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1 Introduction
Let R+ := [,∞). Denote M the set of all measurable functions on R+, M+ ⊂M the subset
of all non-negative functions and M↓ ⊂ M+ (M↑ ⊂ M+) is the cone of all non-increasing
(non-decreasing) functions. Also denote by C ⊂ M the set of all continuous functions
on R+. If  < p ≤ ∞ and v ∈M+ we define

Lp
v :=

{
f ∈ M : ‖f ‖Lp

v
:=

(∫ ∞



∣∣f (x)
∣∣pv(x) dx

) 
p

< ∞
}

,

L∞
v :=

{
f ∈M : ‖f ‖L∞

v := ess sup
x≥

v(x)
∣∣f (x)

∣∣ < ∞
}

.

Let w ∈M+ and k(x, y) ≥  is a Borel function on [,∞) satisfying Oinarov’s condition:
k(x, y) =  if x < y, and there is a constant D ≥  independent of x ≥ z ≥ y ≥  such that


D

(
k(x, z) + k(z, y)

) ≤ k(x, y) ≤ D
(
k(x, z) + k(z, y)

)
. (.)

The mapping properties between weighted Lp spaces of Hardy type operators involved
are very well studied. See e.g. the books [, ] and [] and the references therein. We also
mention the following examples of articles in this area: [–] and []. Recently, it has been
discovered that it is of great interest to study also some corresponding supremum op-
erators instead of the usual such Hardy type (arithmetic mean) operators. The interest
comes both from purely mathematical point of view but also from various applications
where such kernels many times are the unit impulse answers to the problem at hand and
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the best constants means the operator norms of the corresponding transfer of the energy
of the ‘signals’ measured in weighted Lp spaces.

We consider supremum operators of the form

(Tf )(x) = ess sup
y≥x

k(y, x)w(y)f (y), f ∈M
↑,

(Sf )(x) = ess sup
y≥x

k(y, x)w(y)f (y), f ∈M
↓,

(T f )(x) = ess sup
≤y≤x

k(x, y)w(y)f (y), f ∈M
↓,

(S f )(x) = ess sup
≤y≤x

k(x, y)w(y)f (y), f ∈M
↑.

Let  < p, r ≤ ∞ and u, v ∈ M+. The paper is devoted to the necessary and sufficient
conditions for the inequalities

‖Tf ‖Lr
u ≤ CT‖f ‖Lp

v
, f ∈M

↑, (.)

‖Sf ‖Lr
u ≤ CS‖f ‖Lp

v
, f ∈M

↓, (.)

‖T f ‖Lr
u ≤ CT ‖f ‖Lp

v
, f ∈M

↓, (.)

‖S f ‖Lr
u ≤ CS ‖f ‖Lp

v
, f ∈M

↑, (.)

where the constants CT and others are taken as the least possible.
This problem was first studied for the inequality (.) in [], Theorem ., in a case

when k(x, y) = , w ∈ C . This result was extended in [] for the case k(x, y) satisfying (.)
with a discrete form of a criterion for  < r < p < ∞. With different supremum operators
some similar problems were studied in [–]. This area is currently developing inten-
sively and finds many interesting applications.

Section  is devoted to preliminaries. The border cases  < r < p = ∞,  < p < r = ∞ and
r = p = ∞ are solved in Section . In Section  we characterize the case k(x, y) = , which
is essentially used in Section  with the main results of the paper.

We use signs := and =: for determining new quantities and Z for the set of all integers.
For positive functionals F and G we write F � G, if F ≤ cG with some positive constant c,
which depends only on irrelevant parameters. F ≈ G means F � G � F or F = cG. χE de-
notes the characteristic function (indicator) of a set E. Uncertainties of the form  · ∞, ∞

∞
and 

 are taken to be zero. � stands for the end of a proof.

2 Preliminaries
We denote

V (t) :=
∫ t


v, V∗(t) :=

∫ ∞

t
v.

Let  < p, r < ∞. By [], Lemma ., and the monotone convergence theorem the inequal-
ity (.) is equivalent to

(∫ ∞



[
ess sup

y≥x

(
k(y, x)w(y)

)p
∫ y


h
] r

p
u(x) dx

) p
r
≤ Cp

T

∫ ∞


hV∗, h ∈ M

+. (.)
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If

Tph(x) := ess sup
y≥x

(
k(y, x)w(y)

)p
∫ y


h,

then (.) is equivalent to

‖Tph‖
L

r
p
u

≤ Cp
T‖h‖L

V∗
, h ∈M

+. (.)

Analogously, if

Sph(x) := ess sup
y≥x

(
k(y, x)w(y)

)p
∫ ∞

y
h,

Tph(x) := ess sup
≤y≤x

(
k(x, y)w(y)

)p
∫ ∞

y
h,

Sph(x) := ess sup
≤y≤x

(
k(x, y)w(y)

)p
∫ y


h,

then (.), (.), and (.) are equivalent to

‖Sph‖
L

r
p
u

≤ Cp
S‖h‖L

V
, h ∈M

+, (.)

‖Tph‖
L

r
p
u

≤ Cp
T ‖h‖L

V
, h ∈M

+, (.)

and

‖Sph‖
L

r
p
u

≤ Cp
S ‖h‖L

V∗
, h ∈ M

+, (.)

respectively.
For the border cases  < p < r = ∞,  < r < p = ∞, and r = p = ∞ we have the following

four groups of inequalities:

ess sup
x≥

[
u(x)

]pTph(x) ≤ Cp
T ,p

∫ ∞


hV∗, h ∈M

+, (.)

