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1 Introductions and preliminaries

A subset of points K in the Euclidean space R” is called convex if for all x,y € K, the line
segment Ax + (1 — 1)y (0 <A <1) joining x and y is contained in K. A domain is a set with
nonempty interior, and a convex body is a compact convex domain. The Minkowski sum
of convex sets K and L is defined by

K+L={x+y:xeK,yel},
and the scalar product of the convex set K with A > 0 is defined by
M ={Ax:x € K,A >0}

A homothety of the convex set K is of the form x + AK (x € R”, A > 0).
Let S' be the unit circle in R?, and u € S'. The support function py(x) : S* — R of a
convex domain K € R? is defined by

pK(u)zmax{x-u:xeK,ueSl} (1.1)

and uniquely determines the convex domain K. Let K (k = 0,1) be two convex domains
of areas Ay and perimeters Py in R2. Then

P, (1) < pr(u) ifand onlyif Koy C K. (1.2)
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By the Steiner formula (see [1]) the area of sKy + tKj is
Agiiyriry = $* Ao + 25tA(Ko, Ky) + t2 A, (1.3)

where A(Ky, Kj) is called the mixed area of Ky and K;. The mixed area A(Kjy, K7) satisfies
(see [1])

A(Ko, Ko) = Ao, (1.4)
the symmetry

A(Ko, K1) = A(K1, Ko), (1.5)
the linearity

A(Ky, sK; + tKy) = sA(Ko, Ky) + tA(Kp, K), (1.6)
and the monotonicity

KCK, = A(KyKy) <AKy, Ky). (1.7)

Let G5 be the group of plane rigid motions (see [2—4]), that is, translations and rotations.
Let 6 be rotation angle of Kj with respect to origin, and g € G,. Then we have (see [4])

2 1
/ A(Ko,gki)d6 = ~PoP. (1.8)
0

The classical isoperimetric problem says that the disc encloses the maximum area
among all plane domains of given perimeter. That is: Let I" be a simple closed curve of
perimeter P in the Euclidean plane R2, and A be the area of the domain K enclosed by T';
then

P’ — 47 A >0, (1.9)

where the equality holds if and only if I" is a circle.

The classical isoperimetric problem can root back to Ancient Greece. However, a rig-
orous mathematical proof of the isoperimetric inequality was obtained during the 19th
century (see [2, 5-11]). We can find some simplified and beautiful proofs that lead to gen-
eralizations of the discrete case, higher dimensions, the surface of constant curvature, and
applications to other branches of mathematics [1, 4, 12—-34].

The isoperimetric inequality (1.9) indicates that the quantity

Ay(K)=P? -4 A (1.10)

measures the deficit of domain K and a disc of radius P/27x, and it is called the isoperi-
metric deficit of K.
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During the 1920s, Bonnesen proved a series of inequalities of the form
Ay(K) =P* -4 A > By, (1.11)

where By is a nonnegative invariant of geometric significance and vanishes if and only if
K is a disc. An inequality of the form (1.11) is called the Bonnesen-style inequality, and it
is stronger than the classical isoperimetric inequality. The following Bonnesen-style in-
equalities are known.

Proposition 1.1 Let K be a plane domain of area A and bounded by a simple closed curve
of perimeter P. Denote by R and r, respectively, the radius of the minimum circumscribed
disc and radius of the maximum inscribed disc of K. Then we have

7t -Pt+A<0; r<t<R,

P—+/P2-47A P++/P2-47A
Z—SrSRS S T — (L12)
b1 b4

P47 A > 7 (R-r)2
Each equality sign holds when K is a disc.

Many Bonnesen-style inequalities have been found during the past, and mathematicians
are still working on unknown Bonnesen-style inequalities of geometric significance. See
[1, 3, 4,12-16,19-29, 32, 33, 35—4.6] for more references.

