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Abstract
In the article, we establish several inequalities for the Ramanujan constant function
R(x) = –2γ –ψ (x) –ψ (1 – x) on the interval (0, 1/2], where ψ (x) is the classical psi
function and γ = 0.577215 · · · is the Euler-Mascheroni constant.
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1 Introduction
For x > , the classical gamma function �(x) and the psi function ψ(x) are, respectively,
defined by

�(x) =
∫ ∞


tx–e–t dt, ψ(x) =

�′(x)
�(x)

,

they satisfy

�(x + ) = x�(x), ψ(x + ) = ψ(x) +

x

,

ψ(x) =
∞∑

n=

x – 
(n + )(n + x)

– γ , ψ ′(x) =
∞∑

n=


(n + x) , ψ ′′(x) = –

∞∑
n=


(n + x) ,

ψ() = –γ , ψ

(



)
= – log  – γ ,

where γ = limn→∞(
∑n

k= /k – log n) = . · · · is the Euler-Mascheroni constant.
It is well known that the gamma and psi functions have many applications in the areas of

mathematics, physics, and engineering technology. Recently, the bounds for the gamma
and psi functions have attracted the interest of many researchers. In particular, many re-
markable inequalities for the psi function ψ(x) can be found in the literature [–].

Let x ∈ (, /]. Then the Ramanujan constant function R(x) [] is given by

R(x) = –γ – ψ(x) – ψ( – x). (.)
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Very recently, Wang et al. [] proved that the double inequality

R(x)
( + x – x)R(x) – 

<
π

sin(πx)
<

(
 + x – x)R(x) (.)

holds for all x ∈ (, /].
The main purpose of this paper is to improve inequality (.).

2 Lemmas
In order to prove our main results we need several lemmas, which we present in this sec-
tion.

Lemma . (See [, ]) Let –∞ < a < b < ∞, f , g : [a, b] →R be continuous on [a, b] and
differentiable on (a, b), and g ′(x) �=  on (a, b). Then the functions

f (x) – f (a)
g(x) – g(a)

and

f (x) – f (b)
g(x) – g(b)

both are increasing (decreasing) on (a, b) if f ′(x)/g ′(x) is increasing (decreasing) on (a, b). If
f ′(x)/g ′(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma . (See []) The double inequality

x + 
x + 

< �(x + ) <
x + 
x + 

holds for all x ∈ (, ).

Lemma . (See [], Section , in the proof of Theorem , pp. -) Let x ∈
(,π/), k, n ∈N, the sequence {ak}∞k= and function Fn(x) be, respectively, defined by

a =

π

, a =


π , (.)

ak+ =
k + 

(k + )π ak –


k(k + )π ak– (k ≥ ), (.)

Fn(x) =
sin x

x –
∑n

k= ak(π – x)k

(π – x)n+ . (.)

Then Fn(x) is strictly decreasing from (,π/) onto (an+, ( –
∑n

k= akπ
k)/πn+).

Lemma . Let k, n ∈ N, {ak}∞k= be defined by (.) and (.), and {bk}∞k= be defined by

b = , b =


π
, (.)

bk+ =
k – 

(k + )π bk –


k(k + )π bk– (k ≥ ). (.)

Then ak = (k + )bk+ for all k ∈ N.



Chu et al. Journal of Inequalities and Applications  (2016) 2016:196 Page 3 of 9

Proof We use mathematical induction to prove Lemma .. From (.), (.), and (.) we
clearly see that Lemma . holds for k =  and k = .

Suppose that k ≥  and

ak = (k + )bk+ (.)

holds for all k ≤ k. Then it follows from (.), (.), and (.) that

ak+ =
k + 

(k + )π ak –


k(k + )π ak–

=
k + 

(k + )π × (k + )bk+ –


k(k + )π × kbk

= (k + )bk+ = 
[
(k + ) + 

]
b(k+)+. (.)

Equation (.) shows that (.) also holds for k = k + . Therefore, Lemma . follows
from (.) and the induction hypothesis (.). �

Lemma . The double inequality


π

(
π – x) +


π

(
π – x) +

 – π

π

(
π – x)

< cos x <


π

(
π – x) +


π

(
π – x) +

 – π

π

(
π – x) (.)

holds for all x ∈ (,π/).

Proof Let x ∈ (,π/), k, n ∈N, {ak}∞k= and {bk}∞k= be, respectively, defined by (.), (.),
(.), and (.), Fn(x) be defined by (.), and fn(x) and gn(x) be defined by

fn(x) = cos x –
n∑

k=

bk
(
π – x)k , gn(x) =

(
π – x)n+. (.)

Then it follows from (.)-(.), Lemma ., and equation (.) that

a =
 – π

π , b =


π ,
f(+)
g(+)

=
 –

∑
k= bkπ

k

π =
 – π

π , (.)

fn(+)
gn(+)

=
 –

∑n
k= bkπ

k

πn+ , (.)

fn(x)
gn(x)

=
fn(x) – fn( π

 )
gn(x) – gn( π

 )
, (.)

f ′
n(x)

g ′
n(x)

=
sin x

x –
∑n–

k= (k + )bk+(π – x)k

(n + )(π – x)n =
Fn–(x)
(n + )

. (.)