(∫ ∞



[
ess sup

y≥x
k(y, x)w(y)f (y)

]r
u(x) dx

) 
r
≤ CT ,r‖f ‖L∞

v , f ∈M
↑, (.)

ess sup
x≥

u(x)
[
ess sup

y≥x
k(y, x)w(y)f (y)

]
≤ CT ,∞‖f ‖L∞

v , f ∈ M
↑, (.)

for the operator T ;

ess sup
x≥

[
u(x)

]pSph(x) ≤ Cp
S,p

∫ ∞


hV , h ∈M

+, (.)

(∫ ∞



[
ess sup

y≥x
k(y, x)w(y)f (y)

]r
u(x) dx

) 
r
≤ CS,r‖f ‖L∞

v , f ∈M
↓, (.)

ess sup
x≥

u(x)
[
ess sup

y≥x
k(y, x)w(y)f (y)

]
≤ CS,∞‖f ‖L∞

v , f ∈ M
↓, (.)
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for the operator S;

ess sup
x≥

[
u(x)

]p
Tph(x) ≤ Cp

T ,p

∫ ∞


hV , h ∈M

+, (.)

(∫ ∞



[
ess sup
≤y≤x

k(x, y)w(y)f (y)
]r

u(x) dx
) 

r
≤ CT ,r‖f ‖L∞

v , f ∈ M
↓, (.)

ess sup
x≥

u(x)
[
ess sup
≤y≤x

k(x, y)w(y)f (y)
]

≤ CT ,∞‖f ‖L∞
v , f ∈M

↓, (.)

for the operator T , and

ess sup
x≥

[
u(x)

]p
Sph(x) ≤ Cp

S ,p

∫ ∞


hV∗, h ∈ M

+, (.)

(∫ ∞



[
ess sup
≤y≤x

k(x, y)w(y)f (y)
]r

u(x) dx
) 

r
≤ CS ,r‖f ‖L∞

v , f ∈M
↑, (.)

ess sup
x≥

u(x)
[
ess sup
≤y≤x

k(x, y)w(y)f (y)
]

≤ CS ,∞‖f ‖L∞
v , f ∈M

↑, (.)

for the operator S . We characterize the inequalities (.)-(.) in the next section.
To deal with the inequalities (.)-(.) we study first the case k(x, y) =  and then a gen-

eral case.

3 Border cases of summation parameters
For a measurable function v ∈ M+ we define monotone envelopes (see [], Section ) as
follows:

v↓(x) := ess sup
y≥x

v(y),

v↑(x) := ess sup
≤y≤x

v(y).

Theorem . For the best possible constants of the inequalities (.)-(.) we have

CT ,p ≈ sup
x≥

u↑(x) ess sup
y≥x

k(y, x)w(y)
V /p

∗ (y)
, (.)

CT ,r =
(∫ ∞



[
ess sup

y≥x

k(y, x)w(y)
v↓(y)

]r

u(x) dx
) 

r
, (.)

CT ,∞ = ess sup
x≥

u(x)
[

ess sup
y≥x

k(y, x)w(y)
v↓(y)

]
. (.)

Proof Observe that if k(x, y) satisfies (.), then [k(x, y)]p satisfies (.) too with a constant
Dp ≥ . If x ≤ t, then

Tph(t) = ess sup
y≥t

(
k(y, t)w(y)

)p
∫ y


h

≤ Dp ess sup
y≥t

(
k(y, x)w(y)

)p
∫ y


h

≤ Dp ess sup
y≥x

(
k(y, x)w(y)

)p
∫ y


h = DpTph(x).
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Hence,

Tph(x) ≈ sup
t≥x

Tph(t) := ϕ(x) ∈M
↓.

It implies (see [], Proposition .)

ess sup
x≥

[
u(x)

]pTph(x) ≈ ess sup
x≥

[
u(x)

]p
ϕ(x)

= ess sup
x≥

[
u(x)

]p
sup
t≥x

ϕ(t) = sup
t≥

ϕ(t)
[
u↑(t)

]p

≈ sup
x≥

[
u↑(x)

]pTph(x),

and (.) is equivalent to

sup
x≥

[
u↑(x)

]p‖Hxh‖L∞
(k(·,x)w(·))p � Cp

T ,p

∫ ∞


hV∗, h ∈M

+, (.)

where

Hxh(y) := χ[x,∞)(y)
∫ y


h.

Thus,

Cp
T ,p ≈ sup

x≥

[
u↑(x)

]p‖Hx‖L
V∗→L∞

(k(·,x)w(·))p
.

Since by a well-known theorem ([], Theorem .)

‖Hx‖L
V∗→L∞

(k(·,x)w(·))p
= ess sup

y≥x

(k(y, x)w(y))p

V∗(y)
,

we obtain (.).
Now, (.) is equivalent to the inequality

(∫ ∞



[
ess sup

y≥x
k(y, x)w(y)f (y)

]r
u(x) dx

) 
r
≤ CT ,r‖f ‖L∞

v↓
, f ∈M

↑. (.)

The lower bound of (.) follows from (.) with f = 
v↓ and the upper bound from the

estimate f (y) ≤
‖f ‖L∞

v↓
v↓(y) .

The proof of (.) is the same. �

Analogously, we can prove the following.

