < [[|AX]|"|| - || XB]|"|| is often called the Cauchy-Schwarz norm inequality due
to Bhatia and Davis [2].

The Heinz means for operators are defined by g(v) = |A*XB*™ + A XB"|| for A,B,X €
B(H) with A, B positive, X € 7., and v € [0,1], where || - || is a unitarily invariant norm.
Bhatia and Davis [3] obtained the inequality

2| A3XB? | < |A"XB"" + A"XB'| < | AX + XB| 2)

for A, B, X € B(H) with A, B positive, X € 7)., and v € [0,1]. In fact, they proved that g(v) =
|AXB'=" + A=V XB"|| is a convex function of v on the interval [0,1], attains its minimum

at v = and maximum at v = 0 and v = 1. Hence, it is decreasing on [0, 1] and increasing
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on [%,1]; moreover, g(v) = g(1 —v) for v € [0,1]. The second inequality in (2) is one of the
most essential inequalities in operator theory, which is often called the Heinz inequality.

Recently, using the convexity of the function f(v) = |||A"XB"|"|| - |||AYYXB"|"|| (v €
[0,1]), Burqan [4], Theorem 2, obtained a refinement of inequality (1): Let A, B, X € B(H)
with A, B positive and X € 7). Then, for every unitarily invariant norm || - ||,

2v+1 3-2v

|labxBd | < |47 X8| |4 x5

2v+l p
I

[ s e

v

1
<
T 1-2v

= %[H | 4XBH |- 4B + |42 xB2 [ |]
= [laxB= ] - [laxe|

< |1axr| - [ixBr|, 3)

where v € [0,1] and r > 0.

Using the convexity of the function g(v) = |[A"XB'™ + A""XB"| (v € [0,1]), Feng [5],
Theorem 1, obtained a refinement of the first inequality in (2): Let A,B,X € B(H) with
A, B positive and X € 7. Then, for every unitarily invariant norm | - ||,

2 alxB!| <

1-v
/ |A“XBI + A XBH | dps

v

[1-2v]

1

< —[|A"XB"" + A" XB"|| + 2| A3 xB3 ]

< |A"XB"" + A""XB

, (4)

where v € [0,1].
In this note, we present some refinements of norm inequalities (1), (2), (3), and (4), also
using the convexity of the functions f and g.

2 Main results
In this section, we mainly present some refinements of the Cauchy-Schwarz and Heinz
inequalities for operators. To achieve our goal, we need some preparations.

Let f : I — R be a real-valued convex function on the interval I C R. Let a,b € I with
a < b. The inequality

b

2

is well known as the Hermite-Hadamard inequality, which includes a basic property of
convex functions.

Now, we present some lemmas.

Lemma 2.1 Let f be a real-valued convex function on the interval [a,b). Then

i<f<7a8+ b) +f(5a;3b> +f<3a;5b> +f<a:;7b>) 5 ﬁ/ﬂbf(x)dx. (6)
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Proof Thanks to the Hermite-Hadamard’s inequality (5), we obtain

7a+b a+ 3% 4
AP0 () =55 [ swas @)
and
5a +3b 3”4—+b+“—§b 4 a4t
(357) () =5 [l e ®)

Inequalities (7) and (8) give

a+b

7a+b 5a +3b 4 z
f(752) () <5 | pwan ©)
Similarly, due to the convexity of f on the interval [“T*b, b], we have
3a +5b a+7b 4 (b
f( . >+f( o )5 b Jen O 10)

Hence, by inequalities (9) and (10) we deduce

i<f<7as+ b) +f<5a;3h) +f(3¢z;5b) +f(oz+87b>>

b
<y [ S

b-a
This completes the proof. O

Remark 2.2 Let f be a real-valued convex function on the interval 4, b]. By the convexity

atb
2

f(3u4+ b) =f(%<7a8+ b) ’ %<5a : 3b)>

of f on the interval [a, &°] we get

1 (7a+b 1 (5a+3b
<= = . 11
—2f< 8 )+2f< 8 ) w
Similarly, due to the convexity of f on the interval [“Qﬂ, b], we have
a+3b 1 (3a+5b 1 (a+7b
< - — . 12
f( i >—2f( C )+2f< C ) .

Hence, inequality (6) is a refinement of the inequality

%(f(3a4+ b) +f(a-;3b>) - bia /;bf(x)dx

obtained by Burqan [4], Lemma 1.
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Lemma 2.3 Let f be a real-valued convex function on the interval [a, D). Then

ﬁfabf(x)dxi %(f(a)+2f<&dT+b> +2f<a;b)

+ 2f(” Zgb) + f(b)). (13)

Proof By the Hermite-Hadamard’s inequality (5) we obtain

3a+b a+b
1

b_a/ubf(x)dxz bia{/a ’ f(x)dx+/;;f(x)dx

a+3b

at3b b
+/M f(x)dx+/a+3bf(x)dx}
1 {f(a) 5D bea 5D +f(5) b-a

IA

b-a 2 4 2 4
SE 1) boa [P 4f0) b—a}
2 4 2 4
= %(f(a) " 2f(3“T+b> " 2f<” : b) + 2f<“ ;Sb) +f(b)>.
This completes the proof. O

