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Abstract

By decomposing functions, we establish some boundedness results for some rough
singular integrals on the homogeneous Morrey-Herz spaces /\/IK;‘;()})A(R”), where the
two main indices are variable. The corresponding results as regards their
commutators are also considered.
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1 Introduction

In recent years, function spaces with variable exponents have been intensively studied; see
[1-6] for example. The origin of such spaces is the study of PDE with non-standard growth
conditions, fluid dynamics and image restoration; see [7—9]. By virtue of the fundamental
work [10] by Kovéacik and Rakosnik appearing in 1991, the Lebesgue spaces and various
other function spaces have been investigated in the variable exponent setting. Meanwhile,
the boundedness of some classical operators, such as the Hardy-Littlewood maximal op-
erator, singular integrals and commutators, has been proved on these spaces; see [11-19]
and the references therein.

Herz spaces have been playing a central role in harmonic analysis. After they were in-
troduced in [20], the theory of these spaces had a remarkable development in part due
to its useful applications. For instance, they are good substitutes of the ordinary Hardy
spaces when considering the boundedness of non-translation invariant singular integral
operators, they also appear in the characterization of multiplier on Hardy spaces and in
the regularity theory for elliptic and parabolic equations in divergence form; see [21-23]
for example.

One of the important problems on Herz spaces is the boundedness of sublinear opera-
tors satisfying the size condition

|Tf(x)| < / lf()/)|n dy, x¢&suppf, 1.1)

R [ =yl

for integrable and compactly supported functions f. We mention that condition (1.1)
was initially studied by Soria and Weiss [24] and it is satisfied by several classical op-
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erators, such as Calderén-Zymund operators, the Carleson maximal operator and the
Hardy-Littlewood maximal operator. Hernandez, Li, Lu, and Yang [25-27] proved that
if a sublinear operator T is bounded on L?(R") and satisfies the size condition (1.1), then
T is bounded on the homogeneous Herz spaces I'(;,Y “I(R") and on the non-homogeneous
Herz spaces K,/ (R"). This result is extended to the generalized Herz spaces K ;(’3(]1%”) and
K;‘(g(R”) with variable exponent p(-) by Izuki [28]. In 2012, Almeida and Drihem [11] made
a further step and gave boundedness results for 7 on KZ((.')) “(R") and I(;((f))’q(R”), where the
exponent « is variable as well.

Denote by S"! the unit sphere in R” (n > 2) with normalized Lebesgue measure do . Let
Q € L5(S"!) for some s € (1, 00] be homogeneous of degree zero. In this paper, we consider
sublinear operators satisfying the size condition

Qlx —
|Tof ()] < /R ) MVW dy, x ¢ suppf, 1.2)

o — y]"

for integrable and compactly supported functions f and commutators defined by
(b, Tolf (x) := b(x) Tof (x) — Ta(bf)(x), beBMO(R"). 1.3)

Lu et al. first proved the boundedness for both Tq and [b, Tq] on Herz spaces and
Morrey-Herz spaces with constant exponent; see [29, 30]. Motivated by the work of Lu
[29] and Almeida [11], we shall generalize these results to the case of variable exponent
and also consider the boundedness on Morrey-Herz spaces with variable exponent. Our
approach is mainly based on some properties of variable exponent and BMO norms ob-
tained by the author [31].

For brevity, we denote B := {y € R" : |x — y| < r}. f stands for the integral average of f
onB,ie. fz= \%I Jzf (®) dx. p'(-) means the conjugate exponent 1/p(-) + 1/p/(-) = 1. C denotes
a positive constant, which may have different values even in the same line. f < g means
that f < Cg, and f =~ g means f < g <f.

2 Preliminaries and lemmas
Let E C R” with the Lebesgue measure |E| > 0, p(-) : E — [1,00) be a measurable function.
The Lebesgue space with variable exponent L”)(E) is defined by

f ()
A

p(x)
) dx < oo for some constant A > 0}.

IPY(E) = {f is measurable : /(
E

This is a Banach space with the Luxemburg-Nakano norm

px)
o :inf{k>0:/g<@> dxfl}.

