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1 Introduction

In recent years a lot of authors studied the Hardy inequalities (see [1-5]). They are the
extensions of the original inequality by Hardy [6]. The Heisenberg group, denoted by H,,,
is also very popular in mathematics (see [7-11]). By H,,, = {(z,£) € H,|z € C",t > 0} is
denoted the half-space on the Heisenberg group. A Hardy type inequality on H,, , in [4] is
stated as follows. For u € C5°(H,,,), we have

(Q+2)(Q-2)
B

Hy,+

2
z
/ |Vﬂnu|2dzdt2/ %|u|2dzdt+ p—4|z|2|u|2dzdt,
Hy,+ Hy, +

where p = (Jz|* + tz)% and Q =2 + 2 is the homogeneous dimension of the Heisenberg
group. We know that the H-type group, denoted by H = {(z,£) € H|z € C",t € R™}, is the
nilpotent Lie group introduced by Kaplan (see [12]). We also know that H,, is a nilpotent
Lie group with homogeneous dimension 2# + 2. The homogeneous dimension of H is
2n + 2m. Kaplan introduced the H-type group as a direct generalization of the Heisenberg
group, which motivates us to study the H-type group.

In this paper we prove the Hardy type inequality in the half-space on the H-type group
(see Theorem 2.1). The half-space on the H-type group is given by H* = {(z, t) € H|¢t,,, > 0}.
For u € C5°(H*), we have
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where d(z,£) = (|z|* + 16]¢|2)% and Q = 21 + 2m is the homogeneous dimension of the H-
type group.

In [1], the L? Hardy inequalities in the upper half-space R’ were studied. So we are also
interested in the L” Hardy type inequalities in the half-space on the H-type group.

In the remainder of this section we give a basic concept of H-type group and a useful
theorem.

Let (z,1),(z,t) € H, U is a 21 x 21 skew-symmetric orthogonal matrix and 1/% satisfy
uouy + uuQ = 0,4,j=1,2,...,m with i #j. The group law is given by

(z, t)(z/, L") = (z +Z,t+t + %%(zz’)),

where (3(z2')); = (z, UuYzy, (z,U"7') is the inner product of z and Uz’ on R?".

The left invariant vector fields are given by
GRS Ry (I N
)(jza_ycj+§Z<ZSiui’j>a_t[<’ j=12,...,n,
3 1A w0
}?=f+52<zsiut,i+n)£' j=L2....m,

wheres; =x; fori=1,2,...,nands; =y; ,fori=n+1,n+2,...,2n. The sub Laplacian L is
defined by

n

£==2 (G +1}).

j=1
We write Vg = (X3,...,X,, Y1,...,Y,) and
n
diVH(fl: PARERS 1_f2n) = Z(le; + Y1ﬁ+n)
j=1

We define the Kohn Laplacian Ay by
Au=) (X7 +Y}). @
j=1

On the Heisenberg group, a fundamental solution for the sub Laplacian was studied in
[13]. Similarly, we give a fundamental solution for Ay below. For 0 <7 < 0o and (z,t) € H,
we define 8,(z, t) = (rz, r’t).

Theorem 1.1 A fundamental solution for Ay with source at 0 is given by c,,,d(z, )22,
where

clp=4m+m+1)(1-n- m)/ lz*(d(z,t)* +1) " ?  dzdkt.
H
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For u(z,t) € C°(H), we have

(AHu(z, L), Cnmd(z, t)’Q"z) =u(0,0).

L2(H)

Proof For ¢ > 0, let d;(z,t) = (d(z,£)* + 84)%, similar to [13], by equation (1) and a direct
calculation, we have

And(z,£) % = e7%(81(2,1)), (2)

where

—m-3

o(z,t)=4n+m+1)1-—n- m)|z|2(d(z, H*+ l) =
From this, it follows that, for all u(z, £) € C§°(H),

(AHu(z, t), Cnmd(z, t)_Q+2) = lilré(AHM(Z; £), Cumde (2, t)_Q+2>

12(H) L2(H)

_ 1 -Q+2
= gg%(u(Z; t), Cn,mAHdE(Zr £)~=" >L2(H)

=u(0,0). g

For ¢ > 0, the Green’s function on the half-space on the H-type group is given by

1 1

G(z t,¢€) = — = ) 02 *
(lz1* +16 37 tj2 +16(t, —)?) T (|z|4 +16 7 t2 +16(t, +€)2)° T

2 Result
We give the main results of this paper in this section.

Theorem 2.1 For u € C°(H"), we have

1 |z|?
Vauldzdt > — | 2 |u dzdt
/m' nul*dzdi 2 10 | So-lul”dz

+ W/+d(z,t)‘4lzl2lulzdzdt

~@+2) [ | d(z,)4z 1z, 1y ML g gy

m

The theorems below show us the L” Hardy type inequalities in the half-space on the
H-type group.