Remark 2.4 Let f be a real-valued convex function on the interval [a, b]. Thanks to the
convexity of f on the interval [a, “T*b] and [”—;b, b], respectively, we obtain

3a+b\ ﬂ+# f(ﬂ)"'f(“—zb)
f( ) )—f( 5 )s 5 (14)
and
av3b) (b f(B)+f(%2h)
f( ) )—f( 5 )s 5 . (15)

Hence, combining inequalities (14) and (15), we get

%(f(a) +2f(3”4+b) +2f<#> +2f<“ Zgb) +f(b)>

< <f(a) ; 2f(“ i ) +f(b)>- (16)

Hence, inequality (13) is a refinement of the inequality

b
o [ s 3 (@ (450) )

obtained by Feng [5], Lemma 2.

Combining Lemmas 2.1 and 2.3, we obtain the following lemma.
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Lemma 2.5 Let f be a real-valued convex function on the interval [a, b]. Then

£<f<7a8+ b) +f(5ﬂ;3b) +f<3a;5b) +f(¢z+87b>>
< ff(x)dx

(f(a) 2f<3a+b) 2f(a+b)

2f(“ + 3 ) +f(b)). )

Remark 2.6 By inequalities (11), (12), and (16) it is easy to see that inequality (17) is a
refinement of inequality (5).

Based on Lemma 2.5, we obtain the following theorems.

Theorem 2.7 Let || - || be a unitarily invariant norm, and A, B, X € B(H) with A, B positive
and X € ty.). Then

6v+1 7— 6v 7-6v 6v+l 2v+3 5- 2v 2v+3
{IIIA XBE|| AT XBE | 4 |47 XBTE | |4 XBHE )
1-v
< | [ NAxE ] A |
v
< 1{II axB= || [[|axB || + ||a2xB2| |
2| XBIE | - ||ATE xB ||}, (18)

where v € [0,1] \ {%} andr> 0.

Proof We first consider the case 0 <v < % Applying Lemma 2.5 to the function f(x) =
I|A*XBY>|"|| - |||AY*XB*|"|| on the interval [v,1—v] and f(x) = f(1 — x) for x € [0,1], we
obtain

%{f(6v8+1> +f(2v;3>} - % . ) d
gi{ﬂmf(z””) o(3))

Thus, we get inequality (18) for 0 <v < %

Similarly, when % <v <1, applying Lemma 2.5 to the function f on the interval [1 - v, V]
and f(x) = f(1 — x) for x € [0,1], we obtain

%{f(w; 1) +f(2v8+3)} 5 21/1_1 l_vvf(x)dx

o (22) o)

Hence, we get inequality (18) for % <v<l

IA
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This completes the proof. O
The next theorem is a refinement of Heinz’s norm inequalities.

Theorem 2.8 Let || - || be a unitarily invariant norm, and A, B, X € B(H) with A, B positive
and X € T Then

R B |
1 1-v

§|1 2] / |A*XB' + A7 XB" | dx
- v

< %{ |A"XB' + AVXBY| + 2| A2 XB3 |

2v+l 3-2v 3-2v 2v+1

+2|AF XB™E + AT XBT4

3 (19)
where v € [0,1] \ {%}.

Proof Replacing f(x) = |[|A*XBY*|"| - ||AY*XB*|"|| by g(x) = ||[A*XB** + A¥*XB*|| in the
proof of Theorem 2.7, we get the desired result. O

Remark 2.9 Putting f(x) = |||A*XBY*|"|| - ||A}X*XB*|"|| (x € [0,1]), where || - || is a unitarily
invariant norm, A,B,X € B(H) with A, B positive, X € 7, and r > 0. By the convexity
of f we have f(241) = {f(%57) + f(35®)} and g{f(V) + 2 (B5H) + f()) < 3 (f V) + ()}
for v e [0,1] \ {%}. So, norm inequality (18) is a refinement of inequality (3) obtained by

Burqan [4], Theorem 2.

Remark 2.10 Putting g(x) = ||A*XB"™ + A1"*XB*|| (x € [0,1]), where || - || is a unitarily
invariant norm, and 4,B,X € B(H) with A, B positive and X € tj.;. By the convexity of
g we have g(%) < %{g(%) +g(2"T+3)} and %{g(v) + Zg(%) +g(%)} < %{g(v) +g(%)} for
ve[0,1]\ {%}. Hence, norm inequality (19) is a refinement of inequality (4) obtained by
Feng [5], Theorem 1.

For 0 < v < 1, applying Lemma 2.5 to the convex functions f(x) = |||A*XB'™|"|| -
[|A*=*XB*|"|| and g(x) = || A*XB'~* + A"*XB*|| on the interval [0,v] when 0 <v < 1 and on
the interval [v,1] when % < v <1, respectively, we obtain the following theorems, where
Il - Il is a unitarily invariant norm, A, B, X € B(H) with A, B positive and X € 7, and r > 0.