From Lemma ., Lemma ., (.), and (.) we clearly see that

an

(n + )
= lim

x→π/–

fn(x)
gn(x)

<
fn(x)
gn(x)

< lim
x→+

fn(x)
gn(x)

(.)

for all x ∈ (,π/).
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Equations (.) and (.) together with inequality (.) lead to the conclusion that

an

(n + )
<

cos x –
∑n

k= bk(π – x)k

(π – x)n+ <
 –

∑n
k= bkπ

k

πn+ (.)

for all x ∈ (,π/).
Letting n = , then inequality (.) follows easily from (.), (.), and (.). �

Remark . We clearly see that both the first and the second inequalities in (.) become
to equations if x = π/. If x = , then the first inequality of (.) also holds and the second
inequality of (.) becomes to equation.

Lemma . Let n ∈ N and R(x) be the Ramanujan constant function given by (.). Then
the double inequality

n–∑
k=

k + 
(k + x)(k +  – x)

+ ψ() – ψ

(
n +




)

≤ R(x) <
n–∑
k=

k + 
(k + x)(k +  – x)

+ ψ() – ψ(n) – ψ(n + ) (.)

holds for all x ∈ (, /] and n ≥ .

Proof Let n ∈N, x ∈ (, /], and

hn(x) = ψ() – ψ(n + x) – ψ(n +  – x). (.)

Then (.) and (.) together with the mean value theorem lead to

hn(x) = R(x) –
n–∑
k=


k + x

–
n–∑
k=


k +  – x

= R(x) –
n–∑
k=

k + 
(k + x)(k +  – x)

, (.)

h′
n(x) = –ψ ′(n + x) + ψ ′(n +  – x) = ( – x)ψ ′′[n + x + θ ( – x)

]
<  (.)

for x ∈ (, /], where θ ∈ (, ).
It follows from (.) and (.) that

ψ() – ψ

(
n +




)
= hn

(



)
≤ hn(x) < hn

(
+)

= ψ() – ψ(n) – ψ(n + ). (.)

Therefore, Lemma . follows from (.) and (.). �

Lemma . Let A(t) and B(t) be defined by

A(t) =
(t – ,t + ,t + )

( – t)( – t)( – t)(–,t + ,t – ,t + ,t + ,)

(.)
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and

B(t) =


( – t)
+


 – t

–


 – t
–


 – t

. (.)

Then  < A(t) < B(t) for t ∈ [, /).

Proof We clearly see that

A(t) > , t – ,t + , >  (.)

and

–,t + ,t – ,t + ,t + , >  (.)

for t ∈ [, /).
Therefore, Lemma . follows from (.) and (.) together with the elaborated com-

putations result

A(t) – B(t) = –
t( – t)(t – ,t + ,)

( – t)(–,t + ,t – ,t + ,t + ,)
. (.)

�

Lemma . Let B(t) be defined by (.). Then

B(t) <
π

cos(
√

tπ )
. (.)

for t ∈ [, /).

Proof From (.) we clearly see that B() = ,/ = . < π , which implies that
inequality (.) holds for t = .

Let t ∈ (, /). Then
√

tπ ∈ (,π/) and the second inequality in (.) leads to

cos(
√

tπ ) <
π


( – t) +

π


( – t) +

 – π


( – t). (.)

It follows from (.) and (.) that

B(t) –
π

cos(
√

tπ )

<


( – t)
+


 – t

–


 – t
–


 – t

–
π

π
 ( – t) + π

 ( – t) + –π
 ( – t)

=
(
( – t)

[
(, – π )t + (,π – ,)t + (, – ,π )t

+ , – ,π
])

/
(
( – t)( – t)( – t)

[
( – π )t + (π – )t + 

])
. (.)
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Note that

( – t)
( – t)( – t)( – t)

> , (.)

( – π )t + (π – )t +  >
π – 


+  =

π – 


> , (.)

(, – π )t + (,π – ,)t + (, – ,π )t + , – ,π

<
, – π


+

, – ,π


+ , – ,π

= , – ,. × π = –. · · · (.)

for t ∈ (, /).
Therefore, Lemma . follows from (.)-(.). �

3 Main results
Theorem . Let R(x) be the Ramanujan constant function given by (.) and C(x) be de-
fined by

C(x) =
[( 

 – x) – ,( 
 – x) + ,( 

 – x) + ]
[ – ( 

 – x)][ – ( 
 – x)][ – ( 

 – x)]
. (.)

Then

 log  ≤ 
x( – x)

–  +  log  ≤ R(x) < C(x) (.)

for x ∈ (, /].

