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Abstract

The main goal of the paper is to establish the boundedness of the fractional type
Marcinkiewicz integral Mg, 4 on non-homogeneous metric measure space which
includes the upper doubling and the geometrically doubling conditions. Under the
assumption that the kernel satisfies a certain Hormander-type condition, the authors
prove that Mg, is bounded from Lebesgue space L'(u) into the weak Lebesgue
space L"*(u), from the Lebesgue space L%(u) into the space RBLO(u), and from the
atomic Hardy space H' (i) into the Lebesgue space L' (u). Moreover, the authors also
get a corollary, thatis, Mg, 4 is bounded on LP(u1) with 1 < p < o0,
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1 Introduction

In 2010, Hytonen in [1] first introduced a new class of metric measure spaces which sat-
isfy the so-called upper doubling and the geometrically doubling conditions (see also Def-
initions 1.1 and 1.2 below, respectively), for convenience, the new spaces are called non-
homogeneous metric measure spaces. As special cases, the new spaces not only contain
the homogeneous type spaces (see [2]), but also they include metric spaces endowed with
measures satisfying the polynomial growth condition (see, for example, [3-9]). Further,
it is meaningful to pay much attention to a study of the properties of some classical op-
erators, commutators, and function spaces on non-homogeneous metric measure spaces;
see [10-16]. In addition, we know that the harmonic analysis has important applications
in many fields including geometrical analysis, functional analysis, partial differential equa-
tions, and fuzzy fractional differential equations, we refer the reader to [17-20] and the
references therein.

In the present paper, let (X, d, 1) be a non-homogeneous metric measure space in the
sense of Hytonen [1]. In 2007, Hu et al. [5] obtained the boundedness of the Marcinkiewicz
with non-doubling measure. Besides, Lin and Yang [13] established some equivalent
boundedness of Marcinkiewicz integral on (X, d, ). Inspired by this, we will mainly con-
sider the boundedness of the fractional type Marcinkiewicz integrals introduced in [21]
on (X,d, ).
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To state the main consequences of this article, we first of all recall some necessary no-
tions and notation. Hytonen [1] originally introduced the following notions of the upper
doubling condition and the geometrically doubling condition.

Definition 1.1 ([1]) A metric measure space (X, d, ) is said to be upper doubling if i is
a Borel measure on /X" and there exist a dominating function A : X' x (0, 00) — (0, 00) and
a positive constant C; such that, for each x € X, r — A(x,7) is non-decreasing and, for all
x € X and r € (0, 00),

w(B@,r) < x,r) < Cia (x %) (11)

Hytonen et al. [16] have proved that there is another dominating function X such that
*<A, C; <Cy,and

A, 7)< C;\)z(y, r), (1.2)

where %,y € & and d(x,y) < r. Based on this, we also assume the dominating function A
that in (1.1) satisfies (1.2) in this paper.

Definition 1.2 ([1]) A metric space (X,d) is said to be geometrically doubling, if there
exists some Ny € N such that, for any ball B(x,r) C X, there exists a finite ball covering
{B(x;, 5)}: of B(x, r) such that the cardinality of this covering is at most No.

Remark 1.3 Let (X, d) be a metric space. Hytonen in [1] proved the following statements
are mutually equivalent:
(1) (X,d) is geometrically doubling.
(2) Forany € € (0,1) and any ball B(x,r) C X, there is a finite ball covering {B(x;, €r)}; of
B(x, r) such that the cardinality of this covering is at most Noe ™", where # := log, Np.
(3) Foranye €(0,1), any ball B(x,r) C X contains at most Noe ™" centers of disjoint
balls {B(x;, €7)},.
(4) There is M € N such that any ball B(x,r) C X’ contains at most M centers {x;}; of
disjoint balls {B(x;, £)}1,.

Now we recall the definition of coefficient Kgs introduced by Hyt6nen in [1], which is
analogous to the quantity K introduced in [4], that is, for any two balls B C S in X,
define

1
Kpg:=1+ ——du(x), 1.3
B v/Z‘S\B A(ca, d(x, cp)) i) -3

where cp is the center of the ball B.

