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1 Introduction

Let K" denote the set of convex bodies (compact, convex subsets with nonempty interiors)
in Euclidean space R”. For the set of convex bodies containing the origin in their interiors,
we write K. K denotes the class of o-symmetric members of K} (o denotes the origin
in R"). Let $"~! denote the unit sphere in Euclidean space R” and let V(K) denote the n-
dimensional volume of a body K. For the standard unit ball B in R”, we write w, = V(B)
for its volume.

If K € K", then its support function, hg = h(K,-) : R" — (—00,00), is defined by (see [1,
2]) h(K,x) = max{x-y:y € K},x € R”, where x - y denotes the standard inner product of x
and y.

The zonoids are investigated by many authors (see [3-5]). The zonoid Z is a convex
body with support function

1
hz(u) = 5 / ) | (u, v)’dp,(v) forall u € S"1,
sn-

where p is some positive, even Borel measure on §”! and (x, y) denotes the standard inner
product of vectors x and y in R”.
For K € K", the mean zonoid, ZK, was defined by Zhang [6]

1

hzi(u) = W

/ / |<u, (x —y))| dxdy forallueS™?, (1.1)
KJK
where V(K) is the volume of the body K.

Further, Zhang [6] proved the affine isoperimetric inequality V(ZK) > V(ZBg), where
By is the n-ball with the same volume as K.
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For each convex subset in R”, it is well known that there is a unique ellipsoid with the
following property: The moment of inertia of the ellipsoid and the moment of inertia of
the convex set are the same about every 1-dimensional subspace of R”. This ellipsoid is
called the ellipsoid of inertia I',K (also called the Legendre ellipsoid) of the convex set.
Namely, between the convex body K and the ellipsoid of inertia I'; K we have

/|(x,y)|2dx:/ |(x,y)|2dx, Vy e R".
K oK

The Legendre ellipsoid and its polar (the Binet ellipsoid) are well-known concepts from
classical mechanics. See [7-9] for historical references.

A non-negative finite Borel measure w on the unit sphere §”~! is said to be isotropic if
it has the same moment of inertia about all lines through the origin or, equivalently, if, for
allx e R”,

J#l” = /S [ dunte),

where | - | denotes the standard Euclidean norm on R”.
Based on the background of mechanics properties, the notion of L,-zonoids was given
by Schneider and Weil [10]. For p > 1, an L,-zonoid was defined by

hz, k() = / |, v)[ du(v) forall u e S"?, (1.2)
S 1

where p is some positive, even Borel measure on $”~1. We also refer to [4, 11].
Xi, Guo and Leng [12] considered an extension for a class of bodies Z_pl( named L,-mean
zonoids as follows: For K € K" and p > 1, the L,-mean zonoid, Z_pl( , of K is defined by

1 7
hgpk(z) = (m ‘/K /K|(z, (x —y)>| dxdy) for all z € R"/{0}. (1.3)

For p =1, the body ZK is the mean zonoid of K [6]. Xi et al. also showed that 2pK is an
L,-zonoid, and established the following affine isoperimetric inequality: For K € K" and
rz1

V(Z,K) > C,, V(K), (1.4)

with equality if and only if K is an ellipsoid. Here C,,, is a constant depending on p and
the dimension #.

The main purpose of this paper is to introduce the notion of L,-mixed mean zonoids,
which extends the L,-mean zonoids by Xi, Guo and Leng [12].

Definition 1.1 For K,L € K" and p > 1, L,-mixed mean zonoids, ZP(K, L), of K and L are
defined by

1
hz,u(@) = (W /K/L

Notice that when K = L, (1.5) is defined by Xi, Guo, and Leng in [12].

1/p
(z,(x =) dx dy) for all z € R"\{o}. (L5)
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Let w, = 7?2 /T (1 + p/2) and

n,
2n+p(2n tpt 1)w2n+pw2n+p+l> v

2
(I’l + 1)(1)2 w;g,wn+1wp—1wn+p—l

C(nrp) = (

For the L,-mixed mean zonoids, our main result is to establish the more general affine

inequality as follows.

Theorem 1.2 Let K,L e K} andp > 1. IfK C L, then
V(Z,(K,L)) = Cln,p)V(K) 7 V(L) 7, (1.6)
with equality if and only if K = L is an ellipsoid.

