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Abstract
We have previously formulated a simple criterion for deducing the intervals of
oscillations in the solutions of second-order linear homogeneous differential
equations. In this work, we extend analytically the same criterion to superlinear
Lane-Emden equations with integer polytropic indices n > 1. We confirm the validity
of the analytical results by solving numerically both the cylindrical and the spherical
Lane-Emden equations subject to the usual astrophysical boundary conditions for
self-gravitating fluids.
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1 Introduction
The ordinary second-order linear homogeneous differential equations of mathematical
physics

y′′ + b(x)y′ + c(x)y = , ()

can all be transformed to the canonical form

u′′ + q(x)u = , ()

where the primes denote derivatives with respect to the independent variable x,

q = –



(
b + b′ – c

)
, ()

and y(x) = u(x) exp(– 

∫

b(x) dx) ([]; [], Section .; [], Section XI.). The canonical
form () condenses the coefficients of equation () into q(x) and ‘oscillation theory’ fo-
cuses on this coefficient in order to derive the oscillatory properties of the solutions of
equation () (see the reviews in [, ] and references therein).

In recent work [, ], we showed that the canonical form is degenerate in the sense that
different equations of the form () can be transformed to the same canonical form. This is
evident from equation () in which q(x) is the result of combining two unrelated functions
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b(x) and c(x). Furthermore, the derivative b′(x) in equation () sometimes acts as damp-
ing (when b′ > ) and other times enhances oscillations in the solutions (when b′ < ).
We worked around these ambiguities by transforming equation () to a form with con-
stant damping (equation () with b = constant), and then we transformed again to a new
canonical form in which the constant term b acted unambiguously as damping opposing
oscillatory tendencies in the solutions, just as it does in the well-understood case of the
damped harmonic oscillator (equation () with b, c = constant). This procedure was very
successful in deducing the precise intervals of oscillations in the solutions of the general
form ().

In the last step of the procedure, a generalized Euler transformation of the independent
variable x was used [, ]:

x = c + c exp(kt), ()

where c, c, and k are arbitrary constants, and a criterion for the intervals of oscillations
in the solutions was established:

q(x) >


(x – c) . ()

Only the constant c appears in the criterion and corresponds to a ‘horizontal shift’ of
the independent variable x in equation (). For equations with singularities at the origin,
c can be set to zero and then the criterion () reduces to the simple form

q(x) >


x . ()

In this case, we can also choose c =  and k =  in equation () and then the change of the
independent variable x takes the form of the classical Euler transformation

x = exp(t), ()

for which the investigation of the interval t ∈ (–∞, +∞) in the transformed equation cor-
responds to searching for oscillatory solutions in the interval x ∈ (, +∞) of the original
equation ().

In this work, we extend the applicability of the criterion () to nonlinear equations of
the Lane-Emden type [–]

y′′ +
D – 

x
y′ + yn =  (x ≥ ), ()

where n �= ,  is the polytropic index and D is the dimension of space (D =  for a cylin-
drical radius x and D =  for a spherical radius x). The properties of the solutions of this
equation have been studied intensely by many researchers in recent years (see [–]
and references therein) because analytic solutions are hard to come by (see []). In the
cited works, a wide variety of complicated mathematical techniques have been employed,
as well as direct numerical integrations of the Cauchy problem have been carried out to
tackle its many applications.
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In equation (), the coefficient of y′ is /x in the cylindrical case and /x in the spher-
ical case. These coefficients were discussed in detail in [] for the simpler case of linear
equations: the cylindrical inertial term y′/x represents the complete absence of damping,
while the spherical inertial term y′/x results in the elimination of the b-dependent terms
from equation () so that q(x) ≡ c(x). In the linear case, the two inertial terms lead to
dramatically different criteria for oscillatory solutions (c >  and c > /(x), respectively).

It is not obvious that the results and the conclusions of the linear case carry over to
nonlinear cases as well, but this turns out to be the case for the real solutions of the Lane-
Emden equations () with integer values of n > . In Section , we derive analytically the
criteria for oscillations in the solutions of the polytropic equation () and we test their va-
lidity by performing numerical integrations for integer values of n > . Then, in Section ,
we discuss these polytropic results and their striking difference from the isothermal Lane-
Emden case [–] and the negative integer n case, for which we know that all solutions
are strictly nonoscillatory. Finally, in Section , we summarize our conclusions.

2 Criteria for polytropic Lane-Emden equations
We carry out the procedure described in [] to equation (): First we transform this equa-
tion to a ‘canonical form’ by eliminating the first-derivative term. We obtain the form of
equation () in which the coefficient q(x) is given by

q(x) = yn– –


x (D – )(D – ), ()

and u(x) = y(x)x(D–)/. We observe that the nonlinear term of the Lane-Emden equations
has introduced yn–(x) into q(x).