Though the measure doubling condition is not assumed uniformly for all balls on
(X,d, ), it was proved in [1] that there still exist many balls satisfying the property of
the (o, n)-doubling, namely, we say that a ball B C X is («, n)-doubling if u(eB) < nu(B),
for «, n > 1. In the rest of this paper, unless « and 7, are specified, otherwise, by an («, n4)-
doubling ball we mean a (6, 8¢)-doubling ball with a fixed number 7 > max{ Cilogz , 6"},
where n := log, Ny is viewed as a geometric dimension of the space. Moreover, the smallest
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(6, 6)-doubling ball of the from 6/B with j € N is denoted by B°, and B® is simply denoted
by B.

Next, we recall the following definition of RBMO(u) from [1].
Definition 1.4 ([1]) Let« >1 be a fixed constant. A function f € Llloc(u) is said to be in the
space RBMO(y) if there exist a positive constant C and, for any ball B, a number f3 such
that

1
wu(kB)

Qmwﬂmmuc
and

Ifs —frl < CKpr

for any two balls B and R such that B C R. Moreover, the RBMO(u) norm of f is defined
to be the minimal constant C as above and denoted by ||f [remo(y)-

From [1], Hytonen showed that the space RBMO(1t) is not dependent on the choice of k.
Lin and Yang [14] introduced the following definition of the space RBLO(u) and proved
that RBLO(«) C RBMO(u).

Definition 1.5 ([14]) A functionf € L} () is said to belong to the space RBLO(y) if there

loc

exists a positive constant C such that. for any (6, B¢)-doubling ball B,

1
u(oB)

/[f(y) - essjnff] du(y) <C
B B
and

essBinff - esssinff <CKpgs

for any two (6, 8¢)-doubling balls B C S. The minimal constant C above is defined to be
the norm of f in RBLO(u) and denoted by ||f||rBLO()-

Now we give the notion of the fractional type Marcinkiewicz integral slightly changed
from [21].

Definition 1.6 Let A = {(x,x) : x € X'}. A stand kernel is a mapping K: X x ¥\ A - C
for which there exist positive constants § € (0,1], 8 > 0, and C such that, for x,y € X’ with

X7y,
[d(x,y)]"*?
|K(x,y)| = Cm, (1.4)
and for all x, %,y € X with d(x,y) > 2d(x, %),
d ; ~)16+1+8
[Ks) = K@)+ [Kna) - K3 = € S50 (15)

%)) A (x, d(x,y))
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The fractional type Marcinkiewicz integral Mg , ,(f) related to the above kernel K(x, y)
is formally defined by

Mﬁ,p,q(f)(x) = (/(;

wherexe X, p>0,8>0,and g > 1.

1
Tde\ e
7) , (16)

= K®D ) du)
d

50 J e yyer [, 9)]0

Recently, many authors have studied the properties of the fractional type Marcinkiewicz
integrals; see [22—24]. To the fractional type Marcinkiewicz integral operator Mg, , as
in (1.6), one can return to the Marcinkiewicz integrals on different function spaces when

the indices are replaced by some fixed numbers; see the following remark.

Remark 1.7
(I) When p =1, 8 =0, and g = 2, the operator Mg , 4(f) as in (1.6) is just the
Marcinkiewicz integral on (&, d, ) in [13].
(2) Ifwe take (X,d,u) =R |-|,u), p=1, 8 =0,and g = 2, the operator My, ,(f) as in
(1.6) is just the Marcinkiewicz integral with non-doubling measures (see [5]).
(3) If we take (X,d, u) = (R”, | - |, dx), K(x,y) = Q) 5 =1,8=0,and q = 2, then the

oy T
operator Mg , 4(f) as in (1.6) is just the classical Marcinkiewicz integral introduced

in [25] and its form is as follows:

Ma(f)) = ( [ /I 2D £ dy

24¢\ 2

T —) , xeR%
x—y|<t |x —J’|”_

for more about behaviors of the Mg, see [26—30].

tS

Further, we recall the notion of the atomic Hardy spaces given in [16].

