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Abstract

In this paper, we investigate the value distribution of a meromorphic function and its
derivative concerning small functions in an angular domain and obtain some
inequalities for a meromorphic function in an angular domain, which improve the
previous results.
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1 Introduction and main results

We use C to denote the open complex plane, C (= CU {o0}) to denote the extended com-
plex plane, and © (C C) to denote an angular domain. We will use the fundamental results
and the standard notation of the Nevanlinna value distribution theory of meromorphic
functions [1, 2].

The research on the value distribution of ¢ meromorphic function is very active in the
field of complex analysis; many mathematicians had done a lot of works in this project by
using the Nevanlinna value distribution theory and obtained many famous results, such
as the Picard theorem, Julia direction, Borel theorem, Borel direction, Hayman theorem,
Yang-Zhang theorem, and so on (see [3—12]).

In 1964, Hayman [1] investigated the value distribution of a meromorphic function con-
cerning its derivative in the complex plane and obtained the following well-known theo-

rem,

Theorem 1.1 (Hayman inequality (see [1])) Let f be a transcendental meromorphic func-
tion on the complex plane. Then, for any positive integer k, we have

T(r.f)< <2 + %)N(r,}) + (2 + %)N(r,}ﬁ) + S1(r.f),
where Sy(r,f) is the remainder term satisfying
(i) Si(r.f)=0(ogr) (r — 00) if the order of f (2) is finite;

(i) Si(r,f) = O(log(rT(r,f))) (r —> oo, r & E) if the order of f (2) is infinite, where E is a
set of finite linear measure.
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In 1990, Yang [13] further investigated the above question and established the well-
known Yang Lo inequality, in which the coefficients of the counting functions are more
precise than those of the Hayman inequality.

Theorem 1.2 (see [13]) Let f be a transcendental meromorphic function on the complex
plane. Then, for any € > 0 and positive integer k, we have

1 1 1 1 1
T(r.f) < (1 + %>N<V,j—r) + (1 + %>N<V,1W_1) —N(V»Jm>
+eT(r.f) + Si(r.f),

where Sy(r,f) is as in Theorem 1.1.

Remark 1.1 From Theorem 1.1 we know that the characteristic function T'(r,f) is under
control by only two counting functions, and without the counting function of the deriva-
tive function, we cannot obtain the better conclusion than the former one given in Theo-
rem 1.1. Moreover, in contrast to the above two theorems, the coefficients of the counting
functions in Theorem 1.1 are larger than those in Theorem 1.2.

Recently, there was also interest in studying the value distribution of a meromorphic
function from the whole plane to an angular domain. For example, Zheng studied the
uniqueness problem under the condition that five values and four values are shared in
some angular domain in C around 2003 (see [14-16]); in 2012, Long and Wu [17] stud-
ied the uniqueness of meromorphic functions of infinite order sharing some values in the
Borel direction; in the same year, Zhang et al. [18] further investigated the uniqueness of
meromorphic functions sharing some values in the Borel direction and improved the re-
sults of Long and Wu; in 2013, Zhang [19] also studied the problems of Borel directions of
meromorphic functions concerning shared values and obtained that if two meromorphic
functions of infinite order share three distinct values, then their Borel directions are same;
later, Xu et al. [20] and Xu and Yi [21] investigated the exceptional values in its Borel direc-
tion concerning multiple values and its derivative, and so on. In the discussion of the above
topics, we find that the characteristics of meromorphic functions in the angular domain
played an important role (see [13-15, 22, 23]). So, we first introduce the characteristics of
meromorphic functions in the angular domain.