Next we choose c =  and c = k =  in equation (), in which case the transformation
of x is given by equation () and the criterion for oscillatory solutions over the interval
x ∈ (, +∞) is given by equation ().

Finally, we substitute equation () into equation () and the criterion for oscillatory so-
lutions becomes

yn– >
(

D – 
x

)

. ()

We now assume that n is an integer larger than  in which case the solutions of equation
() are real functions of x ≥ . The linear case n =  has been covered by the analysis
in [] and it can be solved analytically as well [, , ]. The n =  solutions for D =
,  all oscillate about the x-axis irrespective of the adopted boundary conditions. On the
other hand, negative integer values of n are excluded for the following reason: In both
the linear case (equation ()) and the Lane-Emden case (equation ()), when oscillatory
solutions occur, their oscillations always develop about a trivial solution (y =  in most
well-known cases; see []) which serves as a baseline for the oscillations. If a trivial solution
does not exist, then all solutions are nonoscillatory. As a result, if n is a negative integer, the
solutions of the Lane-Emden equations are strictly monotonic because then the equations
do not admit y =  as a trivial solution. For the same reason, the so-called isothermal
Lane-Emden equations [–] with D = ,  also have strictly nonoscillatory solutions. In
these equations, the term yn in equation () is replaced by exp(y) �= , which prevents the
existence of a trivial solution.
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Figure 1 The numerical solutions of the cylindrical equation (8) with D = 2, integer n = 1 – 7, and
boundary conditions y(0) = 1 and y′(0) = 0. The solutions with odd n are oscillatory about y = 0, while the
solutions with even n are monotonic.

2.1 Cylindrical case
For D = , equation () reduces to

yn– > . ()

This criterion predicts oscillatory solutions in all cases with an odd integer n > , while so-
lutions with even values of n must be monotonic since they cross below the x-axis, become
negative, and fail to satisfy the criterion. Numerical integrations using the usual astrophys-
ical boundary conditions y() = , y′() =  [] confirm this prediction (Figure ).

2.2 Spherical case
For D = , equation () reduces to

yn– >


x . ()

This criterion is more difficult to decipher. We distinguish two cases:
(a) For even values of n > , equation () becomes

y >
(


x

) 
n–

, ()

and it implies that the solutions will be nonoscillatory because either they become negative
if they cross the x-axis (i.e., the trivial solution y = ) and then the inequality is not satisfied;
or they remain positive if they do not cross the x-axis, and then they cannot oscillate about
y =  (as is the case for even values of n ≥ ; see Figure ).
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Figure 2 The numerical solutions of the spherical equation (8) with D = 3, integer n = 1 – 7, and
boundary conditions y(0) = 1 and y′(0) = 0. For n = 1 and n = 5, the solutions are also known
analytically [10]. Surprisingly, the solution for n = 3 is the only nonlinear solution that is oscillatory.

(b) For odd values of n > , equation () becomes

|y| >
(


x

) 
n–

, ()

and it implies that a solution will be oscillatory only if it crosses repeatedly outside the
no-oscillation region defined by the curves y± = ±(x)–/(n–).

Presently, we know enough details as regards the solutions of the spherical Lane-Emden
equation to reach the surprising conclusion that only the solutions with n =  may be os-
cillatory: For all spherical polytropes with n > , there exists a singular solution of equa-
tion () with D =  ([], Section IV.(c); [], Section ..) of the form

y =
[

(n – )
(n – )x

] 
n–

(n > ). ()

For odd integers n ≥ , the physical solutions of the boundary-value problem (y() = ,
y′() = ) remain near this singular solution with increasing x and match it asymptotically
with increasing n. Substituting equation () into the criterion (), we find that

(n – ) <  (n > ), ()

a condition that is not satisfied for any value of n. Therefore, the criterion for oscillatory
solutions is not satisfied by the singular solution for any odd value of n >  and this includes
the marginal case with n = . Since the solutions of the boundary-value problem for n ≥ 
trace this monotonic singular solution and remain close to it, they are expected to be
nonoscillatory as well.
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Figure 3 The numerical solution of the spherical equation (8) with D = 3, n = 3, and boundary
conditions y(0) = 1 and y′(0) = 0. The solution turns around every time it overshoots the region of no
oscillations between the dashed curves y± =±1/(2x).