If L = K, then the above inequality (1.6) reduces to the affine inequality (1.4).

An immediate consequence of Theorem 1.2 is the following.

Corollary 1.3 Let K,L € KI. IfK C L, then

VIZI(K, L)\ " LV K)
("Tie™) = o (57 -

with equality if and only if K = L is an ellipsoid.

2 Notation and preliminaries
We refer to the books Gardner [1] and Schneider [2] for some terminologies and notations
as regards convex bodies.

The Hausdorff metric §;(K, L) between sets K, L € K" can be defined by

$u(K,L) = sup |h(K,x) - h(L,x)|.

xeSr-1

A set K is star-shaped (about xy € K) if there exists xy € K, such that the line segment
from x, to any point x € K is contained in K. If K is a compact star-shaped (about the
origin) set, then its radial function pg(x,z) : R”\{x} — [0, 00) with respect to x is defined
by

oK (x,z) =max{c:x+cze€ Z} forall ze R"\{x}. (2.1)

If px is positive and continuous, then K will be called a star body (about the origin), and
S" denotes the set of star bodies in R”. We will use S’ to denote the subset of star bodies
in §” containing the origin in their interiors. Two star bodies K and L are said to be dilates
of one another if px («)/ p; (1) is independent of u € §"~1.

ForK,L € §”,p >0, and A, i > 0 (not both zero), the L,,-radial combination, 2 o K¥,u o
L e &), is defined by

p(hoKFyuolL, ) =rp(K,-) + up(L,-).
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The dual L,-mixed volume Vp(l( ,L) of K, L was defined by

V(KFye o L) - V(K)
; :

(2.2)

V,(k,L) = 2 lim
M e—~>0%

The integral representation of \~/p (K, L) was proved by

VD= [ oy asw)

The L,-Minkowski inequality for the dual L,-mixed volumeis: IfK,L € S} and 0 < p < n,
then

)4
n

V,(K,L) < V(K) 7 V(L)", (2.3)

with equality if and only if K and L are dilates.

The difference body D(K, L) of K and L is defined by D(K,L) =K - L={x—-y:x € K,y €
L}. Particularly, DK =K - K ={x—-y:x € K,y € K}.

For a star-shaped K and p > 1, the L,-centroid body of K, I',K is the origin-symmetric
convex body with the support function

= L P — ; r n+,
b = fK [l de= s | P o7 a (2.4)

for all u € $"*1.
For K,L € K", p > -1, and K C L, the generalized radial pth mean body, R,(K, L, ,,), is
defined by (see [13, 14])

1 1/p
PR (K L) (1) = (m /K o (x, u)f dx) ) (2.5)

for all u € S"1, where A, is the n-dimensional Lebesgue measure in R”.

Lemma 2.1 ([13]) For K,L € K" and x € R”, the parallel section function on R" is defined
by A (%) .= VIKN (L + x)). Then gi 1(x) = AK,L(x)% is concave on its support.

If K C Land p > 0, then for all u € §"! (see [13, 14])

pDK (1)

oo
/ oL, u) dx :pf Agp(ru)r’tdr =p/ Ag r(ru)rP dr. (2.6)
K 0 0
For p,q > 0, define the S-function by

IN(2INE)]
Tp+q)

Lemma 2.2 IfA >0 and Ak (r,u) := V(K N (L + ru)), then

B(p,q) = /01 w1 - )1 de =

A+l

/OOAK,L(r, wrrdr < 1B+ 1L, n)VK)™ </OOAK,L(r, u) dr) . (2.7)
0 0



Ma et al. Journal of Inequalities and Applications (2016) 2016:223 Page 5 of 14

Proof If

~ 1 © Agr(ru) =
Fm‘(ﬂ(xn,n)/o A (0u) d’) ’

then F(1) is a decreasing function on (-1, +00). Particularly, if A > 0, then F(A) < F(0) with

equality if and only if

(AK,L(V,M))”11 o
A0, 1) F(0)’
Then

A+l

/NAK,L(;", wyr*dr <’ 1B + 1, m) V(K)™ (/DOAK,L(;", i) dr) , (2.8)
0 0

with equality if and only if Ax 1 (r, u) = V(K)(1 - ﬁ)”‘l. O

3 Lp-Mixed mean zonoids
Suppose K, L € K" and p > 1. Define Z,,(K, L) by

n-1
Bz @) = xénKayéLKu, (x—y)| forallues".