Let f be a meromorphic function on the angular domain Q(«, ) = {z: o < argz < g}
with 0 < 8 — o < 27. Define

r w . . d
acsr) =2 [ (G - 7 ) loe ) o ) | 5

By 4( — Z_w ’ + LAY _
s (1 f) = — log*|f (re”) | sinw(6 — ) df,

1 by .
Cop(r,f)=2 Z <|bu|’“_ r’;w )s1nw(9,4—a),

1<|by|<r

Soz,ﬂ(r!f) :Aa,ﬂ(rrf) + Ba,ﬁ(r’f) + Ca,ﬂ(r:f) = Du,ﬂ(r:f) + Ca,ﬂ(rzf);

where w = ﬂ”Ta and b, = |b,|e®" (u=1,2,...) are the poles of f on Q(a, B) counted ac-

cording to their multiplicities. Sy g(7,f) is called the Nevanlinna angular characteristic,
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Co,p(r,f) is called the angular counting function of the poles of f on Q(«, B), and Ea,ﬂ (r.f)
is the reduced function of C, g(r,f). Similarly, when a # oo, we will use the notations
Aot,ﬁ(r»j%a)y Ba,ﬂ(r’j%a): Ca,ﬁ(r’ﬁ)y Sa,ﬂ(r;j%a); and so on.

In 1990, Yang [24] extended Theorem 1.1 to an angular domain and obtained the fol-
lowing result.

Theorem 1.3 (see [24]) Let f be a transcendental meromorphic function on the complex

plane, and Q(a, B) be an angular domain. Then, for any positive integer k, we have

1 1 2 1
Sap(r,f) < (2+ %>Ca,5(r,f) + (2 + /()Caﬁ< f ) + Qq,p(r. 1),

(k+1)

)+ 2+ DD ) + Dap (5] + OQ).

where Qqup(r.f) = (2 + k)Da s(r, 7z it 7w

fo

In 2010, Yi et al. [25] extended Theorem 1.2 to an angular domain and obtained the

following result.
Theorem 1.4 (see [25], Theorem 1.7) Let f be a transcendental meromorphic function on

the complex plane, and Q(«, B) = {z: a < argz < B} be an angular domain with0 < f —a <

27. Then, for any € > 0 and positive integer k, we have
Sep(r,f) < (1 + 1)CM; (r, 1) + (1 + 1)Cowg (r, ;>
k f k fo 1
_ ng< f(kln ) +&Sa,p(r.f) + Ry p(r,f).
Throughout, we use Ry g(r, %) to denote the quantity satisfying

R p(r, %) = O(log(rT(r, %)), r¢E,

where E is a set of finite linear measure.
Furthermore, when a, b are two finite complex number, a # b and b # 0, and f satisfies

a /S(rrf)
A tog TGy - T ER @
we have
J
Suplanf) + 345 (0.S0) < T3

To state our main results, we require the following denotation.
Let f(z) be meromorphic function in an angular domain Q(«, 8) := {z: « < argz < 8}

with o < B8, 8 — @ < 2. We denote by £(f) the set of meromorphic functions ¢ satisfying

limsup,_, , % =0, that is,

of) = {go lim sup Sap(1, ) O}. )

r—>+o00 10O g(rT(l’,f))
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In this paper, we further investigate the value distribution of a meromorphic function
and its derivative in an angular domain concerning multiple values and small functions

and obtain some inequalities of meromorphic functions in an angular domain as follows.

Theorem 1.5 Let f be a transcendental meromorphic function on the complex plane C,
Q(o, B) ={z: o <argz < B} be an angular domain with 0 < B—a < 2, and let ay(2), 041 (z) €
L(f) satisfy ao(z) # 1, a1(z) £ 0. Set

¥ (2) = a0 (2)f (2) + a1 (2)f ' (2).

Then

Sep(1,f) <4a,,,3 (r,}) +3Ca,5<r,f 1) + Caﬁ<r, wl 1> + Ry g(r,f). (3)

By applying Theorem 1.5 we can get the following results.

Theorem 1.6 Let [ be a transcendental meromorphic function on the complex plane,
Q(o, B) ={z: a < argz < B} be an angular domain with 0 < 8 —a <27, and let ¢;(z) € £(f),
i=1,2,3, satisfy ¢1(2) # ¢2(2), ¢1(2) # @a2(2), and ¢y(z) # ¢3(2). Then

Sep(r,f) < 460,43 (r,f —1<p1> + 360,,,3 (r,}%@) + a,,,ﬁ <r,}%(p3> +Ryp(r,f). (4)

Furthermore, if f satisfies (1), then

4®a,/3 (¢17f) + 3®a,ﬁ(§02;f) + ®¢1x,f} (g03,f/) <7, (5)
where
@ ( f) 1 1 aa’ﬂ (r’jﬁ) d @k ( f(k)) 1 1 Ea,ﬁ(ryjm)
o, ) =]l—-limsup ————— an . , —1—1limsup ——_J2=¢"
" r_)ﬂ)op a’ﬂ(r’f) ’ Y r—>+oop Sa,ﬂ(l”,f)

for k e N, and ¢ € £(f).