The space with variable exponent L% (')(E) is defined by

loc

PO(E) = [f :f € IPV(K) for all compact subsets K C E}.

loc

We denote

p- =essinf{p(x):er}, P+ =esssup{p(x):er},
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P(E) = {p(-) :p_>landp, < oo},
and
B(E) = {p() € Z(E): M is bounded on L (E)},

where the Hardy-Littlewood maximal operator M is defined by

Mf(x) =supr™ /};( - [f(y)| dy.

>0

A function () : R” — Ris called log-Holder continuous at the origin (or has a log decay

at the origin), if there exists a constant Ci,g > 0 such that

Clog
|a(x) — (0)| < log(e + 1/]x])

for all x € R". If, for some oo, € R and Ciog > 0, we have
’a(x) - aoo’ =

for all x € R”, then «(-) is called log-Hélder continuous at infinity (or has a log decay at
infinity).

By @(])Og (R") and @égg(R”) we denote the class of all exponents p € & (R"”) which have
a log decay at the origin and at infinity, respectively. It is worth noting that if p(-) €
@(])Og(]R”) N @gg(R”), then we have p(-) € (R"); see [31] or [32].

Let By = {x e R" : |x| < 2%}, R = Bx\Br1 and xi = Xr, be the characteristic function of
the set Ry for k € Z. Almeida and Direhem [11] first introduced the following Herz spaces

with variable exponents.

Definition 2.1 Let 0 < g < o0, p(-) € Z(R") and «(-) : R” — R with « € L*(R").
(1) The homogeneous Herz space I'<§((f))’q(R”) is defined as the set of all f € Lﬁ(z(R”\{O})
such that

1/q
”f”k;(("))’q(R”) = (Z||2k"‘(')ka||Zp(_)(Rn)) <00,

keZ

(2) The non-homogeneous Herz space K;‘(("))'q(R”) consists of all f € L¥ (')(R") such that

loc

1/q
ka(: q
1 e gy = 1 X80 Nl o0y + (an “(b‘xknm.w)) < o0,

() k=1
with the usual modification when g = co.

Definition 2.2 Let 0 < g < o0, p(-) € Z(R"), 0 < A <00 and a(-) : R” — R with o €
L*(R"). The homogeneous Morrey-Herz space MI(;;().’)A (R™) is defined as the set of all
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fe Lp(')(R"\{O}) such that

loc

L 1/q
I 1y g = SUP 27 25O xa | Lo < 00,
MEap) B peg 2| 120 @

k=—00

with the usual modification when g = co.

Remark 2.3 It is easy to see that MI'(;’;(),’)O (R") = I'(;é'))’q(R”). If «(-) is constant, then
MEKSS (R) = MK (R"), which is first defined by Izuki [33]. If both a(-) and p(-) are
constant, then MKZ;()"? (R") = f(; P(R") are classical Herz spaces in [22], and Mf(qoi;()_‘)k (R") =
MI'(IS‘,;;(R”) are classical Morrey-Herz spaces in [30].

In [32, 34], Lu and Zhu obtained the following result:

Proposition 2.4 Let 0 < g < 00, p(-) € Z(R"), 0 < A <00 and o € L®°(R"). If a is log-
Holder continuous both at origin and at infinity, then

L l/q
~ L. ke (0) q
|lf||Mk;;2f§‘(R”) Nmax{ sup 2 (Z ok q|[ka||Lp(,)(R,,)) )

L<O,LEZ oo

o /g I 1/q
sup |:2—Lk ( Z 2ka(0)q|lka||zp(‘)(w)) + 27 (Z 2kaooq”ka||lqp(.)(Rn)> ]}

L>0,LeZ k=—00 k=0
Before stating our main results, we introduce some key lemmas which will be used later.

Lemma 2.5 ([10]) (Generalized Hélder inequality) Let p(-) € Z2(R"), if f € L’)(R") and
ge LF'O(R"), then

| Ve s <11l el oy

wherer, =1+1/p_—1/p,.

Lemma 2.6 ([35]) Let Q € L5(S" '), s € [1,00]. Ifa>0,d € (0,s] and —n + @ <V <00,
then

1/d
v d v+n
(/ yl" | - )| dy) SR s gy x4
lyl<alx|

Lemma 2.7 ([36]) Let p(-) € 2[R"). If q € (p.,00) and ﬁ = % + % (x € R"), then we

have

Ilfgllem(Rn) S |lf||L5(~)(Rn) llglza(mn)
for all measurable functions f and g.