Since Zo(K,L) = D(K, L), it follows from Jensen’s inequality that
Z,(K,L) C Z,(K,L) CD(K,L) forl<p<gq.
Property 3.1 Let K,L € K" with K C L. If p > 1, then

V(Ryip(K, Ly 1)

1/p
VD) ) Ty (Ruip(K, Ly 1)) (3.1)

Z,(K,L) = <

Proof From (1.5), (2.1), the Fubini theorem, (2.4), and (2.5), passing to spherical coordi-

nates we have

"2,0@ = (V(K V(L>/ /
1 pL(yV P_n+p-1
(VK)V //51/ [@mf're drdmy)
1/p
2 n+
(n+p )/SH!(Z,VM /KpL(%V) ”dde) (3:2)

1/p
z(x-y)f dxdy)

1/p
(n+p)V(L) p)V(L) N P an )" dv)
SV(

V(Rpip(K, Ly An))

VD) > BE (R p (K L) (2)- (3.3)
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Combining with (3.3), we have

. V(Ryip(K, L 1)\ 7
Z,(K,L) = <W) Ty (Rosp(K, L, 1))

Together (2.6) with (3.2), if K C L, then

1 » 00 . 1/p
. o : A np .
th(K,L) (2) ( VIV Jos | (z, u) | /0 kL (ru)r dr du)

Let

n"*(n+ p)B(n + p,m)V(R(K, L, 1)) ) v

Ci.1(n,p) = ( V)

Property 3.2 Let K,L € K" and p > 1. If K C L,then
Z,(K,L) € Cir(m,p)Ty (Ri(K, L, 1))

Proof By (3.4), (2.7), (2.6), (2.5), and (2.4), we have

00 1/p
hz, )1 |(u,v) |p/o Agp(ru)r P dr dv)

I() V Sn -1

n+p,3 n+p,1’l) » 00 nips 1p
VK rV(L) Sn—1‘<u’ V)| </0 Ag(r,v) dr) )

n+P,3 n+p,n » 1 pipn 1Up
< V(L) éﬂ_l|<u, V)| <W ; or(x,v) dx) >
= Cg

n+p’B n+p, n) P _n+p 1
T ve 5n71| u, V>| PRy (kL W)

(71 P)hr (R (K,L,An)) (M)

This implies / pr(K'L)(u) < Cror (1, PIr, Ry (KL 1)) (1)

Page 6 of 14

(3.4)

The following property will be used to prove that Z, : K" x K" — K is continuous.

Property 3.3 If p >1,K;,L; € K" and K; > K € K",L; — L € K", then

Z,(Ki, L) — Z,(K, L).

Proof Since K; — K, {K;} are uniformly bounded. Thus there is Rx > 0, such that K; C
Ry B". Similarly, L; € Ry B" with R; > 0. Taking (1.5) together with Minkowski’s inequality,

it follows that for uy € $"~!

12, 1,1,) (#0) = 1 2, 5.1) (00) |

_ 1 p l/p
(7723 oy o O 250)
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! » 1/p
_ <W _/1;,<Bn /RLB” 11<(x)1L()/)|<Mo, (x —y))| dxdy)
1 » 1/p
< (W -/RKB" /RLBn|11<,-(x)1L,-(y) — 1k ()1, (o, (x — )| dxdy)

1 » 1/p
«WKJV(L» V(K)VL))/RKB;«/RLBK DL0)|{uo, (=) dxdy) :

This means /13 . ;) (40) = Nz, 1)(40), which is the desired result. O

+

The following property will prove that z’zp : K" x K" — K" is GL(n) covariant.

Property 3.4 Ifp>1, K € K" and T € GL(n), then
Z,(TK, TL) = T(2,(K,L)).

Proof Combining (1.5) with the substitution x = Tx;,y = Ty;, we obtain

i
(z, (x— y)>|p dx dy) ’

1
hép(TK,TL)(Z) = <W /TK /TL

_ 1 2

- <V(T1<)V(TL> Il /K/L
1 . 1/p

- (vvm [ [l son)

= hz‘p(K,L) (th)

= hTz',, (K,L) (2).