Definition 1.8 ([16]) Let ¢ € (1,00) and p > 1. A function b € L} (u) is called a (p,1)-

loc
atomic block if

(1) there exists a ball S such that suppb C S;

@) [ ) dutx) = 0

(3) forany i € {1,2}, there exists a function a; supported on a ball B; C Sand t; € C
such that b = 1141 + 124, and

1
llaillru < [M((Bi)]p [(Bil,s' 1.7)
Moreover, let
Blyiagy =1l 412l
We say that a function f € L!(u) belongs to the atomic Hardy space H;f;(u), if there ex-
ist (p,1).-atomic blocks {5;}%°, such that f = Y " b; in L'(x) and folleHl,p(m < 00. The
atb

normoff in Hit’f;(u) is defined by ”_][”Hl,p(u) =1nf{}",|b; |H1,p(m }, where the infimum is taken
atb atb

over all the possible decompositions of f as above.
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Also, in [16], Hytonen et al. proved that, for each p € (1, 00], the atomic Hardy space
H;;p () is independent of the choice of ¢ and that the spaces H ;{i(ﬂ) and H;;Eo(,u) have the

same norms for all p € (1, 0o]. Thus, we always denote H;f;(p.) simply by H'(u).

Finally, we state the main results of this article.

Theorem 1.9 Let K(x,y) satisfy (1.4) and (1.5), and Mg, , be as in (1.6), where p > 0,
B >0, and q>1.If Mg, is bounded on L*(1), then it is also bounded from L'(1) into
LY®(u), that is, there exists a positive constant C such that, for all t > 0 and f € L'(1),

n({xe X : Mg, (Hx)>t}) < C"f”%. (1.8)

Theorem 1.10 Let K(x,y) satisfy (1.4) and (1.5), p >0, B > 0, and q > 1. Suppose that
Mg,q is as in (1.6) and bounded on L*(i). Then for f € L™(w), Mg, is either infinite
everywhere or finite |i-finite almost everywhere; more precisely, if Mg, , is finite at some
point xo € X, then Mg, 4 is p-almost everywhere and

”Mﬁvﬁxq(f)HRBLO(ﬂ) = Clif llzo (),

where the positive constant C is not dependent on f.

By Theorem 1.9, Theorem 1.10, and Theorem 1.1 in [15], it is easy to obtain the following
corollary.

Corollary 1.11 Under the assumption of Theorem 1.9, then Mg, , is bounded on L? (1)
forany p € (1,00).

Theorem 1.12 Let K(x,y) satisfy (1.4) and (1.5), and Mg, , be as in (1.6). If Mg, 4 is
bounded on L?(11), then it is also bounded from H' (1) into L' (1).

Throughout the paper, C represents for a positive constant which is independent of the
main parameters involved, but it may be different from line to line. For a ;t-measurable set
E, xt denotes its characteristic function. For any p € [1, 00], we denote by p’ its conjugate
index, that is, }7 + 1% =1

2 Preliminaries
In this section, in order to prove our main theorems, we need some lemmas. First, we

recall some useful properties of Kg s as in (1.3) (see [1]).

Lemma 2.1 ([1])

(1) Forall balls BC R C S, it holds true that Kgr < Kgs.

(2) Forany £ € [1,00), there exists a positive constant Cg, depending on &, such that, for
all balls B C S with rs <&rg, Kps < Cs.

(3) Forany g € (1,00), there exists a positive constant C,, depending on o, such that, for
all balls B, Ky o < C,.

(4) There is a positive constant c such that, for all balls BC R C S, Kgs < Kgg + cKgs. In
particular, if B and R are concentric, then ¢ = 1.
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(5) There exists a positive constant ¢ such that, for all balls BC R C S, Kgr < cKps;
moreover, if B and R are concentric, then Kgrs < Kps.

Next, we recall the Calderén-Zygmund decomposition theorem from [31] as follows. Let
o be a fixed non-negative constant and satisfy y, > max{Ci’ 1°g26,63” }, where C, is as in

(1.1) and # as in Remark 1.3.

Lemma 2.2 ([31]) Letp € [1,00), f € L?(), and t € (0,00) (¢ > "0 ywhen u(X) < o).
Then:
(1) There exists a family of finite overlapping balls {6B;}; such that {B;}; is pairwise

disjoint,

: /W W du) > = oraiti (21)
_ x x)>— foralli, .
w(62B;) Jp, o Yo
;/ V(x)!pd (x)<ﬁ foralliand all v € (2,00)
w(62vB;) J,p, H = Y0 T

and

V(x)| <t for u-almosteveryx e X \ (U 6B;). (2.2)

(2) Foreach i, let S; be the smallest (3 x 62, Clkogz(BXéz)H)-doubling ball of the family
{(3 x 6X)Bi}ken, and w; = xe5,/(Y "y xo5,)- Then there exist a family {@:}; of functions
that, for each i, supp(¢;) C S;, ; has a constant sign on S; and

f pix)dulx) = | fx)wix) dulx), (2.3)
X 6B;
Ziiwi(x)| <yt foru-almosteveryx e X, (2.4)

where y is some positive constant depending only on (X, 1), and there exists a
positive constant C, independent of f, t, and i, such that, if p = 1, then

lillzegoi(S:) < C /X [ ()or()| d), 25)

and if p € (1,00),

1
7

7 C
< / |gi(x)[” du(x)> [1(S)]? < = / If @)w;(@)|” dpa(x). (2.6)
Si X

Finally, we recall the following characterizations of RBLO(u) given in [14].