Let Ki (k = 0,1) be two domains of areas A, and bounded by simple closed curves of
perimeters Py in R2, Let dg denote the kinematic density of the group G, of plane rigid
motions [2—4]. Let Kj be convex, and ¢K; be a dilation of Kj. Let n{d Ky N d(t(gK7))} denote
the number of points of intersection dKy N d(¢(gK7)). Then we have the kinematic formula
of Poincaré:

/ n{dKo N 3(t(gky))} dg = 4tPyPy. (1.13)
{g€Ga:0KoNa(t(gK1))#0}

Let x (Ko N t(gKy)) be the Euler-Poincaré characteristic of the intersection Ko N £(gK7).
Then we have the fundamental kinematic formula of Blaschke:

/ X (](0 N t(gKl)) dg =2 (tzAl +A0) + tpopl. (114)
{geGo:KoNt(gKy)#7)

If 1 denotes the set of all positions of K; in which either £(gK;) C Ky or £(gK;) D Kj, then
the fundamental kinematic formula of Blaschke (1.14) can be rewritten as

f dg + f x (Ko N t(gK1)) dg = 27 (£ A1 + Ag) + tPoP;. (115)
Iz {g€G:0KoNd(t(gK1))#0}
When 0Ky N 9(t(gK1)) # ¥, each component of Ky N £(gK7) is bounded by at least an arc

of 3Ky and an arc of 8(¢(gK7)). Therefore, x (Ko N #(gK7)) < n{dKo N 8(t(gK1))}/2. Then by
the kinematic formulae of Poincaré (1.13) and Blaschke (1.15) we obtain

/ dg > 27TA1t2 —PyPit +2mAy. (1.16)
m

Inequality (1.16) immediately gives the following containment theorem [40, 47-49].
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Containment theorem Let K (k = 0,1) be two domains of areas Ay with simple bound-
aries of perimeters Py in R, Let K| be convex, and tK, be a dilation of Ki. A sufficient
condition for tKj to contain, or to be contained in Ky, is

2w At — PyPit + 27w Ag > 0. (1.17)
Moreover, if t*A; > Ay, then tK, contains K.

Let 75, = max({t : t(gKi) € Ko;g € Gy} and RS, = min{¢ : £(gK1) 2 Ko; ¢ € G,} be the inra-
dius of Ky with respect to Kj and the outradius of K with respect to Kj, respectively. It
is obvious that 7§, < R{,. Since both 75, and RS, are rigid invariant, we simply call them
the relative inradius and the relative outradius and denote them ry; and R, respectively.
Note that if Kj is the unit disc, then the relative inradius r¢; and the relative outradius Ro;
become the inscribed radius r and the circumscribed radius R of Kj, respectively.

Note that for ¢ € [ro;, Ro1], neither tKj contains Ky nor is contained in Ky. Then by in-
equality (1.17) we have [40, 47-49]

2w At — PoPit + 2w Ao <0, t € [ron, Roil- (1.18)

Inequality (1.18) guarantees that the equation By, «, (£) = 2 A1£> — PoPyt + 27 A = 0 has
root(s). Therefore, the determinant of Bx, x, (t) = 0 is nonnegatitive. Then we have the
following symmetric mixed isoperimetric inequality [40, 47-49]:

P2P? —167%ApA; >0, (1.19)

where the equality sign holds if and only if both K, and K; are discs.

When Kj is the unit disc, then symmetric mixed isoperimetric inequality (1.19) reduces
to the isoperimetric inequality (1.9).

The quantity

Ay(Ko, Ky) = PiP} — 167% Ao Ay (1.20)

is called the symmetric mixed isoperimetric deficit of Ky and K.
Motivated by the Bonnesen’s works in the 1920s, we consider if there is a nonnegative
invariant Bg, k, of geometric significance such that

P3P} — 1672 ApA1 > Bry s (1.21)

where By, x; vanishes if and only if both K and K are discs. We call such inequalities
Bonnesen-style symmetric mixed inequalities (cf. [40, 47—49]).

The purpose of this paper is to find some new Bonnesen-style symmetric mixed isoperi-
metric inequalities that strengthen the known Bonnesen-style inequalities.