Theorem . For the best possible constants of the inequalities (.)-(.) we have

CS,p ≈ sup
x≥

u↑(x) ess sup
y≥x

k(y, x)w(y)
V /p(y)

, (.)
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CS,r =
(∫ ∞



[
ess sup

y≥x

k(y, x)w(y)
v↑(y)

]r

u(x) dx
) 

r
, (.)

CS,∞ = ess sup
x≥

u(x)
[

ess sup
y≥x

k(y, x)w(y)
v↑(y)

]
. (.)

CT ,p ≈ sup
x≥

u↓(x) ess sup
≤y≤x

k(x, y)w(y)
V /p(y)

, (.)

CT ,r =
(∫ ∞



[
ess sup

≤y≤x

k(x, y)w(y)
v↑(y)

]r

u(x) dx
) 

r
, (.)

CT ,∞ = ess sup
x≥

u(x)
[

ess sup
≤y≤x

k(x, y)w(y)
v↑(y)

]
, (.)

CS ,p ≈ sup
x≥

u↓(x) ess sup
≤y≤x

k(y, x)w(y)
V /p

∗ (y)
, (.)

CS ,r =
(∫ ∞



[
ess sup

≤y≤x

k(y, x)w(y)
v↓(y)

]r

u(x) dx
) 

r
, (.)

CS ,∞ = ess sup
x≥

u(x)
[

ess sup
≤y≤x

k(y, x)w(y)
v↓(y)

]
. (.)

4 The case k(x, y) = 1
Let u, v, w ∈ M+ be weights. We suppose for simplicity that  <

∫ t
 u < ∞, for all t > ,∫ ∞

 u = ∞ and define the functions σ : [;∞) → [;∞), σ – : [;∞) → [;∞), by

σ (x) := inf

{
y >  :

∫ y


u ≥ 

∫ x


u
}

,

σ –(x) := inf

{
y >  :

∫ y


u ≥ 



∫ x


u
}

.

Let σ  := σ (σ ). For  ≤ c < d < ∞ and h ∈M+ we put

Hch(x) := χ[c,∞)(x)
∫ x


h,

Hc,dh(x) := χ[c,d)(x)
∫ x

σ–(c)
h,

H∗
c h(x) := χ[c,∞)(x)

∫ ∞

x
h,

H∗
c,dh(x) := χ[c,d)(x)

∫ σ (d)

x
h.

We need the following partial cases of [], Theorems . and . (see also [, ]).

Theorem . Let  < r < ∞. Then:
(a) For validity of the inequality

(∫ ∞



[
ess sup

y≥x
w(y)

∫ y


h
]r

u(x) dx
) 

r
≤ C‖h‖L

v
, h ∈ M

+, (.)
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it is necessary and sufficient that the inequality

(∫ ∞


u(x)

[
w↓

(x)
]r

(∫ x


h
)r

dx
) 

r
≤ A‖h‖L

v
, h ∈M

+,

holds and the constant

A :=

⎧⎨
⎩

supt>(
∫ t

 u) 
r ‖Ht‖L

v →L∞
w

, r ≥ ,

(
∫ ∞

 u(x)(
∫ x

 u) r
–r ‖H[σ–(x),σ (x)]‖

r
–r
L

v →L∞
w

dx) –r
r ,  < r < ,

is finite. Moreover, C ≈ A + A.
(b) For validity of the inequality

(∫ ∞



[
ess sup

y≥x
w(y)

∫ ∞

y
h
]r

u(x) dx
) 

r
≤ C‖h‖L

v
, h ∈M

+, (.)

it is necessary and sufficient that the inequality

(∫ ∞


u(x)

[
ess sup

x≤y≤σ(x)
w(y)

]r
(∫ ∞

σ(x)
h
)r

dx
) 

r
≤ B‖h‖L

v
, h ∈M

+,

holds and the constant

B :=

⎧⎨
⎩

supt>(
∫ t

 u) 
r ‖H∗

t ‖L
v →L∞

w
, r ≥ ,

(
∫ ∞

 u(x)(
∫ x

 u) r
–r ‖H∗

[σ–(x),σ (x)]‖
r

–r
L

v →L∞
w

dx) –r
r ,  < r < ,

is finite. Moreover, C ≈ B + B.

Using Theorem . we characterize (.) and (.) with k(x, y) = .

Theorem . Let  < p, r < ∞ and k(x, y) = . Then, for the best possible constants of the
inequalities (.) and (.) the following equivalences hold:

CT ≈ A + A, CS ≈ B + B, (.)

where

A = sup
t>

[
V∗(t)

]– 
p

(∫ ∞

t
u
[
w↓]r

) 
r
, r ≥ p,

A =
(∫ ∞



([
V∗(x)

]–
∫ ∞

x
u
[
w↓]r

) r
p–r

u(x)
[
w↓(x)

]r dx
) p–r

pr
,  < r < p,

A = sup
t>

(∫ t


u
) 

r
sup
y≥t

w↓(y)

[V∗(y)]

p

, r ≥ p,

A =
(∫ ∞


u(x)

(∫ x


u
) r

p–r
(

ess sup
σ–(x)≤y≤σ (x)

[w(y)]p

V∗(y)

) r
p–r

dx
) p–r

pr
,  < r < p,
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B = sup
t>

[
V

(
σ (t)

)]– 
p

(∫ t


u(x)

[
ess sup

x≤y≤σ(x)
w(y)

]r
dx

) 
r
, r ≥ p,

B =
(∫ ∞



([
V

(
σ (z)

)]–
∫ z


u(x)

[
ess sup

x≤y≤σ(x)
w(y)

]r
dx

) r
p–r

× u(z)
[

ess sup
z≤y≤σ(z)

w(y)
]r

dz
) p–r

pr
,  < r < p,

B = sup
t>

(∫ t


u
) 

r
ess sup

y≥t

w(y)

[V (y)]

p

, r ≥ p,

B =
(∫ ∞


u(x)

(∫ x


u
) r

p–r
(

ess sup
σ–(x)≤y≤σ (x)

[w(y)]p

V (y)

) r
p–r

dx
) p–r

pr
,  < r < p.