We remark that Lemmas 2.8-2.10 were shown in Izuki [14, 31], and Lemma 2.11 was

considered by Almeida and Drihem in [11].
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Lemma 2.8 Let p(-) € B(R"), then we see that for all balls B in R",

E ”XB“LP(*)(]RVI)”XB”y?’(-)(Rn) Sl

Lemma 2.9 Let p(-) € B(R"), then we see that for all balls B in R" and all measurable
subsets S C B,

||XS||L17(~)(1R»1) < (ﬂ)sl ||XS||Lp’(-)(]Rn) < (|_S|>(32
x5l poeny ~ \IBI IxBll o @n ~ \IBI

where 81, 85 are constants with 0 < 81,89 < 1.

Lemma 2.10 Let b € BMOR"), k > j (k,j € N), then we have

1
sup —————— (b= bB) X8| ;p0) oy = I1B1lBMO
BCR" ||XB||Lp(~)(Rn) H ”LP()(R )

and

”(b - bB/')XBk HLP()(]R”) S (k _})”b”BMO”XBk ||LP(')(RVI)'

Lemma 2.11 Let o € L(R") and ry > 0. If « is log-Holder continuous both at origin and
at infinity, then

(), 0<r=<n/2,
r;x(x)srg(v)x 1, /2 <ry <2r,

(%)ai, 7'2>27'1,
for any x € B(0,r1)\B(0,r1/2) and y € B(0,r,)\B(0, r2/2), with the implicit constant not de-
pending on x,y,11, and ry.

3 Main results and their proofs

In this section, we prove the boundedness of sublinear operators Tg, satisfying the size
condition (1.2) and the commutators [b, Tq] defined as in (1.3) on the homogeneous
Morrey-Herz space MI'(;;(),’;\ (R™), respectively.

Our main results in this paper can be stated as follows.
Theorem 3.1 Suppose that p(-) € Py E(R") N PoE(R") and Q € L5(S"™), s > (p),. Let 0 <

A<n,0<qg <00, -1/s<v<ooandleta(-) € L°(R") be log-Holder continuous both at the
origin and at infinity, such that

A—nd—v—-nls<a_<a, <nd—v-nls, (3.1)

where 0 < 81,8, < 1 are the constants appearing in Lemma 2.9. Then every sublinear oper-
ator Tq satisfying (1.2) which is bounded on LP")(R") is also bounded on Mf(;ilg()f)A (R™).
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Theorem 3.2 Suppose that b € BMO(R") and let [b, Tq] be defined as in (1.3). Under the
assumptions in Theorem 3.1, if [b, Tq) is bounded on LPO(R"), then [b, Tq) is also bounded
on MK\ (R").

Remark 3.3 According to Remark 2.3, Theorem 3.1 and Theorem 3.2 extend the corre-
sponding results in [29] to a more generalized function space. Moreover, comparing with
[11, 28], our main results generalize the integral kernel to the case of Q € L5(S"1).

Our proofs use partially some decomposition techniques already used in [30] where
the constant exponent case was studied. We consider only 0 < g < 0o, the arguments are

similar in the case g = co.

Proof of Theorem 3.1 Let f € MKZ;())}‘ (R™). We decompose

@)= f@x@ =) f).

Jj=—00 J=—00

Then we have

L
172 ke o = 5102 2 12 Taltel e
k=

a.p(") S
L k-2 q
< sup2tM Z 2]“”(')(2 |TQ(ﬁ)(')|>Xk(')
Lez k=-00 Jj=—00 LPO)(R7)
L k+1 q
+sup27Lr Z 2’“"(')(2 |TQ(}§)(-)|>X/<(')
LeZ k=—00 ji=k—1 1PO) (RN
L o9 q
+sup2~* Z 2%e0) ( Z |T9(ﬂ)(')|) xi ()
Lez k=-00 y=k+2 PO (RM)
=: Ul + UQ + Ug.