2 Bonnesen-style symmetric mixed inequality
For any two plane domains K (k = 0,1) of areas A, with simple boundaries of perimeters
Py, the convex hulls K} of Kj increase the areas A} and decrease the perimeters P}, that is,
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Af > A and P} < Py, so that P2P? —1672AgA; > P> P> — 1612 A A, that is, Ao (Ko, Ky) >
Ay (K3, K). Therefore, the symmetric mixed isoperimetric inequality and Bonnesen-type
symmetric mixed inequality are valid for all domains with simple boundaries in R? if these
inequalities are valid for convex domains. Hence, from now on, we only consider convex

domains when we estimate the lower bounds of the symmetric mixed isoperimetric deficit.

Lemma 2.1 Let Ki (k = 0,1) be two convex domains of areas Ay and perimeters Py in the
Euclidean plane R?. Then

27TA1t2 —PoPit +2mAg <0, te€([ro,Runl (21)
The inequality is strict whenever roy < t < Rn. When t = ro1, equality holds if and only if K
is a disc and K is the Minkowski sum of a disc and a line segment (which may be a point).

When t = Ry, equality holds if and only if Ky is a disc and K is the Minkowski sum of a
disc and a line segment (which may be a point).

Proof Let px,(#) and px;)(u) are the support functions of convex domains Ky and gKj,
respectively. We can always find g € G, such that the function pg, (1) — tp(ex;) () about u
is nonnegative for ¢ € [0, 7¢;]. Let K; be given by

I?t = {x eR?:x-u < pico () — tpery)(u); u € Sl,g € Gz}, te[0,rml. (2.2)

From (2.2) we have that K, = K; and I?,m is a line segment (which may be a point); see the
proof of (6.5.11) in [1]. Therefore,

A(Ko) = Ay, A(Kyy) =0. (2.3)
From definitions (2.2) and (1.2) we immediately have
K, + t(gKy) € Ko. (2.4)

However, relation (2.4), together with the monotonicity (1.7), linearity (1.6), the symmetry
of mixed areas (1.5), and (1.4), gives

A(Ko, gKr) > A(K, + t(gKy), gK1) = A(K,, gKy) + tA(gKy), (2.5)

and we have (see the proof of (2.17) in [50]) that
~ t ~
Ay —AR) =2 / AR, gk)ds; ¢ € [0,rol. (2.6)
0
Now (2.6), (2.5), and (1.8) give
27 - 2 t -
/ (Ao —A(R,)) db = / 2 / A(K,, gKy) ds d
0 0 0

2w t
<2 / / (A(Ko,gKy) — sA(gK1)) dsdo
0 0

= PyPit — 2w Art2. (2.7)
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Thus,
2 -
2w At — PoPit + 2w Ag < / A(K;) db. (2.8)
0

From (2.5) and (2.7) we see that equality holds in (2.8) if and only if, for all s € [0, ¢],

2w 2w
/ A(K,, gKy) do = / (A(Ko,gkq) - sA(gKy)) d
0 0
1
= EP()PI - 27TSA1. (29)
When ¢ = ro;, by (2.3), (2.8), and (2.9) we have
277 Ay, — PoPyroy + 2 Ag <0, (2.10)

where the equality holds if and only if
2 - 1
/ A(I<r01:g1(l) do = EPOPI - 271’7‘01141.
0
Therefore, we have
2 -
2 ALY - 2( / A(K,y,,gK1) d6 + 271r01A1>r01 +27 A =0,
0
that is,
2 -
ro1 / A(Kyyy,8K1) dO = —mt Arrg, + mAy. (2.11)
0
By (1.3), (2.3), and (2.11) we have
2 - 2 - -
/ A([(Vm + ro1 (gl(l)) do = / (A(Krm) + 2?01A([(r01,g1<1) + A(gKl)rgl) dao
0 0
= 21 A,. (2.12)

Since I~(,01 + r01(gK7) € Ko, we have A(l’?,01 + ro1(gKi)) < Ao. Equality (2.12) forces us to
conclude that A(1~<,01 + r01(gK1)) = Ao for any g € G, that is, 1~<,01 + ro1(gKq) = Ky for any
g € G,. Therefore, K; must be a disc, and Kj is the Minkowski sum of a dilation of Kj
(a disc) and a line segment I?rm (which may be a point).