Lemma 2.3 ([14]) If f € L} (u) is said to be in the space RBLO(uw), then there exists a

loc

non-negative constant C satisfying that, for all (6, B)-doubling balls B,

5 o) - essintflaut) < €
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and, for all (6, Bs)-doubling balls B C S,
mp(f) — ms(f) < CKgs, (2.7)

in this paper, mp(f) represents the mean of f over B, that is,
1
malf)i= s | F0)du0)
w(B) Jg

Moreover, the minimal constant C above equals ||f ||RBLO(4)-

3 Proofs of the main theorems

Proof of Theorem 1.9 Without loss of generality, by homogeneity, we can assume that
If Iz = 1. It is easy to see that the conclusion of Theorem 1.9 automatically holds true
if £ < n6llfll11(.)/1(X) when u(X) < co. Therefore, we only need consider the case ¢ >
N6 f | 2()/1(X). For any given f € LY (w)and t > g 1f 1l 21y/ 1(X), applying Lemma 2.2 to f
and ¢, and letting S; be as in Lemma 2.2, we may write f = g + /1, where g := f x x\(J, 68, + 2_,0i
and i1:= ) (wf — ¢;) =: ) _;};. By applying (2.2), (2.4), and the assumption [|f||;1(,) =1, we
easily obtain ||g|z=(,) < Ct and ||g||;1(,) < C. Thus, by the L*(u)-boundedness of Mg, ;,
we conclude that

M({x € X : Mp,p4(g)(x) > t}) <cCr? ”Mﬂ,p,q(g) ||L2(H) = Ct_2||g||L2(u) <cr.

On the other hand, by (2.1) with p =1, and the fact that {B;}; is a sequence of pairwise
disjoint balls, we have

M(U 623i> <y weB)<cety / |f @) dutx) < Ce ™,
i ' "B
and therefore, the proof of Theorem 1.9 can be reduced to proving
,u({x eX \ U(623i) : Mg pq(h)(x) > t}) <crt (3.1)

Notice that

,u({x ex\ U(6°B) : My (1)) > t})

<’y /X \6SiMﬁ,p,q(hi)(x) du(@) +t7) " /6 M p.q()(x) dpa ()

Si\62B;

=: El + Ez.

ForE;. Let S; be asin Lemma 2.2. Denote its center and radius by cs, and r,, respectively.
Write

Mp,p.q(hi)(x) dpa(x)

X\6S;

( 5l') Si
X\GS,‘ 0

1dt i
7) du)

1 K(x,y)
———hi(y)d
the -/L;(x,y)q [d(x»y)]l“’ O’) M(,J’)




Lu and Tao Journal of Inequalities and Applications (2016) 2016:259 Page 8 of 15

) ")

00
ol
X\6S; d(x,cgi)+rsl.

= F1 + Fz.

_L/ K@)
th+r d(x,y)<t [d(x,)’) 1 -°
Applying the Minkowski inequality and (1.4), we have

\hi(y)|[d )i+A dixes))+rs; g % d d
F
' /ms,/ d(x, ) d(x,y)]1p</ () t‘“ﬂ*p)”) Hoants

()| [d(x, )] P
fcﬁws e, d 7))

1

* ([d(x,);]q(ﬁ*p)  [d(xcs,) Jlr rsi]q(ﬂw))q du(y) dpe(x)
<C /)(\65 N i %'c d((ﬁjc,);)))mﬂ [d(x’y)](w()r[z Z(::)+ o du(y) du(x)
< C(rg) 1" fX|hi(y)! du(y) ./X\ss,- 2, d(x, Csi))[zti?si) g 307
=C jX |ht(y)|du(y)zzl6—k$<ﬁ+p> /ﬁkﬂ&wk& %