First we estimate U;. Noting that if x € R,y € R;and j < k — 2, then |x —y| ~ |x| ~ 2%, by
Lemma 2.11, we get

k-2 k=2
2t ( 2 !Tamxx)!)w) 27 f 249190 - )| [0 dy - 349
j=—00 j==o0 i

00

k=2
< 3 gty / 20| Qx - )| [ 0)| dy - x4(),
== &

which combining with Lemma 2.5 yields

k-2
250N Ta(F) ()| xk(-)
j=—00 [ﬁ(-)(Rn)
k-2 ’ ’
< 3 i 2O 0= 0Ol s Ol oy G2

j==00
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We define a variable exponent p(-) by ﬁ = ﬁ + %, since s > (p')+, by Lemma 2.7 and

Lemma 2.6, we obtain

|2 - -)X;‘(')HLP’<'>(R”>

S ”Q(x_ ')Xi(')||Ls<Rn>H Xi(')”Li’(-)(Rn)

/s
52—1\)(/1; |y|su|Q(x—y)|sdy> ”XB/‘(.)“UN’/(')(R”)
J

5 2—jv2k(V+Vl/S) ” Q ”LS(S”’l) ” XBI'(') ||LP,(‘)(]R”) |Bj|_1/s’ (33)
where the last inequality is based on the fact that || xs; ()l ;50 gn) & X8, ()l /6 ) |B; |75
see [37], p.258, for the details.

From (3.2), (3.3), Lemma 2.8, and Lemma 2.9, we deduce that
k-2
240 3™ To(f)() )
j=—o0 O R
k-2
—knoy (k—j)(o+ /s) L1}
< Z 27N Q)| s 5no1y | 2 ﬁ”m-)(Rn)” XBi(')”Lp/(-)(Rn) I XBk(')”Lp(-)(Rn)
j=—00
=2 ll x5, (-
4 4 X8l 0
(k=j)(as /s) ) J LP O(RM)
< 2 29N iy [ 2O oy xe Ol
oo 3 'O (Rrnm)
k-2
j—k) (82—t —v—n/s) || ja(-
< Z 9i-k)(n8y—ar—v-nls) ||21a()f7{|LP(')(R”)' (3.4)
Jj=—00

For convenience below we put o = nd, — a, — v — n/s. It follows from the condition (3.1)
that o > 0. Now we can distinguish two cases as follows:

Case 1°: If 0 < g < 1, using the well-known inequality

o q o0
(Za,) <Ma! (@>0,j=12..), (3.5)

j=1
we have

L k-2
u, S i‘;g o-Liq Z Z 2(1—k)oq” 21a(A)ﬁHZp(-)(Rn)

k=—00 j=—00

L-2 L

< sup2-14 Z ||21a(')ﬁ||zp(«)(u§n) Z 9(i-Koq
LeZ j=—00 k=j+2

L-2
Ssup20 Y [ 2UOf D
LeZ j=—00
S I

() .
MKq’p(.) (R")
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Case 2°: If 1 < g < 00, by Holder’s inequality, we have

/

Jj=—00

L (k2 . k=2 a/q
u S sup 2—qu Z (Z 2(/—k)aq/2 ”2}“(.)]?”;(-)(Rﬂ)) ( 2(1—k)aq /2)
Jj=—00

LeZ k=—00

L k=2
< sup2 Z (Z 9(-Koq/2 ||2’“(')ﬁ||zp(~)(w))

LeZ k=—00 \j=—00

L-2 L
< 2—qu 2}“(') |14 . 2(j—k)oq/2
~ i‘elg ];O” f/”Lp()(]R )kgz

L-2
Ssup2™ ) |2 o

Jj==00

q
5 |lf||MI'<ot(-),)\

a.p() ()

Next we estimate . By Proposition 2.4 and the hypothesis T, is bounded on L7V (R"),

so that
L k+1 q
U, ~ maxy sup 27M Z 24 © Z [ To(HO | xa() ’
L<0,LeZ Koo j=k-1 LPO(R)
-1 k+1 4
sup |:2qu Z ka(0) (Z |T9(ﬁ)(')|>Xk(')
L>0,LeZ k=—o00 ji=k—1 LPO)(RM)