Theorem 2.2 Let u € C°(H*) and 1 < p < oo, then

-1\ 71,2
/ |Vuul? dzdt > (p_l) 1_7f |ul?|z| dedt
w p ) alu &

-1\’p-1 1 r
—(’”7) th 2177 lul? dzde. 3)
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Theorem 2.3 Let u € C3°(H*) and 1 < p < 00, then

_ p 2|2
/ \Vuul? dzdt > <’”—1) 13/ P21 ) e
H* p 4 Jyr By

~1\p-1 »
—(p—> L / L= e T 2 P dz i

p 251

We also study the L” Hardy type inequalities in the H-type group.

Theorem 2.4 Let u € Ci°(H) and 1< p < 00, then
p- 2 |ul? 2|
12 - _erer
‘/H |Vyul? dzdt > ( » ) p(Q-2) / T dzdt
—-1\? » P|z| p-1
- (p—> (p-1)(Q-2)PT / NP,
r ( 1
Theorem 2.5 Let u € C°(H) and 1< p < co. Then

/ |Vyul? dz dt
H

p-1\"" |l |z
z(7> L) + ( , ) p(Q- 2)2fmdzdt

L

(-Q+2)p+ £ Q

V4 (-Q+2)(p-1) 1
(” 1) (r-1(Q-2)7 /'”' 1-d LS
p

3 Hardy type inequality
This section is to show the Hardy type inequality in H*.

Page 4 of 10

(4)

(6)

Proof of Theorem 2.1 Let v(z,t) = G(z, t,s)‘%u(z, t). Write t° = (0,...,0,&). We know that

G(0,t%,€) = 00, so we have v(0,£°) = 0 and u(z, t) = G(z, ¢, s)%v(z, t). Then we obtain

v IVHG VHV
+
HE= 2 G v "

and

f | Vuu|* dz dt
H+

4 G?

4 G? e

4 G?

1 |VuG|? 2
:E/m @ |u|? dzdt+—c (Ot) /‘+|VHV| Gdzdt

1 [ VG (VHG, V 2
=_f VuGE 2 dzar + / H HV| |2dzdt+/ 2 dea
H* H*

1 VuG
:—/ VuGP |u| dzdt+/ (VuG, Vyv) dzdt+/ |Vuv|>Gdz dt
H+

1 VuG|?
:_/ ALLCINWEPS dt+2/ (VuG, VHv)dzdt+/ |Vuv|*G dzdt
Ht Ht +
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1 VuG|?
:—f | H2| |u|2dzdt+/ |Vuv|>Gdzdt
H+ G H+

4
1 VuG|?

Z—/ [VitGl |u|? dz dt.
4 H+ G2

Using L'Hospital’s rule, we also have

G(z,t,
lim Gate) 16(Q = 2)t,,d(z,t)" 2
e—=0* &
and
VuG(z t,¢) |2
lim # = (16(Q - 2))*(£| Vud(z, £) @[
e—07%
+2d(z,£)" 1, (Vd(z, )%, Vity)
+(dz0722)? | Vitl?).
Because

1 2n 1 2n 1 2n 1 2n
(m) § : (m) E : (m) § : (m)
V]—[tm = <§ E siLIill yeees E Siui,n , 5 siLIi,l+n,..., 5 Siui,Qn)’
i=1 i=1 i=1 i=1

from this we can see that

1 2n 2 1 2n
(m) (m)
| Vit = ((5 Zsil,[ifl") bt <§Zsiuijf>
i=1 i=1
L 2 L 2\ 2
+ <E Zsiui(jngn) R (E Zszuz(ﬁ) )
i=1 i=1

1
= §|Z|~

2

By a direct calculation, we get

|z|>
d(z,t)?