< Clhill

Forx € X'\ 6S;and y € S, it holds true that d(x,y) < d(x, cs,) + rs;. Thus, by the vanishing
moment of /; and (1.5), we can conclude

v f (/0" 1 /|: K(x,y) K(x,cs,) }
2 =
X\6S; d(x,csl. )+r5l,

th+e oL ldey)=e  [d(x,cs)]°
q%Ymm

> 1 K@y  K@®xy) }
= V/X\6Si ([:l(x,cgi)-v-rsi the \//j\.’ |: [d(x’ y)]lip [d(xr CSi)]lip
)

00 1 Ky  Kxcs) ]
* /;C'\6Si (-/d(x,csl.)wgi thtr /;( |: [d(x»y)]l"" [d(x»)’)]l"p

1ds\ 0
7) du(x)

= F21 + Fzz.

For Fy. By applying the Minkowski inequality, (1.2), and (1.4), we have

K(x,y) K(x,9)
F h; —
ﬂfﬁmﬂ‘m%mmw [d(x, cs,)]°

00 dt \1
XQ@mWﬁﬁﬁ duy) du@)
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K(x,y K(x,)
: C/X\6SL/ i) |’ [d( x»)’)]l P [d(x, cs)]P | [d(w, cs,) + rs, 1B+ duly) dutx)
()| [d(x, )17+ P 1
= '/X\GSL‘ M, d(x,y)) [d(x,cs,) +1s,]8+° 1) du(x)

() du(y)dp(x)
<
" /;(\651 -/.;C' )" x! d(x, CSL d(x' CS,')

00 dp(x)
< CrsiL|hiU)’dM@)Zk=1 /6](“51_\6/(% 7, d(x, c5,))d (%, c5)

o _ du(x)
<C| |hy|d 6 k/ _
- /X’ o) Mmzkﬂ ek+isp\6ks; Alcs;, d(x, ¢s;))
< Cllhill -

Next we estimate Fy,. By the Minkowski inequality and (1.5), we deduce that

K(x,) K(x,cs,)
Fy < C/X\6s / |h ) ’ [0 )] - [, )7

dt
) (/d(x,cs,)ﬂs W) du(y) dpe(x)
1
/X\ésl / | ()| |K (% y) - K(x, CS’”W ato) due(e)

[d(cs;, y)]*+ P! 1
1 J d d
/2Y\6S,/ | ()’ [d(x,)] S0(x,d(x,y)) [d(x, y)]f;ﬂ w(y) dp(x)

I/\

| /\

S+B+1

C h; Si d d
= /X\és,/x| (y”[d(x,y)]“ﬁ”k(x,d(x,csl.)) ) dualx)

o _ du(x)
<C h; ) d/'L )( 6 /((5+/S+1)/ )
/X’ O}l duty k=1 ekrispeks; A, d(x, cs;))
= C”hi”Ll(/t)'

Combining the estimates for Fy;, Fo,, F1, and the fact that

il < | fD)e:i®)] du(y),
X

we have E; < CtL.

Now we turn to an estimate of E,. Let N; be the positive integer satisfying S; = (3 x
62N B;. By h; := wif — ¢;, (1.4), the Minkowski inequality, the Holder inequality, and (2.5)
together with the L*(u)-boundedness of Mg, ;, we get

E, < t‘IZi/

65;\62B;

M) d@) + 7Y / M aaliea] s

p

-1 +# det i
<cr'y / s\ / G, d(x’ lf(y) l(y)|< / —(ﬂ+p)+l> du(y) du(x)

" Ct_lZi(/;S‘ |Mﬂ,p,q((pi)(x) |2 du(x)) ’ M(6Si)%
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1 lf(y ;(y)] 1 3
OV [ St g 04 + G el (6S)

M+ (3 x 62)FB))
=Y, [ Fowolauo Y BRI
+CEY il (S)

<ctt fX fo)|du@y) < ce™.

Combining the estimates for E; and E,, we obtain (3.1) and hence the proof of Theo-
rem 1.9 is finished. O

Proof of Theorem 1.10 We first claim that there exists a positive constant C such that, for
any f € L*°(u) and (6, Bg)-doubling ball B,

1(B) fB Mg oq (@) di(y) < Clif o) + infreg Mg, (F) (). (3.2)

In order to prove (3.2), for each fixed ball B, we assume that Q is the smallest ball which
includes B and has the same center as B, so 2Q C 6B. Decompose f as

S&x) =fx20) +fxan20) =2 fi(x) + fo(x).