L
+ 2714 E
k=0

k+1
ke <Z |TQ(,§)(-)|>xk<-)
j=k—1

J

:| }
L

< max{ sup 271* Z ||2ka(0)[ka|||Zp(->(Rn),

L<0,LeZ P

-1 L
sup |:2qu 2 12Ol sl + 2724 D12 Uf ||Zp<«><w>:| }

L>0,LeZ P k=0
SIWAY o,
S ()
MEG () ®”)

For Us, once again by Proposition 2.4, we have

L 00 1
Us ~ max! sup 9-Lig Z 2ka(0)<z |T9()§)(-)|)Xk(-) ,
L<0,LEZ P jek+2 LPO R
-1 ) 4
sup |:2‘“‘1 Z 2k°‘(°)(2 ’Tg(ﬁ)('”)Xk(')
L>0,LeZ k=00 j=k+2 LPO(RM)

gketoo < Z | TQ(}S)() |> xk()
j=k+2

v

L q
271 Z ] }
k=0 L0 (RM)

=: max{[l,]}. (3.6)
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To estimate /, observe that if x € R,y € R; and j > k + 2, then |x—y| ~ |y| ~ 2. We apply
Lemma 2.5 and obtain

Tapw]| <27 [ [26-150)]dy

S 278l oo ey

Q@ = )% oy - (3.7)

An application of (3.7), (3.3), and Lemma 2.9 gives

> Tl )

j=k+2

LP()(RM)

00
€ 3 2 e O
j=k+2

XBk () || LP(')(]R”)

00
) 15 Ol
,S, Z 2(k 1)(V+n/s)||9||LS(S”*1)”ﬂ”u’(')(R”)?()

=, Il x8; ()l 20 gy

o0
< Z o (k=) Sy +v-+nls) A1l 20) ey (3.8)
j=k+2

In the sequel, we put n = 181 + v + n/s for short. If 0 < g <1, in view of 1 > 0, from (3.6),
(3.8), and (3.5), we conclude that

I< sup 2704 Z ka0 sz ] 71 R

L<0,LeZ Pl farm
< sup 270M Z 2k Z 26 e n)
L<0,LeZ PER™
k=—00 j=k+2
L oo
+ sup 270M Z 2ke(0) ZZ(k”)”q|m||Zp(_)(Rn) =0 +1.
L<0,LeZ oo P

For I1, noting that n + ®(0) > n + «_ > 0, hence we have

1
]1 sup 9" Ligq Z 21a q”f”q & Z 2(k—1 (n+a(0))q
L<0,LeZ
L1
< sup 27N oRO@ae S
Le0.Ler ]; YR~ i ey’

For I, since A —n —a(0) < A — n —a_ < 0, we get

o0
]2 sup o-Liq Z 2k°‘ Z 2(k—/)nq2—ia(0)q2j/\q
L<0,LEZ Pl T

J
x 2 Y Oy

I=—00
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[o¢]
< Ligq k((0)+n)q j(A-n-a(0))q q
< o o 3 ) (Savromyg

L<0,LEZ P )

< sup 2 quzL(a )+1) q2LA n—a(0 )q“f”q
~ A
L<0,LEZ MK“(E)( ")

< 1 .
1ty o

If1 < g < 00, we have

L q
1< sup 2 Ligq Z 9ket(0) (Z Z(k/)”l.fi”l}’(')(R"))
J

L<O,LEZ P o)

L 00 1
+ sup 27LM Z ke(0) (Z 2(k_’4)"|l]§||m‘)<w>)
y)

L<0,LeZ Pt Te1

=: Ia + [b~

For I,, by Holder’s inequality, we get

~LA © q /2
I,< sup 2704 Z Z gje )q”f” ]Rn J)(n+a(0))q.
L<0,LeZ k=—00 j=k+2

L Iq
y (Z z(k;)(nm(onq’/z)
j

j=k+2

/

j-2
S sup 2° Liq Z o o)q”f”q & Z 2 )(n+a(0))g/2
L<0,LeZ P Pl

S sup 7MY " eOayp
L<0,LEZ ]_Z: @)

S on

MK(()

For I, as argued in I;, we obtain

q
I S/ sup 2—L)Lq Z (Z 2[0( ”f”LI’ lR” 7 (n+a (0 )+A)/22(/<—j)(n+a(0)—k)/2)
V=

L<0,LeZ I+1

S sup 2—L>Lq Z Z 2/(1 O)q”f”q er ) (n+a(0)+1)g/2

L<0,LeZ Km0 jLel

alq
(Z 2 k—j)(n+a(0 q/Z)
V=

L+1

!