1/p
(2, (Tx — Ty))|” dy dyl)

Namely, Z,(TK, TL) = T(Z,(K, L)). O

4 Proof of main result

If u € $"71, then we denote by u! the (1 — 1)-dimensional subspace orthogonal to u, by /,
the line through o parallel to u, and by /,(x) the line through the point x parallel to u. We
denote by K, the image of the orthogonal projection of K onto u* for a convex body K.
Let L(K; y): K, — Rand [,(K;y) : K, — R for the overgraph and undergraph functions
of K in the direction u; namely,

K={y +tu:-1,(K;y) <t <1,(K;y) for y € K, }.

Thus, the overgraph and undergraph functions of the Steiner symmetrical S, of K € K*

in direction u are defined by
- 1 -
L(SuK;y') = 1,(SuK;y') = 3 (L(K3y) + L (K3y)).

Fory' € K,,, my = my(u) denotes m, (1) = %(Zu(l(;y/) -1 ,(K;y")). Let the midpoint of the
chord K N [,(y') be y + m, (u)u, note that /,(y’) is the line through y’ parallel to u, and
let the length |[K N 1,(y")| of this chord be o)y = oy (). For x = (¥/,s) € R"! x R, we write
hi(x',s) throughout this section.
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Lemma 4.1 ([15]) IfK € K", u € S" and y € relintK,,, then

L(K;y) = min (e (a,1) = (')}, (4.1)
lu(K;y’) = n;m {hK(x,—l) < ’,)/)}. (4.2)

Lemma4.2 IfK e K",p>1,uec S}, and 2,2, € ut, then

Zy+ 2y 1 , 1 ,

Nz, (s.K.5.0) O 1) = ihZP(I(,L) (#,1) + ith(K,L) (2, -1), (4.3)
zZ+ 22 1 ,

2,5,k 5L ) = hz,, xn(Z1) + Eth(K,L) (z5,-1). (4.4)

Equality in (4.3) or (4.4) implies that all of the chords of K and L parallel to u have mid-
points that lie in a hyperplane, respectively.

Proof We only prove (4.3). Inequality (4.4) can be established in the same way. It follows
from the definition of the L,-mixed mean zonoid that

h Z,(K,L) (@ 1)

= 1 ’ P 1/p
) <W/K/L\((Zvl)’(x—y))| dxdy)

1
- (V(K)V(L)

Wl/+ l/P
/ / / / zl,l),((x/,sl) (vs2) ))’ ds; dx’ dszdy)
Ky /7_ Lu x’f%

1 my/+% mx/+% » 1/p
= o z, (& =) + 81— s3] ds;da’ dsp d ’)
(v(K)v(L)/Ku/my,% /L/mT e (& =)+ 1 = ol dss e dsady
B 1
) V(K)V(L)

1/p
/ / / / Zl’ - )+t1—t2+mx/—my\ dtldxdtzdy>
Ky —— Ly J--5-

1/p
(& =y N+t -ty — dx'de, dy’ )
<V(51<)V(SL)/,, /SML Al =S)rt-tem r e y>

by t1 = —my + 51,8 = —my + 55,

hz‘p(K,L) (22 _1)

= 1 ’ P Up
- (W/Kﬁ((zzr—l),(x—y))\ dxdy)

1
) ( VK)V(L)
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WI/+0%/ mx/+% l/p
x / / / / y |<(Z/z’—1),((x/,S1)—(y',S2)))|pdsldx’d52dy’>
Ky my/—% Ly Jmy——5-
1 my’*% Wl,/+a%/ / / / 2 / , Up
- (v . / J. / 5 =)t rsal a0
1

) <V(1<)V(L)

o %
X / /:/ / /:, ‘(Z/gy (x, —y’)) +th —ty—my +my
Ky *% Ly J--5

1 1/p
~ (Vv fo ol & 2 ey ana anar)

Let ) = my — s1,t3 = my — s5. Thus, combining with Minkowski’s inequality we have
Zy+ 2y
2hz,s,x5.0 <—2 1

~ 1 Z + 7, » Vp
‘Q(V(SMK)V(SMD/MK/ML« 2 ’1>’("_y)> dxdy)

_ 1 J / / / 4 / / v
(Vv L J @40 6w 2n 2t dar an )

1/p
? dt, dx’ dt, dy’)

1 / / / 2 / / v
= (vssove L [, Il 6 =)ot sme o ana any
1
"\ VS KVES,L
1/p
X / / ’(zé, (x’ —y/)) +b —ty— My + 1y P dt d' dty dy/>
Suk JsuL

=hz,«.0) (z1,1) + hz, ) (25, -1).