Proof Let n = , then the first inequality of (.) leads

R(x) ≥ 
x( – x)

+ 
[
ψ() – ψ

(



)]
=


x( – x)

+ 
[
ψ() – ψ

(



)
– 

]

=


x( – x)
–  +  log  ≥  log 

for x ∈ (, /].
Let n =  and x ∈ (, /), then (.) and the second inequality of (.) give

R(x) <
∑

k=

k + 
(k + x)(k +  – x)

+ ψ() – ψ() – ψ()

=
∑

k=

k + 
(k + 

 ) – ( 
 – x)

+ ψ() – 
[
ψ() +




]
–




=



 – ( 

 – x)
+



 – ( 

 – x)
+



 – ( 

 – x)
–




=
[( 

 – x) – ,( 
 – x) + ,( 

 – x) + ]
[ – ( 

 – x)][ – ( 
 – x)][ – ( 

 – x)]
= C(x).
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If x = /, then (.) and (.) lead to

R
(




)
=  log  = . · · · < C

(



)
=




= .. �

Theorem . Let R(x) be the Ramanujan constant function, given by (.), and the function
A(t) be defined by (.). Then the inequality

R(x)
( + x – x)R(x) – 

< A
[(




– x
)]

(.)

for all x ∈ (, /].

Proof Let C(x) be defined by (.). Then from (.) and  log  = . · · · >  together
with

∂[ y
(+x–x)y– ]

∂y
=

[x( – x)y + (y – )]y
[( + x – x)y – ] > 

for y >  and x ∈ (, /] we clearly see that

R(x)
( + x – x)R(x) – 

<
C(x)

( + x – x)C(x) – 
. (.)

for x ∈ (, /].
Elaborated computations give

C(x)
( + x – x)C(x) – 

= A
[(




– x
)]

. (.)

Therefore, Theorem . follows from (.) and (.). �

Theorem . Let R(x) be the Ramanujan constant function given by (.). Then

R(x) >
π

( + x – x) sin(πx)
+

 log  – 
( + x – x)( + x – x)

(.)

for x ∈ (, /].

Proof It is well known that

�(x)�( – x) =
π

sin(πx)
(.)

for x ∈ (, ).
It follows from Lemma . and (.) that

π

sin(πx)
–

(
 + x – x)R(x)

= �(x)�( – x) –
(
 + x – x)R(x) =

�(x + )
x

�[( – x) + ]
 – x

–
(
 + x – x)R(x)
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<
x + 

x(x + )
( – x) + 

( – x)( – x)
–

(
 + x – x)[ 

x( – x)
+  log  – 

]

=
( – log )x( – x)( + x – x) – ( log  – )

 + x – x (.)

for x ∈ (, /].
Note that

x( – x)
(
 + x – x) ≤ 


× 


=




(.)

for x ∈ (, /].
It follows from (.) and (.) that

π

sin(πx)
–

(
 + x – x)R(x) < –

 log  – 
( + x – x)

(.)

for x ∈ (, /].
Therefore, Theorem . follows easily from (.). �

Corollary . Let R(x) be the Ramanujan constant function given by (.). Then

R(x) >
π

( + x – x) sin(πx)
+  log  –




=
π

( + x – x) sin(πx)
+ . · · ·

for x ∈ (, /].

Proof Corollary . follows easily from (.) and


(
 + x – x)( + x – x) ≤  ×

(
 +




)(
 +




)
=




for x ∈ (, /]. �

Remark . Let A(t) and B(t) be, respectively, defined by (.) and (.). Then it follows
from Lemmas . and . that

A
[(




– x
)]

< B
[(




– x
)]

<
π

cos[π ( 
 – x)]

=
π

sin(πx)

for x ∈ (, /].
Therefore, inequality (.) is an improvement of the first inequality given by (.).

Remark . We clearly see that inequality (.) is an improvement of the second inequal-
ity given by (.).
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13. Elezović, N: Estimations of psi function and harmonic numbers. Appl. Math. Comput. 258, 192-205 (2015)
14. Yang, Z-H, Chu, Y-M, Zhang, X-H: Sharp bounds for psi function. Appl. Math. Comput. 268(17), 1055-1063 (2015)
15. Chen, C-P: Inequalities and asymptotic expansions for the psi function and the Euler-Mascheroni constant. J. Number

Theory 163, 596-607 (2016)
16. Qiu, S-L, Vuorinen, M: Special functions in geometric function theory. In: Handbook of Complex Analysis: Geometric

Function Theory, vol. 2, pp. 621-659. Elsevier, Amsterdam (2005)
17. Wang, M-K, Chu, Y-M, Qiu, S-L: Sharp bounds for generalized elliptic integrals of the first kind. J. Math. Anal. Appl.

429(2), 744-757 (2015)
18. Anderson, GD, Vamanamurthy, MK, Vuorinen, M: Conformal Invariants, Inequalities, and Quasiconformal Maps. Wiley,

New York (1997)
19. Anderson, GD, Qiu, S-L, Vamanamurthy, MK, Vuorinen, M: Generalized elliptic integrals and modular equations.

Pac. J. Math. 192(1), 1-37 (2000)
20. Ivády, P: A note on a gamma function inequality. J. Math. Inequal. 3(3), 227-236 (2009)
21. Zhu, L: A general refinement of Jordan-type inequality. Comput. Math. Appl. 55(11), 2498-2505 (2008)


	Improvements of the bounds for Ramanujan constant function
	Abstract
	MSC
	Keywords

	Introduction
	Lemmas
	Main results
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