By applying Holder inequality and the L?(u)-boundedness of Mg, ;, we have

1
— /B Mpopal0) dit(y)
1 l
[14(6B)]2
< ey il < Ol vl 2
@t T By
< Clifle(o- (3.3)

Let rg be the radius of the ball Q. Noticing that d(y,z) > rgo forany y € B,and z € X'\ 2Q,
by the Minkowski inequality, (1.2), and (1.4), we can deduce
1dr\ 7
?)

1 K(y,z)
P fd@m [y, 97 4
th)
K(y,z)

M,pq(R)) < (f
Q

(@) du(z)

+</°° 1 / K(,2)
Q

tﬁ+p d(y,z)<t [d(y ]1 ’
14t 4
= Mﬂpq(f (/ ‘tﬁ M d(y,z)<4rq d(y 2)] 1 pf (Z) dM(Z) ?>

K dt |
< M) +C | E L@l [ ) au
Q

4
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[f(2)| ds(2)

[d(y,2)]"” 1
< M) + C/;Q r(,d(y,2)) [d(y,z)]*-° rg“)

< Mg q(D) + Clif oo AQ )\(; du(z)

CB, d(CB’Z))

< Mﬂ,p'q(f)(y) + C”f”LOC(u)' (3.4)

Therefore, the estimate for (3.2) can be reduced to proving

|Mﬁ,p,q(f2)(x) - Mﬂ,p,q(fZ)()’” = Clifllzeeqo)- (3.5)

Write

Mg (F)(®) = Mp g () 0)]

([ Vo st s
Lo i)

SITANY= S )
’ </Ooo|:/d(y,z)<t<d(x,z tyéf(y o VZ( ”dﬂ(z)] ¢ ”*‘”“)é

1
o K(x,z) K(y,2) ] de )FI
* ) du@) | ———=
(/0 |:~/;(y,z)<td(x,z)<t lf2 | " ta(B+p)+1

[d@ 2] [dpy,2)]"
=: Il + Iz + 13.

For any x,y € B, applying the Minkowski inequality, (1.2), and (1.4), we have

[d(y,2))P** 402 ¢ \a
nec [ Al )|</m) —tq(ﬁwm) du(2)

[d(y, )P+ [d(x, )]+

= Cfx 20,40, 2 e oo,
B+p lf(z)| 1

= /X\ZQ ez d(cs,2)) [d(cs 2)]P

du(z)

du(z)

o\ f(z 1
= Zfﬂ/mw Men d(cs,2) [diea D *

. —i(B+p) M
< ClIf llzoo( 21:12 AMeg, 2irq)

< C”f||L°°(;L)~

With a similar argument to that used in the proof of I, it is not difficult to obtain

L = Clif llzeoqu
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Now we turn to an estimate of I3. Write

e \4

lf2 |< / ta(B+p)+1 ) du(2)
dt \7

(e ){( / W) du(z)

de i
sz )|(_/d(y)tq(ﬁ+p) ) duz)

z)

K(x,2) K(y,z)
13—/ ‘ 7 [,

/‘ K(x,z) K(y,z)

DI [dx 2]

K(y,2) K(y,2)
*/ ’ A2 [dp,2]"

<C/ |K (x,2) - K(yz)Hfz(Z)|[d(y ]ﬁ+1d“(

12(2)]
[d(y,2)]°1A(y, d(y, 2))

c ‘ L
* /X [dx 21" [d(y,2]"

=: 131 + 132.

du(z)

By applying (1.5), we have

S+1+f 1

to < Clfllmg | 52
31 = P50 a0 Me d(cp, 2) [d(cp, 2)]+PH1

du(z)

5+1+ﬂ
1

C oo E d

= Wl “/ ot Hendicn2) dicn 27T O

(2k+1(2)
Mer 25Q)

o0
< Cllf oy, 270

< Clifllzeo )

Now we turn to an estimate of I3, by two steps: 0 < p <1and p > 1.
AsO0<p<1, weget

rgld(x,z)] " 1
\2Q [d(xr z)]l—p )‘(CBI d(CBr Z))

Isp < Clif llzeo /X du(z)

4] 1

<c o du(2)
N ”f”LOC(“)Zk:l kr1Qakg A, 2) A(cp, d(c, 2)) e

k+1
x _k w(21Q)
= W00 22 gy 2

< Cllf llzoo

As p > 1, we deduce that

rgld(y,2)]72 1
fs2 = Cllf e /X\GB [d(y,2)]*71 Alcp,d(c,2))
00 e 1
< Clf =g, /ZMQ\ZkQ (s ) e d(cn ) PO

o 1(27Q)
< Cllf o), 2 enTorgy = Wl

du(z)
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Thus, we have

13 = C”.f”LOO(/,L))
which, together with I; and I, implies (3.5). Therefore, the estimate of (3.2) is completed.