L oo

S sup 2—qu Z Z 2 k—j)(n+a(0)+A) q/22]kq
L<0,LeZ Paiar!
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J
- 1
X 2 ]Aq Z 2 a(O)q”ﬁ”zp(-)(Rn)

5 sup 2= Liq Z 2kkq Z Zk —j)(n+a(0)—. q/2|Ur||q .

RVI
L<0,LeZ Pl ) ) )

S Ilfllq7 )@

MES )’
Hence, we arrive at the desired inequality,

I<n+L<|f? )
~h+ 2N|V||Mk;;()_,;\(Rn)

We omit the estimation of ] since it is essentially similar to that of I. Consequently, the
proof of Theorem 3.1 is complete. O

Proof of Theorem 3.2 Letf € MK;;?? (R"). We decompose

f@ =" f@x@ =) f@).
J

=—00 j=—00

Then we have

|16, Tol(f) || sk = iUpz ~Liq Z |124O 1, T) () | 10 ey
k=—00
k=2 q
< sup 2 ~Lrq Z k() (Z |[b, TQ](ﬁ)()|)Xk()
Lez, oo o POR"
k+1
+sup27t* Z ke <Z|[b Tal(f) ()|)Xk()
Lez k=—c0 j=k—1 O (R")
0o q
+sup 27t Z 2ke0) (Z |[b, TQ](I;)(')|)XI<(')
LeZ ke—o0 ji=k+2 LPO)(R)
=: ‘/1 + V2 + Vg.

First we estimate V;. Noting that |x — y| ~ |x| ~ 2X for x € Ry, y € Rjand j < k -2, then,
from Lemma 2.11 and Lemma 2.5, it follows that

k-2

250> b, Tal(5) (%) xx (%)

Jj=—00

522*"[2’“%@ b)| |26 - 9| 50)| dy - 1)

—00

k-2
< it [ 20[bte) - b2 - )| 00 -

j=—o0
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k=2
< Z zknz(k/)a+<

j=—ox

[ 2910, - b0 |20 ). (39)

J

bw) by | [ 2025500y

1 1

P~ )

Similar to (3.3), we define a variable exponent p(-) by + %, since s > (p'),, by

Lemma 2.7, Lemma 2.6, and Lemma 2.10, we get

(b1, - )26 160 o
< ”Q(x_ ')Xi(')”LS(Rn)H (bB/ _b(‘))XJ’(’ 17O ®n)

Q(x—)x(-)

5 ”b”BMO ||XB()||U?;’/() (R™) LS(R")

S 16102 s |8, (| o gy

S 2060y ()] (3.10)

7O Ry’

Then by (3.9), Lemma 2.5, (3.3), (3.10), Lemma 2.10, and Lemma 2.9, we obtain

k-2
2ke0) Z |16, Tl (F) ()] xk ()

LPO(R7)

o~
||

22
2_kn2(k_j)a+||2ja(')ﬁ||w ) (R7) (”( - b(: ))Xk()”w R”)“Q(x )Xl()”l}’ )(R7)

~

A
g

Xk( )”I}’ ]R”))

+|

S z—knz(k—j)omr

—

b, — b())Qx = )0 o

>
&)

2/‘1(')]; ”LP(‘)(]R )

3

x (k= DBl so2 Qg1 | x5 O 1 oy | X3 O] 1o ey

+ 16183021211 | 28, O s oy 8 O o )

k=2
N y—ktney (k=j)ers. || mjar(- k) (vnls)
< (k- j)2 no(k=ja 2’“()ﬁ||m«)<ugn>2( f)(v+nls) HXB, ”XBk HLPU(R")
j=—00
k=2
118 (1l 1) e
5 (k - ])2(k /)(a++v+n/s)H21a f”LP(')(]RYI) j LP V)(R")
2 5 Ol
k-2
5 (k _]')2(1—k)(n52—a+—v—n/s) ” 2}01(')]9 ”LP(')(]R”)' (3.11)
j=—00