Let ry; = max{t : £(gKo) € Ki;¢ € Go} be the inradius of Kj with respect to K. Obviously,
from the definition of ry; and Ry, it follows that

1
Roi’

/
o1

From inequality (2.10) we establish

2 Agr — PoPyry, + 2 A; <0 (2.13)
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with equality if and only if Kj is a disc and K is the Minkowski sum of a disc and a line

segment (which may be a point), that is,

2 AR5, — PyPRoy + 2 A < 0, (2.14)
with equality if and only if K, is a disc and K] is the Minkowski sum of a disc and a line
segment (which may be a point).

Finally, inequalities (2.10) and (2.14), together with the well-known properties of
quadratic functions, show that

ZﬂAltz—POP1t+27TAO <0, ro1 <t<R()1. O
Remark 2.1 An analogue of inequality (2.1) can already be found in Bol’s work. A com-
plete proof of the analogous inequality (2.1) with equality conditions is given by Boroczky

et al. [50] and Luo et al. [51].

When Kj is the unit disc, inequality (2.1) reduces to the following known Bonnesen
inequality (see [4, 7, 20, 41]).

Corollary 2.1 Let K be a convex domain with length P and area A in R%. Denote by R and

r, respectively, the radius of the minimum circumscribed disc and radius of the maximum
inscribed disc of K. Then

nt*—-Pt+A <0, telrR]. (2.15)
The inequality is strict whenever r < t < R. When t = r, equality holds if and only if K is the

Minkowski sum of a disc and a line segment (wWhich may be a point). When t = R, equality
holds if and only if K is a disc.

Lemma?2.2 LetK; (k = 0,1) be two convex domains with areas Ay and perimeters Py in R,

Then, for rq <t < Ry, we have
P2P? —167%AgA, > 42 A2(Rgy — £)* + [2 AL (Roy +£) — PoP1 ] (2.16)
The inequality is strict whenever ro; < t < Ro1. When t = ro1, the equality holds if and only

if both Ky and K; are discs. When t = Ry, the equality holds if and only if Ky is a disc and

Ky is the Minkowski sum of a disc and a line segment (which may be a point).
Proof By inequality (2.1),

2w A2 — PoPit + 2t A <0, € [ro1, Roil,
so that

2 A1RE — PyPiRy; + 2T Ag < 0,
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that is,

—8m2AgA, > 872 A%t? — AT A tPy P,

—8712A¢A; > 8m2AIRE — AT A1R Py Py.
By adding the last inequalities side by side we have

—1672ApA; > 82 At* + 82 AZRE, — A A1tPoP) — 47 A1 R Py Py,
that is,

P2P? — 1672 AgA; > PAP? + 812 A%t* + 82 AZR3, — 4w AtPoP) — 4 A1R1 Py Py
= A AE + AP ARG, - 8T ARy + PP} + AT At
+ A2 AIRY, + 81 A3tRy) — A AytPoPy — 47 A1 Ry Py P,
2
= 47T2A%(R01 - lf)2 + [27TA1(R01 + t) - P()Pl] .
When ¢ = rq, the equality holds in (2.16) if and only if the equalities hold in (2.1) when
t =ro; and £ = Ry, that is, Ky and K; are discs. When ¢ = Ry, the equality holds in (2.16)
if and only if the equalities hold in (2.1) when ¢ = Ry, that is, Kj is a disc, and K is the

Minkowski sum of a disc and a line segment (which may be a point). From the equality

conditions in (2.1) we know that inequality (2.16) is strict whenever ry; <t < Ry;. O

Let
f(t) = 47T2A%(R01 — If)2 + [27TA1(R01 + t) —P()Pl]z, te [7'01, R01].

Then

PP,
"(t) = 167242t — ——
-ser{e- 20

and
f(t) =16m%A% > 0.

PoPy
4T Ay

or t = Rp;. Then we obtain the following Bonnesen-style symmetric mixed inequality.