Proof Since (.) ⇔ (.) and (.) ⇔ (.), the proof follows by applying Theorem .
with r replaced by r

p , w = wp, v = V∗ in (.) and v = V in (.). Thus, CT ≈ A ′
 + A ′

 ,
where A ′

 is the best constant in the inequality

(∫ ∞


u(x)

[
w↓(x)

]r
(∫ x


h
) r

p
dx

) p
r
≤ [

A ′

]p‖h‖L

V∗
, h ∈M

+, (.)

and

[
A ′


]p =

⎧⎨
⎩

supt>(
∫ t

 u)
p
r ‖Ht‖L

V∗→L∞
wp

, r ≥ p,

(
∫ ∞

 u(x)(
∫ x

 u)
r

p–r ‖H[σ–(x),σ (x)]‖
r

p–r
L

V∗→L∞
wp

dx)
p–r

r ,  < r < p.

If k(x, y) ≥  is a measurable kernel on R+ ×R+ and

Kf (x) :=
∫ ∞


k(x, y)f (y) dy,

then by well-known results ([], Chapter XI, Section ., Theorem , see also [], The-
orem .)

‖K‖L→Lq = ess sup
s≥

∥∥k(·, s)
∥∥

Lq ,  ≤ q ≤ ∞. (.)

If k(x, y) = w(x)χ[,x](y)u(y) and  < q < , then ([], Theorem .)

‖K‖L→Lq ≈
(∫ ∞



[
ess sup

≤y≤x
u(y)

] q
–q

(∫ ∞

x
wq

) q
–q [

w(x)
]q dx

) –q
q

. (.)

Applying (.) and (.) to (.) we find that A ≈ A ′
 . Again, applying (.), when

k(x, y) = wp(x)χ[t,∞)(x)
χ[,x](y)
V∗(y)
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we obtain

‖Ht‖L
V∗→L∞

wp
= ess sup

s≥

∥∥k(·, s)
∥∥

L∞ = ess sup
s≥


V∗(s)

ess sup
{x≥t}∩{x≥s}

wp(x)

= sup
s≥


V∗(s)

[
w↓(

max(t, s)
)]p

= max

(
sup

≤s≤t

[w↓(t)]p

V∗(s)
, sup

s≥t

[w↓(s)]p

V∗(s)

)
= sup

s≥t

[w↓(s)]p

V∗(s)
.

Similarly, using the monotonicity of V∗, we find

‖H[σ–(x),σ (x)]‖
r

p–r
L

V∗→L∞
wp

= ess sup
s≥σ–(x)


V∗(s)

ess sup
{σ–(x)≤y≤σ (x)}∩{y≥s}

wp(y)

= sup
σ–(x)≤s≤σ (x)


V∗(s)

sup
σ–(x)≤y≤σ (x)

ess sup
s≤y≤σ (x)

wp(y)

= ess sup
σ–(x)≤y≤σ (x)

wp(y)
V∗(y)

and the estimate A ≈ A ′
 follows.

For the second part we observe that CS ≈ B′
 + B′

, where B′
 is the least constant in

the inequality

(∫ ∞


u(x)

[
ess sup

x≤y≤σ(x)
w(y)

]r
(∫ ∞

σ(x)
h
) r

p
dx

) p
r
≤ [

B′

]p‖h‖L

V
, h ∈M

+, (.)

and

[
B′


]p =

⎧⎨
⎩

supt>(
∫ t

 u)
p
r ‖H∗

t ‖L
V →L∞

wp
, r ≥ p,

(
∫ ∞

 u(x)(
∫ x

 u)
r

p–r ‖H∗
[σ–(x),σ (x)]‖

r
p–r
L

V →L∞
wp

dx)
p–r

r ,  < r < p.

By a change of variables we see that (.) is equivalent to

(∫ ∞


u(x)

[
ess sup

x≤y≤σ(x)
w(y)

]r
(∫ ∞

x
h
) r

p
dx

) p
r
≤ [

B′

]p‖h‖L

V
σ

, h ∈M
+, (.)

where Vσ (y) := V (σ (t)). By the same argument as above it follows that B′
 ≈ B and

B′
 ≈ B. �

Analogously, we obtain the sharp estimates for the best constants in (.) and (.).
Suppose for simplicity that  <

∫ ∞
t u < ∞ for all t > ,

∫ ∞
 u = ∞ and define the functions

ζ : [;∞) → [;∞), ζ – : [;∞) → [;∞), by

ζ (x) := sup

{
y >  :

∫ ∞

y
u ≥ 



∫ ∞

x
u
}

,

ζ –(x) := sup

{
y >  :

∫ ∞

y
u ≥ 

∫ ∞

x
u
}

.
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Let ζ  := ζ (ζ ). For  ≤ c < d < ∞ and h ∈M+ we put

Hdh(x) := χ(,d](x)
∫ ∞

x
h,

Hc,dh(x) := χ(c,d](x)
∫ ζ (d)

x
h,

H ∗
c h(x) := χ(,d](x)

∫ x


h,

H ∗
c,dh(x) := χ(c,d](x)

∫ x

ζ–(c)
h.