Remark 1.2 If f satisfies (1) and ¢ € £(f), then we have limsup,_, , ., S o Z?) =0. Thus, we
can say that ¢ is a ‘small function’ of a meromorphic function f in an angular domain.

Theorem 1.7 Let f be a transcendental meromorphic function on the complex plane,
Q(a, B) = {z: a < argz < B} be an angular domain with 0 < 8 —«a <27, and let ¢;(z) € £(f),
i =1,2,3, satisfy that ;(z), ¢2(2), v3(2) are different from one another. Then

= 1 — 1 — 1
Sa'ﬂ(}’,f) < Ca'ﬂ (r,m) + Cot,ﬂ <V,m> + Ca'ﬂ (T,m) +Ra'ﬂ(7‘,f), (6)

where
(n72) = 72) sl =3)
o, r! o rr - o, r, .
’ f-o g f-o P f-o

all
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Theorem 1.8 Let f be a transcendental meromorphic function on the complex plane,

Q(a, B) = {z: a < argz < B} be an angular domain with 0 < 8 —«a <27, and let ¢;(z) € £(f),
i=1,2, satisfy ¢)(z) # ¢2(2). Then

= 1 — 1 —
Sa, (r¢f)<ca, (V,—) +Co¢, (r; ) +Ca, (r1f)+Ra, (}",f). (7)
’ =) =) T ’
By applying inequalities (4), (6), and (7) we get the following corollaries.

Corollary 1.1 Under the conditions of Theorem 1.5, let kj € N, U {00}, j = 1,2, 3, satisfy

A 3.2 4 ®)
"k Tk ks
Then

e () (g )es (=)
1- ADSep(rf)<4(1-=)C +3(1-—)Cs |
( 1) ﬂ(rf)<< k1> o % B rf_(pz

1 \=t3-1)

+(1_E>C3 (f/ )+Ra,,3(r,f). 9)

Corollary 1.2 Under the conditions of Theorem 1.6, let k; € N, U {00}, j = 1,2, 3, satisfy

Ay _22— <1. (10)
j=1
Then
2\ =ki-1) 1 ey )( 1 )
1= A)Sap(rf)<(1-=)Cyps (rn—o)+(1-=)C2% (rn—
1= 805050 < (1- ) ”S(f—%) (1-7)e e
+< —)c*‘”( / )+Ra'ﬁ(r,f). (11)
f -
Corollary 1.3 Under the conditions of Theorem 1.7, let kj € N, U {00}, j =1, 2,3, satisfy
A=z 2 (1e 1)L o 12)
=—+—+(1+—)—<1
Tk k) ks
Then
e () ()7 ()
1-A3)Sep(r,f)<|1-—|C, 7, +{1-—|C, vy ——
( s (rf) ( kl) g f-o ko b f-¢
1
(1+k—) (1_—)&35 (rf) + Ry p (1, ). (13)
2

2 Some lemmas

To prove our results, we need the following lemmas.
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Lemma 2.1 (see [22]) Let f be a nonconstant meromorphic function on Q«, B). Then, for

arbitrary complex number a, we have

So.p (hj%é) =So5(r.f) +&(r,a),

where ¢(r,a) = O(1) as r — +00.

Lemma 2.2 (see [22], p.138) Let f be a nonconstant meromorphic function in the whole

complex plane C. Given an angular domain on Q(«, B), for any 1 < r < R, we have

! R [} R 1 + T : R
Aap V,Ji <K{{|- / log” T(r.f) dt +log* JE- log—+1
f r 1 e R-r r

and

o)< el )

where w = ,BJTTa’ and K is a positive constant not depending on r and R.