’VHd(Z, t)|2 =
Thus we have

|Vd(z, ) 22" = (Q +2)%d(z,£) 2% 2P,

1
Vil = Z'Z'z’ 7)

and

(Vid(z,£)" 2%, Vit,) = 2(-Q - 2)d(z, 1) 2 (Z(U(k)z, u<'">z)tk>.

k=1



He and Yin Journal of Inequalities and Applications (2016) 2016:129 Page 6 of 10

Consequently, we have

. VH G(Z) t, 8) ?
lim |[————
&

e—>0%

= (16(Q - 2))2 <(Q +2)%d(z, ) 2|22,

1
+4(-Q - 2)d(z, 1) 28Uz, U Z)e2, + 246G £)2¢ 4z

m-1
+4(-Q-2)d(z, 1) 2" Y (UWy, U(’”)z)tmtk>.
k=1
This finishes the proof of the theorem. 0

4 [P Hardy type inequality

In this section, we are going to consider the L” Hardy type inequalities in H* and H, re-
spectively. Let Q2 be a domain in H. We write o(z, t) = dist((z, £), €2). Similar to [1], we have
the lemma below.

Lemma 4.1 Let u € CP(R), [ €{1,2,3,..}, L<p<oo,s€(-00,lp-1), Fj € C(RQ),j =
1,2,...,2n, F = (F\,Fy,...,Fa,) and w € CH(Q) be a nonnegative weight function. We write
Clp,1,s) = (== L=y, then we have

|VuulPw plul’|Vuol*w
/Q == Y dzdt = Cp.1, )f szdt

plul’ Agpow
—Cpls )/(lp—s— e dedt

divy F
L Cp,l, )/” Z‘V“ pdvu Flul'w 4
_S_

Cp, 1 p_ Ip-s-1 [% V4
-C(p,l,s) lep—5|VHQ_Q F|P T ulPwdzdt

Ip—s-1\/"
+<L> /VHW<F— . 1)|u|pdzdt. ®)
p Q o

Proof Applying Holder’s inequality, we can deduce that

|VaulPw
pp/gziQ(l‘l)p‘s dzait(/Q
p

Jp’/@:ﬂ )(Slgn( NP\ Vaudzdt| .

P
Vho -5 | Pt
p-1)+5-s o rF

p-1
|[ulPwdz dt>
[

On the other hand, by partial integration we get
V,
‘/ ( II:QSM: )(31gn(u)|u|P ") Vuudzdt

Ip—s—1)|Vuo|> A
_ /(((P s : )S| uol” IHQI +diV1-[F>W
Q or- Q’H"

Vuo
+VHW(F lesl>>| |pdzdt

p
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Thus we obtain

VuulPw
Vi |1H—| dzdt
Q Q( ~1)p-s

(p-s—1)|Vuol> Auno .
— -3t divyg F |w
Q o? o?

V »
+VHW(F 7 ))|u|pdzdt
Qp s—1

(1 .

It is clear that '“‘ > pa — (p —1)b for b > 0. Then we have equation (8). O

>

VHo

Ql(p—l)+ S

-p+l
-0 Fepp |u|”wdzdt> .

For F = 0, we have

| VaulPw
Q(l 1)p-s

plul’|Vuol*w
lp s

plul’ Anow
— C(p,l,s)f m dz dt

ddt>C(pl)/ dzdt

b
TulPwdzdt

—C@ls{/ 2L g0l

Ip—s—1\’" [ VawV
_<£_i_> /L&ﬁ:ﬁmwﬂﬁ.
p o o=t

Now, let us discuss the L” Hardy type inequalities in H*. Let /=1, s =0, and w =1, we
have by equation (8)

V4 2
/|Vﬂu|pdzdt <—1> /Mdzdt
Q p Q o’

pIMI”AHQ
dzdt
( ) o (p—1or!

divy Flul?
( ) p NP e
Q p-1
_<1’;1> fp
p Q
For 2 = H*, we have ¢ = £,,. So we get
-1\ 2| Vigt, |2
/ IVHulf’dzdtz<p—) / Pl Vatnl®
H* P - Z