We need the following partial cases of [], Theorems . and ..

Theorem . Let  < r < ∞. Then:
(a) For validity of the inequality

(∫ ∞



[
ess sup
≤y≤x

w(y)
∫ ∞

y
h
]r

u(x) dx
) 

r
≤ C‖h‖L

v
, h ∈ M

+,

it is necessary and sufficient that the inequality

(∫ ∞


u(x)

[
w↑

(x)
]r

(∫ ∞

x
h
)r

dx
) 

r
≤ D‖h‖L

v
, h ∈M

+,

holds and the constant

D :=

⎧⎨
⎩

supt>(
∫ ∞

t u) 
r ‖Ht‖L

v →L∞
w

, r ≥ ,

(
∫ ∞

 u(x)(
∫ ∞

x u) r
–r ‖H[ζ–(x),ζ (x)]‖

r
–r
L

v →L∞
w

dx) –r
r ,  < r < ,

is finite. Moreover, C ≈ D + D.
(b) For validity of the inequality

(∫ ∞



[
ess sup
≤y≤x

w(y)
∫ y


h
]r

u(x) dx
) 

r
≤ C‖h‖L

v
, h ∈M

+,

it is necessary and sufficient that the inequality

(∫ ∞


u(x)

[
ess sup

ζ–(x)≤y≤x
w(y)

]r
(∫ ζ–(x)


h
)r

dx
) 

r
≤ E‖h‖L

v
, h ∈M

+,

holds and the constant

E :=

⎧⎨
⎩

supt>(
∫ ∞

t u) 
r ‖H ∗

t ‖L
v →L∞

w
, r ≥ ,

(
∫ ∞

 u(x)(
∫ ∞

x u) r
–r ‖H ∗

[ζ–(x),ζ (x)]‖
r

–r
L

v →L∞
w

dx) –r
r ,  < r < ,

is finite. Moreover, C ≈ E + E.
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Using Theorem . we characterize (.) and (.) with k(x, y) = .

Theorem . Let  < p, r < ∞ and k(x, y) = . Then for the best possible constants of the
inequalities (.) and (.) the following equivalences hold:

CT ≈ D + D, CS ≈ E + E,

where

D = sup
t>

[
V (t)

]– 
p

(∫ t


u
[
w↑]r

) 
r
, r ≥ p,

D =
(∫ ∞



([
V (x)

]–
∫ x


u
[
w↑]r

) r
p–r

u(x)
[
w↑(x)

]r dx
) p–r

pr
,  < r < p,

D = sup
t>

(∫ ∞

t
u
) 

r
sup
<y<t

w↑(y)

[V (y)]

p

, r ≥ p,

D =
(∫ ∞


u(x)

(∫ ∞

x
u
) r

p–r
(

ess sup
ζ–(x)≤y≤ζ (x)

[w(y)]p

V (y)

) r
p–r

dx
) p–r

pr
,  < r < p,

E = sup
t>

[
V∗

(
ζ –(t)

)]– 
p

(∫ ∞

t
u(x)

[
ess sup

ζ–(x)≤y≤x
w(y)

]r
dx

) 
r
, r ≥ p,

E =
(∫ ∞



([
V∗

(
ζ –(z)

)]–
∫ ∞

z
u(x)

[
ess sup

ζ–(x)≤y≤x
w(y)

]r
dx

) r
p–r

× u(z)
[

ess sup
ζ–(z)≤y≤z

w(y)
]r

dz
) p–r

pr
,  < r < p,

E = sup
t>

(∫ ∞

t
u
) 

r
ess sup

≤y≤t

w(y)

[V∗(y)]

p

, r ≥ p,

E =
(∫ ∞


u(x)

(∫ ∞

x
u
) r

p–r
(

ess sup
ζ–(x)≤y≤ζ (x)

[w(y)]p

V∗(y)

) r
p–r

dx
) p–r

pr
,  < r < p.

5 Main results
To deal with the kernel transformation we need the following extension of Theorem .
following from [], Theorems . and ..

Theorem . Let  < r < ∞, u, v, w ∈ M+ and k(x, y) satisfies Oinarov’s condition (.).
Then:

(a) For validity of the inequality

(∫ ∞



[
ess sup

y≥x
k(y, x)w(y)

∫ y


h
]r

u(x) dx
) 

r
≤ C‖h‖L

v
, h ∈M

+, (.)

it is necessary and sufficient that the inequalities

(∫ ∞


u(x)

[
ess sup

y≥x
k(y, x)w(y)

]r
(∫ x


h
)r

dx
) 

r
≤ A‖h‖L

v
, h ∈ M

+,
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and

(∫ ∞


u(x)

[
k

(
σ (x), x

)]r
(

ess sup
y≥σ(x)

w(y)
∫ y


h
)r

dx
) 

r
≤ A‖h‖L

v
, h ∈M

+,

hold and the constant

A :=

⎧⎪⎨
⎪⎩

supt>(
∫ t

 u) 
r ‖Ht‖L

v →L∞
w(·)k(·,t)