By comparing (3.11) with (3.4), after applying the same arguments used in the estimation

of U; in Theorem 3.1, we can easily get, for all 0 < g < oo,

is IlfllMK

qp() (Rn)
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Next we estimate V5. Using Proposition 2.4 and the boundedness of [b, Tq] on LPO(R"),

we derive the estimate

L k+1 q
Vy & max{ sup 27LM Z 2]“"(0)(2 ‘[b, TQ](I;)()|)XI<() ,
L<0,LeZ P, j=k—1 LPO®RN)
-1 k+1 q
sup |:2qu Z 2ke(0) (Z |[b, TQ](ﬂ)(')’)Xk(')
L>0,LeZ ke—o0 ji=k—-1 LPO(R)
L k+1 q
2By ke <Z 1, Tgl(z;)<-)|)xk(~) ”
k=0 j=k-1 LPO(R?)
L
< maxy sup 275 2O |20 gy
{L<O,LGZ kgo” HZP()(R )

-1 L
sup |:2LM 2 12O sl [y + 277 D2 1 e ||L<*><R">} }

L>0,LeZ k=—00 k=0

S,
~ (), M
MK () (R

For V3, we apply Proposition 2.4 again and obtain

L ) g
Vs ~ max{ sup 274 Y zka@(Z I3 T91(ﬁ>(~>|)xk<~) :
L<0,LeZ k=—00 j=k+2 Lp(-)(Rn)
-1 00 q
sup |:2qu Z 2k (0) ( Z b, TQ](};’)('){) xi(+)
L>0,LeZ k=—00 j=k+2 LP(‘)(R”)
L 00 q
+271M Z ke <Z |[b, TQ](l?)(-)I) Xk () } }
k=0 j=k+2 LPO(R7)
=: max{G, H}. (3.12)

To estimate G, we note that if x € R,y € R; and j > k +2, then |x — y| = |y| & 2. By

Lemma 2.5, we have

16, Tal(f)()| < 27" /R [66) = b |6 -] dy
52"‘”(Ib(x>—kalﬁ_IQ(x—y>|M@>|dy

+/R]_!h(y>—kaHsz(x—wa;(y)\dy)

S 27]’}’1 ||ﬁ”U’<'>(R”) (|b(x) - ka { ” Q(x - )X/() ||U’/('>(R”)

] 2 = (60 = b)) | ) (.13)
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As argued for (3.10), we get actually

” Qx - )(b() - ka)Xj(') ”M(J(R")
21926 =250 ey 10O = ) 0 e
< G = RBlv0 ] 8,0 0y 126 =0 e
S G = R)1B1302 7 2|15y | 18 O o gny 1B

< (- k)z(k—»(um/s) HXB,(') ”Lp,(.)(Rn), (3.14)

From (3.13) and (3.14), it follows that

|| (b, TQ](ﬁ)()Xk() “U’(')(R”)
S 27 Whllpioeen (27 1Rl Dt O o n | (00 = B8 26O o0y

+ (= R 151 a0 2% Q| sy | xs,() ||Lp’(»>(Rn) x5, () HLp(*)(Rn))

S 27]’71 Hﬁ ”I}’(')(R") (Z(kil’)(v‘kn/S) ” Q ”LS(SV’—l) || XB,‘(') ||L1’/(')(]R”) ”b”BMO ” XBy () HLP(')(]R”)
+ (G = R1b1 o2 N1 s [ e (| o o 8O oo ny)

. _i _i lxz (')”Lp(-) R”
S G =Rl 0 @n2 725 1, ()| oy T

x5 ) o
;O] o gy 118 ()Ml 220 )

5 (] _ k)z(k—/)(n51+v+n/s) “ﬁ”U’(')(R”)' (3.15)

Hence we have

> |16, Tl () xe () S Y (= Rk £ . (3.16)
j=k+2 PORR)  j=k+2

By comparing (3.16) with (3.8), as long as we repeat the same procedure as the estimation

of I in Theorem 3.1, we can immediately get for all 0 < g < oo,

G

MI(;;()f;“ ®")

We omit the estimation of H since it is essentially similar to that of G. Consequently, the

proof of Theorem 3.2 is complete. O
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