By (3.2), it follows that, for f € L (), if Mg ,,4(f)(x0) < 00 with some point xy € X, we
can get Mg, 4(f) is j-finite a.e., and in this case, for any (6, 8s)-doubling ball B, we have

1 .
m /]_;[Mﬂ’p’q(f)(x) - eSSBmeﬁ,M(f)] dﬂ(x) =< C|[f||LOC(M).

To prove that Mg, ,(f) € RBLO(i), applying Lemma 2.3, it only suffices to prove that
Mg 04(f) satisfies (2.7), namely, for any two (6, f¢)-doubling balls B and S with B C S,

mB(Mﬁ,p,q(f)) - ””S(Mﬁ,p,q(f)) = CKps. (3.6)

For any x € Band y € S, write

M p.q()(x) < Mg o q(f x2B) (%) + Mg p4(f X25\28) (%)
+ [Mppg(f x2028) %) = Mg (f x2025) )] + M pg(f x20025) ).

With an argument similar to that used in the proof of Mg , ,(f,)(¥) in (3.4), we have

M, pq(f X20\25) ) < Mp,pq(F)) + Clf Il 20 0)-

By (3.5), for any &,y € S, it is not difficult to get

| Mg g (f x2028) (%) = Mg o.g(f x2028) )| < CIIf oo -

For any x € B, by the Minkowski inequality and (1.4), we obtain

M p.q(f X25\28) (%)

IfX2S\2B(y)|[d(x,y)]ﬂ+ﬂ( o g );
=¢ X M, d(x,y)) /d(x,y) £a(B+p)1 dpu(y)

O
—F—d
= C/25\23 A(x, d(x,y)) o

< C X (u ew. dca. 7))
= Cllfllze ) /25\3 Mep, d(cs,y))

< CKgsllf lzoo(u)-

du(y)

Thus, for any x € Band y € S, we have

Mppa(f) %) < Mpoq(f x28) (%) + Mp,o,q(F)®) + CKpsIf Il 0)- 3.7)
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For (3.7), taking the mean value over B for x and over S for y, it follows that

mB(Mﬂ,p,q(f)) - W‘S(Mﬁ,p,q(f)) = C[’”B(Mﬁ,p.q(f)(zla)) + I<B,S”f||L°°(/4)]

< CKpsllf lzoo )
which, together with (3.3), we finish the proof of Theorem 1.10. d
Proof of Theorem 1.12 Because the definition of H'(1) is independent of the choice of ¢,

thus, for convenience, we assume ¢ = 2 as in (1.7). By a standard argument, it suffices to

prove that

||Mﬁ'plq(f)||l,1(/l,) = Cv|b|H‘(M) (3.8)
for any atomic block b with suppb C S. Write

[ Mo = [ (M@0 )+ [ My, 00| dito

X x\28 28
=J1+]a.

In a way similar to that used in the proof of E; in Theorem 1.9, we can obtain

J1 = Cllbll iy < Clblggy-

Let b = ) ,7;a; be as in Definition 1.8 and we have
R Yl [ Mapa )] dute) + Sl [ M| i)
i 2B; ¢ 25\2B;
=:Ja1 + J22.

By applying the Holder inequality, the L*(1)-boundedness of Mg , ;, and (1.7), we have

= X ([ [Mus(adof duto)) iz

1
< CY_ lulllaill2gyn(2B)?

< CY_ lulllaillixn2B) < CY_ |ul.

Now we turn to an estimate of J5. Also, in a way similar to E; in the proof of Theorem 1.9,

we have

Joo <CY |1l T e
22 Zl 25\2B; )x(CB"; d(x’ CB,’))

< CY_ ItilKe,slaillien2B) < C)_ |ul.

lla:ll 1

Combining with the above estimates, this implies (3.8) and hence the proof of Theo-
rem 1.12. 0
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