Remark 2.1 Nevanlinna conjectured that

Dy g (VJ;—:) 1= Aup <V]J;) +Ba,p (rjjf?/) = 0(Su,8(r.f)) (14)

as r tends to +0o outside an exceptional set of finite linear measure, and he proved that
Aa,lg(r,f}—/) +By g1, ff—/) = O(1) when the function f is meromorphic in C and has finite order.
In 1974, Gol'dberg [26] constructed a counterexample to show that (14) is not valid.

Remark 2.2 From [15, 22, 26] we get the following conclusion:

! 0(1), is of finite order,
De,p (r,ji) - Ra,ﬁ(r,f) = W f . . .
f O(log(rT(r,f)), r&E, fisofinfinite order,

where Ry 4(r,f) is as in Theorem 1.4, and E is a set of finite linear measure.

Remark 2.3 From the definition of A, g(r,f), Bag(r,f), Cup(r,f), Sap(r,f) and Lem-
mas 2.1-2.2 we can see that the properties of C, (r,f), (A + B)op(r.f), and S, g(r,f) are
the same as for the more familiar quantities N(r,f), m(r,f), and T(r,f), respectively.

Lemma 2.3 (see [27]) Let fi(2), f2(z) be two meromorphic functions in the whole plane C,
and Q(«, B) = {z: o < argz < B} be an angular domain with 0 < B —a < 25. Then

1 1 1
Cop(r, fif2) = Cap (r’f_lfz) = Cop(rfi) + Cop(r, f2) = Cap (r,fl) —Cup (r,]72> +0(1).

Lemma 2.4 Let f(z) be meromorphic function in the whole plane C satisfying f(0) #
0,1,00,f(0) #0, and Qc, B) = {z: @ < argz < B} be an angular domain with0 <  —a <
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2. Then

Se8(1,f) §6a,,g(r,f) +Ea,ﬂ (r,fl) +Ea,,g< ) + Ry p(r, ).

1
f-1
Proof Since% =1 —j% . ff;,l, we have

o)) 5 e

From Lemmas 2.1 and 2.3 we have

1 1 1 1
Daﬂ (r,f> = Sa,/g <i’,f) - Coz,ﬂ (r,}—() —Sa’ﬂ(l",f) — Cayﬂ (r,};) + O(l)

and
ot 7)) o) ) o
() oo+ o)

= Cop(r,f) = Cyp (r,%) +0(1).

Then, from (16)-(18) we have

Sap(r.f) < Cop (r,}) +Cyp (r,f 1) + Cop (r,f/) — Cyp(r,f)

—Caup (r,%,) +Dq g (r,f{—/) +Dq g (r,f{/1> +0(1)
< Cop(rf) + Cup (r,}) +Cup (r,f 1) - Cg,ﬁ(r)

+Dyp (r,];) +Dq g (r’ff/l) +0(1).

Hence, it follows from (19) and Lemma 2.2 that

Sa8(1,f) < Cop(r.f) + Cop (r,}() +Cop (r,f 1) - Cglﬂ(r) +Rup(1,f),

where C) 5(r) =2Co p(r,f) = Cop(r, ’)+Co,,3(r,l,)

Page 7 of 14

(15)

(16)

17)

(18)

(19)

(20)

Now, we will estimate C° ﬂ(r) If zy is a pole of f of order k in €, then z; is a pole of f/ of

order k + 1 in 2; if zg is a zero of f of order k, then z, is a zero of f" of order k — 1 in Q.

Thus, we have

1 1
Cop(rf) + Cop (r,];) +Ca/3<i",f 1) —Cg,ﬂ('”)

gfa,ﬂ(r,f)+fa,ﬂ<r,})+Caﬂ<r,f 1)

From this inequality and (20) we easily get (15).
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Lemma 2.5 Forall a,b € C, we have

|a® —ab| > %(W — |B?).

Proof 1If |a| < |b|, then the inequality is obvious.
If |a| > |b|, then we have

1 1
| = ab| = |al’ ~ |ab| = |af* = ~ (lal” + |b*) = 2 (lal* - 1b%).