From the condition of inequality in Minkowski’s inequality, we know that equality in
(4.3) or (4.4) holds if and only if for A > 0, we have

(@, (& =y)) + 1=ty + my —my = A((25, (' =¥)) + &1 — & — My + my),
for all (x{, %) € K, (y;,£) € L. This is equivalent to
(21 =22y, (&' =) + A+ M) (my —my) = (A =1)(11 - 1), (4.5)
for all (x},%1) € K, (y1,2) € L.
We fix &', . If change t;, £, in (4.5) with (x],£1) € K, (¥}, %) € L, then the left of (4.5) will
not change; thus we obtain A = 1. Namely, equality in (4.3) or (4.4) implies all of the chords
of K and L parallel to # have midpoints that lie in a hyperplane, respectively. O

Lemma 4.3 IfK,L € K",p >1and u € "7\, then

Z,(SuK, SuL) € Su(Z,(K, L)). (4.6)
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If the inclusion is an identity, then all of the chords of K and L parallel to u have midpoints
that lie in a hyperplane, respectively.

Proof Lety € relint(Zp(K,L))u. Lemma 4.1 means that there exist z; = z{(y’) and z;, = 2, (y)

inut

with

L(Zp(K,L);y) = hz 41 (#01) = (20,7),

L(Z,(K,L)y) = hz,u) (z5,-1) = (25, ¥)-

Combining (4.1), (4.2), (4.3), and (4.4), it follows that

and

L(Su(2,(K,1));)

L (Su(2,(K, );)

1- , - 1 -
= El“ (Z,(K,L)y) + E[M(ZP(K,L); )
1 , 1 ,
3 (hz,kp(2:1) = (2) + 3 (hz,w.1) (23 -1) = (20,))
1 , 1 , 1 1,
Eth(KyL) (Zl,l) + Eth(KvL) (ZZ’_l) — <<§Zi + 522>,y/>

Zy+ 2y 1 1
thp(su<1<,L)>(T»1 - §Zi+iz/z Y

> r/nnl {th(s,,K,s,,L) (1) = ()}
X €Eu

= Tu(Z,(SuK, SuL);y)

1- - 1 _
= SL(ZU.L5Y) + SL(Z,(K L)y

1 J / 1 J / /
=3 (hz,0cn) (#:1) = (2,5) + 3 (hz, 1) (220 -1) = (22,5)

1 1 1, 1,
= EhZP(K'L) (Z;, 1) + EhZP(K'L) (Z/Z,—l) — <<§Zi + §Z2>,y/>

2+ 2y 1 1
Zth(Su(K,L))(T’_l - Ezﬁiz/z Y

> min {35,150 (' -1) - (&)}
X €U

= L(Z,(S.K, SuL); ).

Let the inclusion be an identity. Then equality in both (4.3) and (4.4) holds; thus all of
the chords of K and L parallel to # have midpoints that lie in a hyperplane, respectively.

O

Now, we show that Z,(K, L) contains the origin in its interior.

Lemma 4.4 Suppose that K,L € K",p > 1. Then there exists co > 0 such that

//|<u,<x—y>>|”dxdy2co,
KJL

Sorallu e "

Page 10 of 14
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Proof Given uy € S"!. Taking the Euclidean n-balls By € K and B, C L such that x — y is
not orthogonal to u, for all (x,y) € B; x By, then it follows from the continuity that the
above result holds. O

Proof of Theorem 1.2 1t follows from the standard Steiner symmetrization argument that
there exists a sequence of directions {u;} with the sequences of convex bodies {K;} and
{L;}, defined by

Kig = Su,'1<i: Ky =K,
and

Lig= SuiLi: Ly=1L,
converge to Bx and By, respectively. Note that Bx (By) is the n-ball, where V(K) =

V(Bk)(V(L) = V(BL)).
By Property 3.3 and Lemma 4.3, we have

V(Z,(Ki, L) = V(Z(Su, Kic1, Su Li1))