Therefore, f(t) is concave and reaches the minimum at ¢ = and the maximum at ¢ = rg;

Corollary 2.2 Let Ky (k = 0,1) be two convex domains with areas Ay and perimeters Py
in R?. Then we have

P2P? 16w AoA, > 4?42 ( Ry — LoD 2+ o dy Ry + 221 _pyp : (2.17)
ot 0411 — 1 01 47TA1 1 01 4-7'[A1 o1 » .

where the equality holds if and only if both Ky and K; are discs.
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4
we see that the equality holds in (2.17) if and only if the equalities hold in (2.1) when

t = Ro; and ¢ = 2081 that is, Ry; and 2L are roots of the equation By, x; () = 2w At -

Proof Whent = Pj‘;—ill in (2.16), we immediately obtain (2.17). From the proof of Lemma 2.2

4w Ay’ 4w Ay
PyPit +2mAp = 0. It is obvious that B, , (t) reaches the minimum at ¢ = fg—i‘l, therefore,
there is only one root Ry = fj‘;ill for the equation Bg, k, (t) = 0, that is, the determinant

P2P} — 16712 ApA; = 0. By the symmetric mixed isoperimetric inequality (1.19), Ko and K;
are discs. O

Letting ¢ = rp; in inequality (2.16), we immediately obtain the following:

Theorem 2.1 Let Ki (k = 0,1) be two convex domains with areas Ay and perimeters Py
in R?. Then we have

P2P? —167%AgA, > 4 A2 Ry — ror)? + [27A1(Ror + ror) — PoPy [ (2.18)
where the equality holds if and only if both Ky and K are discs.

The following Kotlyar inequality (see [17, 40, 47—49]) is an immediate consequence of
Theorem 2.1.

Corollary 2.3 Let Kj (k = 0,1) be two convex domains with areas Ay and perimeters Py
in R2. Then we have

P2P? — 1672 ApA; > A2 A2 (Roy — 101)?, (2.19)
where the equality holds if and only if both Ky and K, are discs.

When ¢ = Ry in inequality (2.16), we immediately have the following:

Theorem 2.2 Let K (k = 0,1) be two convex domains with areas Ay and perimeters Py
in R?. Then we have

PoP; \?2
P2P? — 1672 A0A, > 1672A2 [ Ryy — -2 , 2.20
of1 0411 Z 1 01 4-]TA1 ( )

where the equality holds if and only if Ky is a disc and K is the Minkowski sum of a disc
and a line segment (Which may be a point).

We also have the following:

Lemma?2.3 Let K; (k = 0,1) be two convex domains with areas Ay and perimeters Py in R,
Then we have

P2P? —167%AgA, > A2 A2(t — rn)? + [2m A (¢ + ro1) - PoPy]°, € [ro, Ronl. (2:21)
The inequality is strict whenever ro < t < Ror. When t = ro1, the equality holds if and only

if Ky is a disc and Ky is the Minkowski sum of a disc and a line segment (which may be a
point). When t = Ry, the equality holds if and only if both Ky and Ki are discs.
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Proof By inequality (2.1),

2 A1 — PoPit +2mAg <0, t€ [ron, Roul,
and thus

277 Ay — PoPiroy + 2 Ag <0,
so that

8712 AgA; > 8T2AL — A A tPy Py,

8712 AgA; > 82 ArY, — A AT Po Py
By adding the last inequalities side by side we have

—1672AgA; > 82 ATt* + 82 Alry, — A AytPoPy — 4w A7 Po Py
Then,

P2P? — 1672 AgA > 4 A2(t — ron)? + [2 Ay (¢ + ror) — PoPy |

Similarly, following the equality conditions in Lemma 2.2, we have the equality conditions
for (2.21). O

The function

g(t) = 4m AL (¢ — ror)” + [2m AL (£ + roy) —P0P1]2, t € [ro1, Ra1l,

PoPy
anA;”

ing Bonnesen-style symmetric mixed inequality.

is concave and reaches the minimum at ¢ = Then we immediately obtain the follow-

Corollary 2.4 Let Ky (k = 0,1) be two convex domains with areas Ay and perimeters Py
in R?. Then we have

PP 16w AoA, > ama2( Do, 2+ oy (P21 o) - pop : (2.22)
ol1 0A1 = 1 A, 01 1 A, 01 0l1 | » .

where the equality holds if and only if Ky and K are discs.