, r ≥ ,

(
∫ ∞

 u(x)(
∫ x

 u) r
–r ‖H[σ–(x),σ(x)]‖

r
–r
L

v →L∞
w(·)k(·,σ–(x))

dx) –r
r , r < ,

is finite. Moreover, C ≈ A + A + A.
(b) For validity of the inequality

(∫ ∞



[
ess sup

y≥x
k(y, x)w(y)

∫ ∞

y
h
]r

u(x) dx
) 

r
≤ C‖h‖L

v
, h ∈M

+, (.)

it is necessary and sufficient that the inequalities

(∫ ∞


u(x)

[
ess sup

x≤y≤σ(x)
k(y, x)w(y)

]r
(∫ ∞

σ(x)
h
)r

dx
) 

r
≤ B‖h‖L

v
, h ∈M

+,

and

(∫ ∞


u(x)

[
k

(
σ (x), x

)]r
(

ess sup
y≥σ(x)

w(y)
∫ ∞

y
h
)r

dx
) 

r
≤ B‖h‖L

v
, h ∈M

+,

hold and the constant

B :=

⎧⎪⎨
⎪⎩

supt>(
∫ t

 u) 
r ‖H∗

t ‖L
v →L∞

w(·)k(·,t)
, r ≥ ,

(
∫ ∞

 u(x)(
∫ x

 u) r
–r ‖H∗

[σ–(x),σ(x)]‖
r

–r
L

v →L∞
w(·)k(·,σ–(x))

dx) –r
r , r < ,

is finite. Moreover, C ≈ B + B + B.

Using Theorem . we obtain the characterization of (.) and (.) for  < p, r < ∞.
Denote

Wk(x) := ess sup
y≥x

k(y, x)w(y), Wk(x) := ess sup
x≤y≤σ(x)

k(y, x)w(y),

wσ (w)(x) := ess sup
x≤y≤σ(x)

w(y),

kσ (x) := k
(
σ (x), x

)
, gσ k (y) := g

(
σ k(y)

)
,

σ(x) := inf

{
y >  :

∫ y


u[kσ ]r ≥ 

∫ x


u[kσ ]r

}
,

σ –
 (x) := inf

{
y >  :

∫ y


u[kσ ]r ≥ 



∫ x


u[kσ ]r

}
.
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Theorem . Let  < p, r < ∞. Then, for the best possible constants of the inequalities (.)
and (.) the following equivalences hold:

CT ≈A + A, + A, + A, CS ≈ B + B, + B, + B, (.)

where

A = sup
t>

[
V∗(t)

]– 
p

(∫ ∞

t
u[Wk]r

) 
r
, r ≥ p,

A =
(∫ ∞



([
V∗(x)

]–
∫ ∞

x
u[Wk]r

) r
p–r

u(x)
[
Wk(x)

]r dx
) p–r

pr
,  < r < p,

A, = sup
t>

[
(V∗)σ (t)

]– 
p

(∫ ∞

t
u
[
kσ w↓

σ

]r
) 

r
, r ≥ p,

A, =
(∫ ∞



([
(V∗)σ (x)

]–
∫ ∞

x
u
[
kσ w↓

σ

]r
) r

p–r

× u(x)
[
kσ (x)w↓

σ (x)
]r dx

) p–r
pr

,  < r < p,

A, = sup
t>

(∫ t


u[kσ ]r

) 
r

ess sup
y≥t

wσ (y)

[(V∗)σ (y)]

p

, r ≥ p,

A, =
(∫ ∞


u(x)

[
kσ (x)

]r
(∫ x


u[kσ ]r

) r
p–r

×
(

ess sup
σ–

 (x)≤y≤σ(x)

[wσ (y)]p

(V∗)σ (y)

) r
p–r

dx
) p–r

pr
,  < r < p,

A = sup
t>

(∫ t


u
) 

r
ess sup

y≥t

w(y)k(y, t)

[V∗(y)]

p

, r ≥ p,

A =
(∫ ∞


u(x)

(∫ x


u
) r

p–r

×
(

ess sup
σ–(x)≤y≤σ(x)

[w(y)k(y,σ –(x))]p

V∗(y)

) r
p–r

dx
) p–r

pr
,  < r < p,

B = sup
t>

[
Vσ (t)

]– 
p

(∫ t


u[Wk]r

) 
r
, r ≥ p,

B =
(∫ ∞



([
Vσ (z)

]–
∫ z


u[Wk]r

) r
p–r

u(z)
[
Wk(z)

]r dz
) p–r

pr
,  < r < p,

B, = sup
t>

[
Vσ

(
σ 

 (t)
)]– 

p

(∫ t


u
[
kσ wσ (wσ )

]r
) 

r
, r ≥ p,

B, =
(∫ ∞



([
Vσ

(
σ 

 (t)
)
(z)

]–
∫ z


u[kσ ]r[wσ (wσ )

]r
) r

p–r

× u(z)
[
kσ (z)wσ (wσ )(z)

]r dz
) p–r

pr
,  < r < p,
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B, = sup
t>

(∫ t


u[kσ ]r

) 
r

ess sup
y≥t

wσ (y)

[Vσ (y)]

p

, r ≥ p,

B, =
(∫ ∞


u(x)

[
kσ (x)

]r
(∫ x


u[kσ ]r

) r
p–r

×
(

ess sup
σ–

 (x)≤y≤σ(x)

[wσ (y)]p

Vσ (y)

) r
p–r

dx
) p–r

pr
,  < r < p,

B = sup
t>

(∫ t


u
) 

r
ess sup

y≥t

w(y)k(y, t)

[V (y)]

p

, r ≥ p,

B =
(∫ ∞


u(x)

(∫ x


u
) r

p–r

×
(

ess sup
σ–(x)≤y≤σ(x)

[w(y)k(y,σ –(x))]p

V (y)

) r
p–r

dx
) p–r

pr
,  < r < p.