IA

V(Z,(Ki-1, Lict)) < -+

< V(Z,(K,L)). (4.7)
From Lemma 4.4, Lemma 4.3, (4.7), and the definitions of Bx and B;, we get
V(2,(K,L)) > V(Z,(Bk,By)).
Since K and L are the ellipsoids, it follows from Property 3.4 that
V(2,(K,L)) = V(Z,(Bx, By)).
Conversely, let V(Z_p(K,L)) = V(Z_p(BK,BL)). Clearly, for all u € §"! the inclusion in (4.6)
is the identity. Thus we see that all of the chords of K and L parallel to # have midpoints
that lie in a hyperplane, respectively, for all # € $"~%, namely, K and L are ellipsoids.
This implies

V(2,(K,L)) > V(2,(Bk,B1)), (4.8)

where V(Bg) = V(K) and V(B;) = V(L), and equality holds ifand only if K and L are dilated
ellipsoids having the same midpoints.

Furthermore, we know that /(Z,(Bk,Br),u) is a constant independent of . Thus
Z_p(BK,BL) is an z-ball. Thus one has

V(Z_p(BK)BL)) 1/”_ 1 ) Up
( wn ) ‘(\/(BK)V(BL) /;K |l =) dxdy) : (4.9)
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The following formula is well known:

Lnfl\(% (e =) du = %Ix—yl”- (4.10)

'p—1

Together (4.9) with (4.10), it follows that

( V(zp(BIOBL)) )l/n _ ( (l’l +p)wn+p

1/p
x—ylPdxd . (4'11)
nwrwp_10, V(B)V(BL) Jp Jp, S J’)

Wy

Suppose that 7, and rp, denote radii of the balls Bx and By, respectively. Without loss of
generality, let By C B;.Forall u € §"L, itis obvious that PpBy () = 27p, and ppp, (1) = 27, .
It follows from the spherical polar coordinates, (2.1), the Fubini theorem, and (2.6) that

PBL(W)
f lov — y|P dx dy :f f f 7P drdudy
Bx JB; Bg Jst1Jo

1
= f f P, ()" dy du
n+p Jsn-1 By

pDBy ()
- / f V(Bk N (By, + tw)) "7 de du
sn-1.Jo

2VBK
- / / V(Bi N (By + tw)) "7 dt du. (4.12)
sn=1.Jo

Since gp,,5, (tu)!'" = V(Bx N (B, + tu))"'" is concave on DBk, it follows from Lemma 2.1
that

V(Bk N (B + tw)) > V(BK)(I -3 !

n
) for 0 <t <2rg,, (4.13)
Bk

with equality if and only if B = B;.
Taking (4.12) together with (4.13), it follows that

1
/ lx — yIP dxdy > nw,(2rg, )" V(K)/ Y1 - y)" dy
Bg J B, 0

=nw,(2rg, )"’ B(n + p,n + 1) V(K)

2n+p

_e
=2"Ppw," Bn+p,n+1)V(K) 7 . (4.14)

Combining (4.11) with (4.14), we have

~ n n+ ntp
V(Z,(Bx,B)\" . (2 P<n+p)wn+pﬂ(zp+p,n+1) v\ (4.15)
WrWp_1Wy
From (4.8) and (4.15), this yields
V(Z,(K,L)) = Cln,p)V(K) 7 V(L)7, (4.16)

with equality if and only if K = L is an ellipsoid. O
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Proof of Corollary 1.3 Let p = 1. From the L,-Minkowski inequality (2.3), we have
VKV (L) > Vi(K, L)".

Exchange the order of K and L, then
VL VE) = V(LK)

namely,

VK) _ (Vl(L,K )>”’ (4.17)

VL) — V(L)

with equality if and only if K and L are dilates.
On the other hand, from inequality (1.6), we have

)z > (C(n, 1))% Vi) (4.18)

V(Z:i(K,L))
( V(L)'

V(K)

with equality if and only if K = L is an ellipsoid.
Taking (4.17) together with (4.18), it follows that

V(Z(K, L)) LK)
(™) = o (7).

Together with the equality conditions of inequalities (4.17) and (4.18), we see with equal-
ity in (1.7) if and only if K = L is an ellipsoid. O
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