This completes the proof of Lemma 2.5.

3 Proof of Theorem 1.5
Set

B 1-y _l—aof—a]f/_ 1 i_l f_/
PO B ™ Pl-a0) _1—010|sz f(““"“f)]'

Then we have

/

Soz,ﬂ(r: F) < SSot,ﬂ(r»f) + ZSa,ﬂ(V: OlO) + Sot,ﬂ(ry 051) + Da,ﬂ (rr-?) + O(l);

and from Lemma 2.2 and «g, «; € £(f) it follows that

Ra'ﬁ(r,F) = Ra,ﬂ (}",f).

By Lemma 2.5 we have

/

2Dy p (r, }) < 3[Da,p(r; a0) + Do g(r,01)] + 2Dg (r]%) + Dy p(r, F) + O(1)

= Dayﬁ(r,F) + Ra,,B (r’f)'

Since % =1- FF_,I . %, it follows by Lemma 2.4 that

_ _ 1 — 1
Se,p(r F) < Cop(r,F) + Cop <r, F) +Cqp (r, ﬁ> + Ry (1, F),

that is,

D (’ F)<C r, — +C — —Cl ( F)+R ( F)
a,p\I =%Vapl\ ap\ 7’ r, a,g\1, L),
’ ) E , F—1 a,p )

where Cé,ﬁ(r, F)=Cyp(r,F) - 6a,ﬂ(r, F). Thus, it follows from (21)-(23) that

1 1({= 1 — 1
Sa,ﬁ(r,f) < Ca,f} <r,f) + 5 |:Ca,ﬂ <Y’, F) + Ca,f} <I’, F—l) - C;”B(V,F)]
+ Ry p(r,f).

Page 8 of 14

(21)

(22)

(23)

(24)
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We consider three cases to estimate Caﬂ(r, F) Caﬂ(r, o 1) c! ﬁ(r,F) in (24), respec-
tively.

Case 1. Ea,,g(r, %).

From the definition of F(z) we find that the zero of F(z) comes from the zero of ¥ —1,
or the pole of f, or the pole of «g. Then

Ea,,s (r, %) < Ca,s(r, 1/11— ) + Caﬁ(rf) + Ca,s(r,ao) (25)

Since Co,(r,f) = Coog(rf) + Co 5(r.f), by Lemma 2.4 we have

Ef,ﬁ(nf) < Cl4(rf) < Cup <r}> +Cup (r,f 1) + Ry g (1, f). (26)

If zy is a pole of f of order 1 in €2, and not the zero of «g, ap — 1, the pole of oy, and also
not the zero and pole of «;, then we have

ao(z)=ﬂ0+b0(z—zo)p0+"' (a() #Oxlibo #in()zl)y

@) =ar+bi(z—z)* +--+ (@1 #0,b1 #0,p; > 1),

f(2) =

+b(z—zo)P +--- (a#0,b#0,p>0).
Z—2p

Substituting all this into F(z), we get

ay

F) = a(l —ag)

which shows that z; is not a zero and a pole of F(z) in Q.
If zo is a pole of f of order 1 in 2 and a zero of anyone of o, g — 1, and 5 O 20 isa
zero of anyone of o; and then zo maybe one zero of F(z). Thus, we have

_ 1 1 1
Ca,ﬁ(r7f><caﬂ(r7w__ )+Caﬂ(rf)+Ca,3(r,(x0)+Ca,s(r, 0_1)

Coslr L)+ stran) + Cos(r,
+ Cqy r, — + Cy r,op) + Cy r, —
B o B 1 B o

< Ea,ﬁ <V, lﬁl—l> +Ea,ﬂ (l‘,}) + Caﬂ(r,f 1) +Ra,ﬂ(r,f). (27)

Case 2. ay,f;(r, ﬁ). Set

S 1—f%) —agf A —f) —ayf’
f-1 S =D - o) ’

F=(F-1)-

ThenF-1=F, - J% It follows that the zero of F — 1 comes from the zero of F; or the zero

of f —1, that is,

c Lo (rnt):c !
o vy /—— = o vy — + o ry ——
P\ F-1 "\ R P\

1 — 1
scw; F,E +Cot,/3 r’f—l . (28)
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Since