Proof We start with the inequality (.). Since (.) ⇔ (.), then applying Theorem .
we see that

CT ≈A
′
 + A

′
 + A

′
,

where A
′
 and A

′
 are the best constants in the inequalities

(∫ ∞


u(x)

[
ess sup

y≥x
k(y, x)w(y)

]r
(∫ x


h
) r

p
dx

) p
r
≤ [

A
′

]p‖h‖L

V∗
, h ∈M

+,

(∫ ∞


u(x)

[
k
(
σ (x), x

)]r
(

ess sup
y≥σ(x)

[
w(y)

]p
∫ y


h
) r

p
dx

) p
r
≤ [

A
′

]p‖h‖L

V∗
, h ∈M

+,

(.)

and

[
A

′

]p :=

⎧⎪⎨
⎪⎩

supt>(
∫ t

 u)
p
r ‖Ht‖L

V∗→L∞
[w(·)k(·,t)]p

, r ≥ p,

(
∫ ∞

 u(x)(
∫ x

 u)
r

p–r ‖H[σ–(x),σ(x)]‖
r

p–r
L

V∗→L∞
[w(·)k(·,σ–(x))]p

dx)
p–r

r ,  < r < p.

Applying (.) and (.) we see that A′
 ≈A and A

′
 ≈A. By a change of variable we find

that (.) is equivalent to the inequality

(∫ ∞


u(x)

[
kσ (x)

]r
(

ess sup
y≥x

[
wσ (y)

]p
∫ y


h
) r

p
dx

) p
r

≤ [
A

′

]p‖h‖L

[V∗]
σ

, h ∈ M
+, (.)

which is governed by Theorem .. Arguing analogously to the proof of Theorem . we
see that

A
′
 ≈ A

′
, + A

′
,,
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where A
′
, is the best constant of the inequality

(∫ ∞


u(x)

[
kσ (x)

]r[w↓
σ (x)

]r
(∫ x


h
) r

p
dx

) p
r
≤ [

A
′
,

]p‖h‖L
[V∗]

σ
, h ∈M

+,

and

[
A

′
,

]p := sup
t>

(∫ t


u[kσ ]r

) p
r
‖Ht‖L

[V∗]
σ

→L∞
wp

σ

, r ≥ p,

[
A

′
,

]p :=
(∫ ∞


u(x)

[
kσ (x)

]r
(∫ x


u[kσ ]r

) r
p–r

‖H[σ–
 (x),σ(x)]‖

r
p–r
L

[V∗]
σ

→L∞
wp

σ

dx
) p–r

r
,

for  < r < p. Again applying (.) and (.) we see that A′
, ≈A, and A

′
, ≈A,.

The proof for the inequality (.) is similar. �

Analogously, we obtain the sharp estimates for the best constants in (.) and (.). To
this end we need the following extension of Theorem . from [], Theorems . and ..

Theorem . Let  < r < ∞, u, v, w ∈ M+ and k(x, y) satisfy Oinarov’s condition (.).
Then:

(a) For validity of the inequality

(∫ ∞



[
ess sup
≤y≤x

k(x, y)w(y)
∫ ∞

y
h
]r

u(x) dx
) 

r
≤ C‖h‖L

v
, h ∈ M

+,

it is necessary and sufficient that the inequalities

(∫ ∞


u(x)

[
ess sup

≤y≤x
k(x, y)w(y)

]r
(∫ ∞

x
h
)r

dx
) 

r
≤ A‖h‖L

v
, h ∈M

+,

and

(∫ ∞


u(x)

[
k

(
x, ζ –(x)

)]r
(

ess sup
≤y≤ζ–(x)

w(y)
∫ ∞

y
h
)r

dx
) 

r

≤ A‖h‖L
v

, h ∈M
+,

hold and the constant

A :=

⎧⎪⎨
⎪⎩

supt>(
∫ ∞

t u) 
r ‖Ht‖L

v →L∞
w(·)k(t,·)

, r ≥ ,

(
∫ ∞

 u(x)(
∫ ∞

x u) r
–r ‖H[ζ–(x),ζ(x)]‖

r
–r
L

v →L∞
w(·)k(ζ(x),·)

dx) –r
r , r < ,

is finite. Moreover, C ≈ A + A + A.
(b) For validity of the inequality

(∫ ∞



[
ess sup
≤y≤x

k(y, x)w(y)
∫ y


h
]r

u(x) dx
) 

r
≤ C‖h‖L

v
, h ∈ M

+,
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it is necessary and sufficient that the inequalities

(∫ ∞


u(x)

[
ess sup

ζ–(x)≤y≤x
k(x, y)w(y)

]r
(∫ ζ–(x)


h
)r

dx
) 

r
≤ B‖h‖L

v
, h ∈ M

+,

and

(∫ ∞


u(x)

[
k

(
x, ζ –(x)

)]r
(

ess sup
≤y≤ζ–(x)

w(y)
∫ y


h
)r

dx
) 

r
≤ B‖h‖L

v
, h ∈M

+,

hold and the constant

B :=

⎧⎪⎨
⎪⎩

supt>(
∫ ∞

t u) 
r ‖H ∗

t ‖L
v →L∞

w(·)k(t,·)
, r ≥ ,

(
∫ ∞

 u(x)(
∫ ∞

x u) r
–r ‖H ∗

[ζ–(x),ζ(x)]‖
r

–r
L

v →L∞
w(·)k(ζ(x),·)

dx) –r
r , r < ,

is finite. Moreover, C ≈ B + B + B.