-1\ Auty
(P >/P|14| H_ dzdt
H* (p ne?t
(P l)p pdivy Flul?
H* p—l

p-1 Lil 4
— " 'F|P T ulf dzdt. 9)

dzdt

(
(Pl

-1 P
—> tp |Vt — &7 F| P |ul? dzdt. (10)
V4 H* lm
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Proof of Theorem 2.2 We know that
1
| ViLm| = 5 |z
and
Anty, = 0.
Set F = 0, using equation (10), then we obtain equation (3). d

Proof of Theorem 2.3 Set F = Vyt,,. Since U™ is a 2n x 2n skew-symmetric orthogonal

matrix, we have
n 1 2n n 1 2n
. (m) (m)
divy F = ZX,-E Zs,-uw, + Z Y2 ZSiui’j+"
j=1 i=1 j=1 i=1
n
1
- Z 5 Z 1+n1+n
j=1

=0.
Using equation (10), we have equation (4). O
Now we are going to deal with the L” Hardy type inequalities in H.

Lemma 4.2 Let u € C°(H), [ € {1,2,3,...}, 1< p <00, s € (-00,lp - 1), F; € C'(H), j =
1,2,...,2n, F = (F,F,...,Fy,) and w € C1(H) be a nonnegative weight function. Then we
have

[ VaulPw
/}[Wdzdt

plul?|Vud =22 2w pdivy FlulPw
>C(p, 1, )/ P Q+2)lp . dza,’t+C(Io,l,s)/l{ilp_s_1 dzdt

- Clpb) [ B - (@O A w dz s

Ip-s—1\"" Vud-0%2 )

where C(p,[,s) = (lp;%l)p‘

Proof Similar to Lemma 4.1, we have
|VuaulPw
/H (d-Q2)Dp-s dzdt

plup? | Vuad 2w

> C(p,1,9) /H o 4t
plul And- 22w

n (p =5 = 1)(d @)1

—Cp,1,s) dzdt
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divy F
+ Clp,l, )/p pdva Flul'w 4
lp-s-1

p-1
(d Q+2 Ip—s

p-s-1 - Vyd~2+2 i
' <T> /HVHW<F_W>|MI dzdt.

We know that c,,,,d(z,t)"%*? is a fundamental solution for Ay. So we have

—Clp.s) |Viad "2 — (d-02) 0= |7 |y dz d

|u|? Apd— 22w

d—Q+2)lp—s—l

( dzdt =}, |u(0) [’ w(0)d(0) Q2D — o,
H

For/=1,5=0,and w =1, we have

/|Vﬂu|”dzdt

H
-1 p 2|V -Q+2|2

= (? /plullﬂd Idzdt
p n o (d2p
—1\? i 14
(P )/PleHFluI dzdt
H p-1

<P 1) /(d Q+2)p’v wd-Q? (d7Q+2)p_1F|’%|u|pdzdt‘

Set F = 0, then we get

p-1Y? /pwwﬂd-@ﬂz
VyulPdzdt > | —— ———————dzdt
/H' | —< 7 ) W @y

—_1\? 1 ,
_<pp ) fH(d]feﬂ)p’Vﬂd‘Q*2|P-1|u|szdt,

Proof of Theorem 2.4 1t is obvious that

|z|*
|Vﬂd|2 = ?
So we have

|z|?

|VHd—Q+2|2 _ (Q _ 2)2d2(_Q+1) d2 .

From this together with (14), we get equation (5).

Proof of Theorem 2.5 Let F = Vyd~2*2. Then we have divy F = divy Vyd~?*? =

From equations (13) and (15), it follows that
/ |V]—[l/l|p dzdt

|ul?|2|*
2
( > Q 2) d Q+2p+2Q dzdt

Page 9 of 10

(12)

(13)

(14)

(15)
O

Apd=?+2,
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-1\’ Aud 2 |up
+(”—> /”7“ 4l s ar
p H r-1

L
_(r=2 p(p—l)(Q—z)z%/ LR Qmpl)lp A gt
p H 4 p+ 5 Q ’

which implies that

/ |Vyul? dz dt
H

-1 p-1 2
z(‘%) 7 (O] ( ) p(Q-2y d'ﬂﬂliwdzdt

ul? |1 = Q20D 1

> dzdt.
d(*Q+2) 71Q

-1\* 2
- (”—) (- 1(Q-2"
V4
So we have equation (6). O
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