1 1 f f 1
Fl_l—ao[_l_f +Ol()+0ll<7—f_1)i|.—l_a0F2,

it follows that

Da,ﬂ (7’, Pl) < Da,ﬁ (V,}) + Ra,ﬂ (rtf)r (29)

1
Ca,ﬂ(V;Fl) < Ca,ﬁ(V;FZ) + Ca,ﬁ (rr o 1) = Ca,ﬁ(r;FZ) + Ra,ﬁ(r:f)' (30)
0—

From the definitions of F;, F, by Lemma 2.1 we have

1 — 1 — 1
Cop(r, Fy) < Cop(r,ag) + Cop(r,on) + Cop (r, —) +Cap (r, —) +Cop (r,f—l)

f f
<C (r l>+6 (r l>+6 (r L>+R (r,f) (31)
= Lo,B rf a,B »f a,B ’f—l a,B\F,
and
Ca,,B (r, %) < Sa’ﬁ (}", %1) = Da‘ﬁ(}",Fl) + Ca,,g(r',Fl) + O(l) (32)

Thus, it follows from (28)-(32) that

_ 1 — 1 — 1
Cop (r, Fo 1) <Sup(r.f)+ Cop (r,}) +2Cqp (r,JTl) + Ry g(r,f). (33)

Case 3. —C;]ﬁ(r, F).If zj is a pole of f of order k > 2, then from the definition of F(z) we
see that the pole of F(z) only occurs at the pole of o;.

If z; is a zero of f of order k > 2 and not the pole of «g, a1, then we get that z; is a pole of
F(z) of order > 2k; if z; is a pole of g of order sy > 0 or a pole of ¢ of order s; > 0, then
we have

max{2k — sg, k, k +1—so + 51} > 2k — 59 — 51.

Let C;’yﬁ(r, F) be a part of C,4(r, F) corresponding to the zero and pole of f of order
k > 2, Then we have

CL4(r,F) > Ch 4(r, F)

1 — 1
> 2C¢(¥2’ﬁ <V;f) - C((Yz,ﬂ (r,i) - Ca,ﬂ (V, Ol()) - Ca,ﬁ(rr al) + Ca,ﬂ(rx al)

> 2Cq8 <r,}) - Cx,ﬁ (r,}) - 627,3 <r,}) + Ry p(r,f),

that is,

- ;,5(;",1-") <—2Cyup <r,}c> +Cop (r,}) + Ci),,s (r,}) + Ry g(r,f). (34)
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Then, substituting (27), (33), and (34) into (24), we have

Sa,p(r,f) < C (r1>+l|:6 (ri)+€ <r1)+C (r 1 )
a,B\I, o,B rf 2 ap\ " 1// _1 B ’f o,B ’f 1
) ) )

+Cop (r,}{) + Ci),ﬁ (r,}{):| + Ry p(r,f),

that is,

_ 1 1 1
Sap(1,f) <3Cqp (r,];) + 3Ca,3 <r,f 1) + Cop (r, ﬁ) + Ci),ﬂ (r,;) + Ry p(r,f),

and since C ﬁ(r,f) < C, 5(r,f) thus it follows that

— 1 1
Sa,ﬁ(r,f) <4~Ca,ﬂ (l",j) +3Ca/3<r,f 1) Ca,,g <}”, ﬁ) +Ra7,3(}",f).

This completes the proof of Theorem 1.5.

4 Proofs of Theorem 1.6 and Corollary 1.1
4.1 The proof of Theorem 1.6
Let

w-22"9 o= 220 Flo-1—#

903—‘/’1 ¢3—¢1 902—901'

Then

f-

Y(z) = aoF + o F = -
@3 — @1

Since ¢; € £(f), i = 1,2,3, it follows that «g, 1 € £(f) and

aﬁ(rf)<Sa/3(r7 +Raﬁ(rif):

F)
E0(,;‘3( > ( f ) + Ra,ﬂ (r,f),
— — 1
Cd,/g(l", m) < Ca,,g <r,f—(p2) +Rd,,3(r,f),

— 1 — 1
Ca,ﬂ (7’, ﬁ) < Cayﬁ (V,m) + Rayﬁ(}",f).