Theorem 2.11 Let | - || be a unitarily invariant norm, and A, B, X € B(H) with A, B positive
and X € T Then
(i) forO<v< %,

FU1IABXBS |- | B |+ 0¥ |

4
AT XBE ] laF B ] || 5T
AR s )

14
<o [ laxey |- Ao as
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%{ l
4— 3v
i)+ 2] |a¥xB5[|
4! 3v _ —
| - A= s
(ii) for % <v<l,
{” |A 71/8+1XB7 =7v | || |A787VXB7V+1 || + || |A 5v§-3XBS —5v |
3v+5 3-3v

3 31/ 3v+5 {r”

A:”é'”)(za“+3 + [[|a% xB*" A
a1l

v+7

JlaxB )

v+7

A8 XB'®

+||

=1 / [la=xBt==[[ - [[]a™xB*["| dz

1-
1 3v+1 3 3v 3- 3v 3v+l
= gllhaxr- IIIXBI ||+2|||A - laT X
+ 2” v+l v+1 ” + 2” Avlg XB ’
AT XBE + laxs ]| - ||axe ),
where r > 0.

Theorem 2.12 Let | - || be a unitarily invariant norm, and A, B, X € B(H) with A, B positive

and X € tv).). Then
(i) foro<v<1 3

1 v 8—v 8—v v 8-3 8-3v 3v
Z{”ASXBS +AS XB5 | + | 5 +A S XBS
-7 8-7v 7v
+A"® XB¥ ||}

14
< % / |A*XB'™ + A" XB* || dx
0

1 voo4v 4wy
< §{||AX+XB|| +2|ATXBT + AT XBi|

+2|ATXB*T + A*T XBY A xBY
+ |A*XB™ + AYVXB | };
(ii) for % <v<l,
7v+l 7-7v 7v+1 5v+3 5-5v 5v+3
{| + AT XBS |+ |AT XBE 4 AT XBE
v+5 8 +A3—83v 3v+ | . v+7 }
1— / |A*XB"™ + A"*XB*|| dx
3v+1 3-3v 3-3v 3v+l

XB* +A % XB 1

< -|{|A"XB"" + A""XB"| + 2| A”4

ool»—A
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v+3

+2|ATXBT + AT XBT

1+v

+2|AFXBT 4 A XB Y

+ |AX + XB||}.

Remark 2.13 Putting f(x) = |||A*XBY*|"|| - |||AY*XB*|"||, where | - || is a unitarily invariant
norm, A, B, X € B(H) with A, B positive and X € 7., and r > 0. We first consider the case
O<v< % Since f is decreasing on the interval [0, %], we have

1) sf(%). (20)

Using inequalities (12) and (16) for f on the interval [0, v], respectively, we get
1 v 3v
A (5) ()]
1 v 3v 5v 7v
W (5)(5)(5)(5)] e

%{f(o) ¥ 2f(£) ¥ 2f<§> + 2f<%) +f(V)}

< ilror(3) o) 22)

=

and

By the convexity of f on the interval [0, v] we have

v\ fE+fE) v\ _f0)+f(v)
()
Noting that
f(O) ;'f(V) :f(l) ;f(V) Sf(l) _ H |AX|r” ) H |XB|r| ) (24)
by (i) of Theorem 2.11 we have
1 v 3v 5v 7v
(5) (%) (5) (%)}
1 14
=< ‘—//0 fx)dx
< %{f(0)+2f<£> +2f<£> +2f(%> +f(v)}. (25)
Combining inequalities (20), (21), (22), (23), (24), and (25), we have
s 21(3)
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()2 o(2) ()
%[Tf@ﬁh
IRIORICRT

sl
) +f(v>}
- 2

=f(0). (26)

IA

IA
<

< i{f(o) + 2f(
f0)+f(v)

N <

Similarly, when % <v<1,since f(v) is increasing on the interval [%,1], we have f(v) <

f (lzﬂ). By the same process as before, we also have

< ofrwear (25 ) e () v (452) s
<o () ol
SO +/)

2
<fQ. (27)

Thus, inequalities (26) and (27) are refinements of the second inequality in (1) and also a

refinement of Theorem 4 of Burqgan [4].

Remark 2.14 Putting g(x) = |A*XB'* + A1"*XB*||, where | - || is a unitarily invariant norm,
and A, B, X € B(H) with A, B positive and X € 7). Replacing f by g in Remark 2.13, we

obtain

g(v)fg(g)
=3{e(3) r(¥))
=218\2) "8\ 1
=36(5) (%) o (¥) v<(5))
=218\s) "85 ) T8 g ) TE g
1 14
5;/0g(x)dx
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1
< g{g(O) + 2g<

9 % 9 3v

) +2e(5) +26(3) -<0)
1

gz{g(0)+2g<

_ 80) +g)

)
2

< g(0), (28)

=

N <

1
5
Similarly, when 1 <v <1, we have

0 sg(I;—V)

where 0 <v <

_ 8 +g()
- 2
<g). (29)

Therefore, inequalities (28) and (29) are refinements of the second inequality in (2) and
also a refinement of Theorem 3 of Feng [5].
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