Using Theorem . we obtain the characterization of (.) and (.) for  < p, r < ∞.
Denote

W ∗
k (x) := ess sup

≤y≤x
k(x, y)w(y), W ∗

k (x) := ess sup
ζ–(x)≤y≤x

k(x, y)w(y),

�ζ (w)(x) := ess sup
ζ–(x)≤y≤x

w(y),

kζ (x) := k
(
x, ζ –(x)

)
, gζ–k (y) := g

(
ζ –k(y)

)
,

ζ(x) := sup

{
y >  :

∫ ∞

y
u[kζ ]r ≥ 



∫ ∞

x
u[kζ ]r

}
,

ζ –
 (x) := sup

{
y >  :

∫ ∞

y
u[kζ ]r ≥ 

∫ ∞

x
u[kζ ]r

}
.

Theorem . Let  < p, r < ∞. Then for the best possible constants of the inequalities (.)
and (.) the following equivalences hold:

CT ≈D + D, + D, + D, CS ≈ E + E, + E, + E, (.)

where

D = sup
t>

[
V (t)

]– 
p

(∫ t


u
[
W ∗

k
]r

) 
r
, r ≥ p,

D =
(∫ ∞



([
V (x)

]–
∫ x


u
[
W ∗

k
]r

) r
p–r

u(x)
[
W ∗

k (x)
]r dx

) p–r
pr

,  < r < p,

D, = sup
t>

[
Vζ– (t)

]– 
p

(∫ t


u
[
kζ w↑

ζ–

]r
) 

r
, r ≥ p,

D, =
(∫ ∞



([
Vζ– (x)

]–
∫ x


u
[
kζ w↑

ζ–

]r
) r

p–r
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× u(x)
[
kζ (x)w↑

ζ– (x)
]r dx

) p–r
pr

,  < r < p,

D, = sup
t>

(∫ ∞

t
u[kζ ]r

) 
r

ess sup
≤y≤t

wζ– (y)

[Vζ– (y)]

p

, r ≥ p,

D, =
(∫ ∞


u(x)

[
kζ (x)

]r
(∫ ∞

x
u[kζ ]r

) r
p–r

×
(

ess sup
ζ–

 (x)≤y≤ζ(x)

[wζ– (y)]p

Vζ– (y)

) r
p–r

dx
) p–r

pr
,  < r < p,

D = sup
t>

(∫ ∞

t
u
) 

r
ess sup

≤y≤t

w(y)k(t, y)

[V (y)]

p

, r ≥ p,

D =
(∫ ∞


u(x)

(∫ ∞

x
u
) r

p–r

×
(

ess sup
ζ–(x)≤y≤ζ(x)

[w(y)k(ζ (x), y)]p

V (y)

) r
p–r

dx
) p–r

pr
,  < r < p,

E = sup
t>

[
(V∗)ζ– (t)

]– 
p

(∫ ∞

t
u
[
W ∗

k
]r

) 
r
, r ≥ p,

E =
(∫ ∞



([
(V∗)ζ– (z)

]–
∫ ∞

z
u
[
W ∗

k
]r

) r
p–r

u(z)
[
W ∗

k (z)
]r dz

) p–r
pr

,  < r < p,

E, = sup
t>

[
(V∗)ζ–

(
ζ –

 (t)
)]– 

p

(∫ ∞

t
u[kζ ]r[�ζ (wζ– )

]r
) 

r
, r ≥ p,

E, =
(∫ ∞



([
(V∗)ζ–

(
ζ –

 (t)
)
(z)

]–
∫ ∞

z
u[kζ ]r[�ζ (wζ– )

]r
) r

p–r

× u(z)
[
kζ (z)

]r[
�ζ (wζ– )

]r dz
) p–r

pr
,  < r < p,

E, = sup
t>

(∫ ∞

t
u[kζ ]r

) 
r

ess sup
≤y≤t

wζ– (y)

[(V∗)ζ– (y)]

p

, r ≥ p,

E, =
(∫ ∞


u(x)

[
kζ (x)

]r
(∫ ∞

x
u[kζ ]r

) r
p–r

×
(

ess sup
ζ–

 (x)≤y≤ζ(x)

[wζ– (y)]p

(V∗)ζ– (y)

) r
p–r

dx
) p–r

pr
,  < r < p,

E = sup
t>

(∫ ∞

t
u
) 

r
ess sup

≤y≤t

w(y)k(t, y)

[V∗(y)]

p

, r ≥ p,

E =
(∫ ∞


u(x)

(∫ ∞

x
u
) r

p–r

×
(

ess sup
ζ–(x)≤y≤ζ(x)

[w(y)k(ζ (x), y)]p

V∗(y)

) r
p–r

dx
) p–r

pr
,  < r < p.
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