Then, from this and from Theorem 1.5 we easily get (4). Furthermore, if f satisfies (1), then

limsup,_, , S"g :; = 0. Thus, we can easily get (5) from (4).

This completes the proof of Theorem 1.6.
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4.2 The proof of Corollary 1.1
For ¢ € £(f) and any positive integer kK > 2, we have

Cus (r, ff w) < (1 - %)65,‘,3” (n ﬁ) ¢ 2Suplf) + Raplrf (35)
culerty) -

) )

<(-0)e ) ase sy

< (1-3)83 (r 7 )+ £+ Rustr (36)

Hence, it follows from (4), (35), and (36) that

1\ —=k-1) 1 1 \—=kp-1) 1
1-A1)S, 5(r, 4{1-—|C A 3(1-—|C ,——
( WSap(rf) < ( k1> P <rf—<ﬂ1> * < kz) P <rf—<ﬂ2)

1 —/(3—1)( 1 )
+{1-—|C, r,—— | + Ry g(r,f).
( k3> P - ot

This completes the proof of Corollary 1.1.

5 Proofs of Theorems 1.7, 1.8 and Corollaries 1.2, 1.3
5.1 The proof of Theorem 1.7
Since f — ¢y = (f' - (pl)f = and @; € £(f), by Lemmas 2.1-2.3 we have

Do (r,f = @1) < Dap(r.f - ‘P1)+Daﬂ<”’}f_(pl) o)
< , rf“/’] _ rf—ﬁl)l
Paslef'- ‘”1)+C”'3<’f <o1> C“'ﬂ<'f’—¢>’>

1
+ Dy (N} ‘”/) o)

%

1 1
< Sealrf =)+ Con (r 7 ) ~Can ()
— Ca,/s(ryf -+ Ra,ﬁ(r’f)’

that is,

Sa”g(r,f) §Sa,,3( f) +Ca,g(r,f 1g0 ) Ca,,g<r,']%¢{> +Ra”3(r,f). (37)

On the other hand, letting

f'-o1 ¢s-¢

F3: -
f—o2 @3-




Xu et al. Journal of Inequalities and Applications (2016) 2016:128

it follows that Ry g(r, F3) = Ry g(,f) and

Soz,ﬂ (r’f,) =< Sa,ﬁ (I’, F3) + Ra,ﬂ(r»f)’

Ea,ﬁ( ;3><E (f’ )"’R(aﬂrf)

) + Ry p(r.f),

— 1 — 1
Ca, r, =< Coz, ry —— +Ra' (7‘, )
ﬂ( F3—1> ﬂ( f'—<P3> o]

Then, from these inequalities and from (37) by applying Lemma 2.4 for F; we have

Suste) <o) = Con 2 ) s ()
— 1 — 1
+ Ca,ﬁ(}",m) + Cﬂhﬂ <V,fT¢3) +Ra,,3(}",f)

— 1 _ 1 — 1
<Coplm +Coplr,=——— ) +Coplr,=—— )+ Rop(r,f).
ﬁ( f‘%) ﬁ( f/—<P2> ﬁ( f'—¢3> g

This completes the proof of Theorem 1.7.

5.2 The proof of Theorem 1.8
Using the same argument as in Theorem 1.7 and letting F;3 = j:, , we easily get the con-

clusions of Theorem 1.8.

5.3 Proofs of Corollaries 1.2 and 1.3
For ¢ € £(f) and any positive integer k > 2, we have

Ea,ﬂ(}",f) (1 — %)62??(;3]”) + %Sa,ﬂ(i",f),

Cun (it ) = (171 ) (2, ) # 1500l Rustr,

Cun(n ) = (1-3)T 7 (7 )+ 3501+ R,

o (DR ) ) e
< (1-1)83 (7 )+ £ + Rustr

Applying these inequalities and Theorems 1.7 and 1.8, we easily prove Corollaries 1.2
and 1.3.
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