Numerical integrations using the usual astrophysical boundary conditions y() = ,
y′() =  [] confirm the above predictions: Figure  shows that the solution for n =  is
the only nonlinear solution that is oscillatory. Figure  shows this n =  numerical solution
(solid line) in relation to the no-oscillation region |y| ≤ /(x) (between the dashed lines)
that was predicted by equation (). Every time the solution overshoots the no-oscillation
region, it turns around thereby producing successive extrema. Similarly, Figure  shows
the n =  marginal solution (solid line) in relation to the no-oscillation region |y| ≤ /

√
x

(between the dashed lines) that was predicted by equation (). As was expected, this so-
lution enters the no-oscillation region, remains in it, and continues to be monotonic for
larger values of x.

3 Discussion
We have presented an analysis of the oscillatory properties of the solutions of the non-
linear polytropic Lane-Emden equations that describe the equilibrium structures of self-
gravitating fluid spheres and cylinders [–]. The analysis makes use of a procedure that
was described in [, ] for second-order linear homogeneous differential equations. It
turns out that the same procedure is also valid for nonlinear homogeneous equations,
provided that they possess a trivial solution of the form y =  that serves as a baseline
for oscillatory solutions. This requirement is satisfied by the superlinear polytropic Lane-
Emden equations with indices n > .

We limited our analysis to integer values of n for which the solutions are real functions of
the radius x. We have shown analytically that the oscillation criteria derived in the linear
case [] carry over to the n >  polytropic cases as well. This is the direct result of the
behavior of the inertial terms in a cylindrical (y′/x) and a spherical (y′/x) geometry:

(a) In the cylindrical case (D =  in equation ()), the inertial term indicates that there is
no damping of the oscillations, just as in the linear cases of the Bessel differential equation
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Figure 4 The known analytical solution y = 1/
√

1 + x2/3 [10] of the spherical equation (8) with D = 3,
n = 5, and boundary conditions y(0) = 1 and y′(0) = 0. The solution enters and stays in the region between
the dashed curves y± =±1/

√
2x where it cannot oscillate. The upper dashed curve y+ also represents the

singular solution (15) with n = 5.

and the ‘fuel cell’ equation [, ]. The criterion () for oscillatory solutions then reduces
to c(x) > , where c(x) = yn–(x) as indicated by a comparison between equations () and ()
with b(x) = /x. In this case, we have shown that only the solutions with odd integers n > 
are oscillatory and the numerical solutions of equation () with D =  have confirmed this
result (Figure ).

(b) In the spherical case (D =  in equation ()), the inertial term leads to a cancellation
of the b-dependent terms in the canonical form (equations () and ()). The criterion ()
for oscillatory solutions then reduces to c(x) > /(x), where c(x) = yn–(x) and b(x) = /x
in equation (). In this case, we have obtained a surprising result: the n =  case is the only
nonlinear case whose solutions may be oscillatory. The numerical solutions of equation
() with D =  have confirmed this curious result (Figures , , and ).

In the analysis presented in Sections . and ., we have considered cylindrical and
spherical polytropes, respectively, with integer values of the index n > . There was no need
to consider negative integer values of n because then equation () no longer possesses a
trivial solution of the form y = . As we discussed above, the absence of a trivial solution
implies that all solutions will be strictly monotonic. For the solutions of the Lane-Emden
equations () with integer values of n ≤ –, we have verified such a monotonic behavior
by numerical integrations of several cases (not shown here).

The isothermal Lane-Emden equations [–] also have strictly nonoscillatory solutions
because they do not admit a trivial solution. These equations are characterized by an ex-
ponential nonlinearity of the form exp(y) (instead of yn in equation ()) that precludes the
y =  solution which is necessary (but not sufficient) for the appearance of oscillatory solu-
tions. Taking all this together, the above results lead to another surprising conclusion: the
presence or the absence of trivial solutions in differential equations of the second order is
an important qualifier of the properties of the solutions of the physical Cauchy problem;
thus, they should not be ignored, as their name signifies. Lately, we have come to call them
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intrinsic solutions because when the differential equations admit such solutions, they do
so with no regard to any boundary or initial conditions that may be imposed externally by
the Cauchy problem.

4 Conclusions
We have derived criteria for oscillations in the solutions of the nonlinear polytropic Lane-
Emden equations () [–] in a cylindrical and a spherical geometry (equations () and
(), respectively). These inequalities show that in the cylindrical case, oscillatory solu-
tions occur for all odd polytropic indices n >  (Section ., Figure ), while in the spher-
ical case, only the n =  polytrope may have oscillatory solutions (Section ., Figure ).
In both cases, the oscillations develop about the trivial solution y =  of the differential
equation and the existence of such an intrinsic solution is a necessary condition for the
appearance of oscillations. The polytropic equations with negative integer values of n and
the isothermal Lane-Emden equations [–] do not admit a trivial solution, therefore
their solutions are all nonoscillatory.
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