Letting ¢ = Ry; in inequality (2.21), we obtain Theorem 2.1.
When t = rg; in inequality (2.21), we have the following Bonnesen-style symmetric
mixed inequality.

Theorem 2.3 Let Ky (k = 0,1) be two convex domains with areas Ay and perimeters Py
in R?. Then we have

PyP; 2
P2P? —167%ApA; > 1672 A? - , 2.23
ol1 T ApA Z 16T Ay amA, ro1 ( )
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where the equality holds if and only if K is a disc and Ky is the Minkowski sum of a disc
and a line segment (Which may be a point).

The lower bound of symmetric mixed isoperimetric deficit in inequality (2.18) or (2.20)
is the maximum of the function f(£). The lower bound of symmetric mixed isoperimetric
deficit in inequality (2.18) or (2.23) is the maximum of the function g(¢). Which one is the
best lower bound of symmetric mixed isoperimetric deficit in inequalities (2.18), (2.20),

and (2.23)?
Since
PPy \?
167T2A% ROI_ 071
47TA1

—{4n2 A} (Ro1 - ro1)” + [2m AL (Rou + 7o1) —P0P1]2}

Py P
= 812 A% (R — 7”01)<R01 + 1oy — — ),

27TA1

P,P 2

167T2A% ! — 101
47TA1

—{4m*A}(Ro1 — ror)” + [2 A1 (Rox + 1) —P0P1]2}

Py P,
= —81%A2(Ry; — f01)<R01 +roy — — ),

2]TA1
and
PyP; \? PP 2
167%A% Ry — ) —167%A( 2L —ry
4T A, 4T Ay

PyPy
=1672A%(Ro; — 11 Ro1 + 7191 — s
1 (Ror 01)( 01 * o1 27rA1>

when Ry + ro1 — 28 > 0, these lower bounds in inequalities (2.18), (2.20), and (2.23)

2mAy
satisfy
PPy \? 2
16n2Af(R01 - 47‘; Al ) > 472 A2 (Ror — ro1)? + [270A1(Ro1 + 7o1) — PoPy ]
1

PoP >
216n2Af<4° ! —r(n) .
Tt

Therefore, the lower bound 1672A%(Ro; — fgill )? in inequality (2.20) is the best among
(2.18), (2.20), and (2.23), that is, inequality (2.20) is the strongest Bonnesen-style sym-
metric mixed inequality among inequalities (2.18), (2.20), and (2.23).

When Rg; + ro1 — 22£L < 0, the lower bounds in inequalities (2.18), (2.20), and (2.23)

27‘[141
satisfy
PoP ? 2
167T2A% 071 _ ro1 > 4‘772A%(R01 - 1”01)2 + [27TA1(R()1 +701) — P()Pl]

47TA1

PoPy \?
> 167242 ( Ry — —— ) .

47TA1
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The Bonnesen-style symmetric mixed inequality (2.23), that is,

P2P? 1672 ApA; > 1672A2 Polr — 1o ’
ol = 1\ 274, ’

is the best one among inequalities (2.18), (2.20), and (2.23).

When K; is the unit disc, these Bonnesen-style symmetric mixed inequalities immedi-
ately lead to the following known Bonnesen-style inequalities of Burago, Grinberg, Hsi-
ung, Hadwiger, Osserman, Zhou, and Ren (see [9, 12, 16, 20, 21, 41, 44]).

Corollary 2.5 Let K be a convex domain with area A and perimeter P in R?. Denote by R
and r, respectively, the radius of the minimum circumscribed disc and radius of the maxi-
mum inscribed disc of K. Then

P’ —4nA > (P-27r)?,
P? —47wA > (2nR - P)?%,

P2—4nAznz(R—r)2+[n(R+r)—P]2,
, , P2 p 2
P —4AmrA>n“{R-— ) +|n|R+— ) -P|,
2 2w
, (P 2 p 2
P—-AdnA>n\ —-r) +|n|l—+r)-P| .
2 2

The equality in the first inequality holds if and only if K is the Minkowski sum of a disc and

a line segment (which may be a point). The equalities of the other inequalities hold if and
only if K is a disc.
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