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Abstract
In this paper, we investigate the value distribution of a meromorphic function and its
derivative concerning small functions in an angular domain and obtain some
inequalities for a meromorphic function in an angular domain, which improve the
previous results.
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1 Introduction and main results
We use C to denote the open complex plane, ̂C (= C∪ {∞}) to denote the extended com-
plex plane, and � (⊂C) to denote an angular domain. We will use the fundamental results
and the standard notation of the Nevanlinna value distribution theory of meromorphic
functions [, ].

The research on the value distribution of q meromorphic function is very active in the
field of complex analysis; many mathematicians had done a lot of works in this project by
using the Nevanlinna value distribution theory and obtained many famous results, such
as the Picard theorem, Julia direction, Borel theorem, Borel direction, Hayman theorem,
Yang-Zhang theorem, and so on (see [–]).

In , Hayman [] investigated the value distribution of a meromorphic function con-
cerning its derivative in the complex plane and obtained the following well-known theo-
rem,

Theorem . (Hayman inequality (see [])) Let f be a transcendental meromorphic func-
tion on the complex plane. Then, for any positive integer k, we have

T(r, f ) <
(

 +

k

)

N
(

r,

f

)

+
(

 +

k

)

N
(

r,


f (k) – 

)

+ S(r, f ),

where S(r, f ) is the remainder term satisfying
(i) S(r, f ) = O(log r) (r → ∞) if the order of f (z) is finite;

(ii) S(r, f ) = O(log(rT(r, f ))) (r → ∞, r /∈ E) if the order of f (z) is infinite, where E is a
set of finite linear measure.
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In , Yang [] further investigated the above question and established the well-
known Yang Lo inequality, in which the coefficients of the counting functions are more
precise than those of the Hayman inequality.

Theorem . (see []) Let f be a transcendental meromorphic function on the complex
plane. Then, for any ε >  and positive integer k, we have

T(r, f ) <
(

 +

k

)

N
(

r,

f

)

+
(

 +

k

)

N
(

r,


f (k) – 

)

– N
(

r,


f (k+)

)

+ εT(r, f ) + S(r, f ),

where S(r, f ) is as in Theorem ..

Remark . From Theorem . we know that the characteristic function T(r, f ) is under
control by only two counting functions, and without the counting function of the deriva-
tive function, we cannot obtain the better conclusion than the former one given in Theo-
rem .. Moreover, in contrast to the above two theorems, the coefficients of the counting
functions in Theorem . are larger than those in Theorem ..

Recently, there was also interest in studying the value distribution of a meromorphic
function from the whole plane to an angular domain. For example, Zheng studied the
uniqueness problem under the condition that five values and four values are shared in
some angular domain in C around  (see [–]); in , Long and Wu [] stud-
ied the uniqueness of meromorphic functions of infinite order sharing some values in the
Borel direction; in the same year, Zhang et al. [] further investigated the uniqueness of
meromorphic functions sharing some values in the Borel direction and improved the re-
sults of Long and Wu; in , Zhang [] also studied the problems of Borel directions of
meromorphic functions concerning shared values and obtained that if two meromorphic
functions of infinite order share three distinct values, then their Borel directions are same;
later, Xu et al. [] and Xu and Yi [] investigated the exceptional values in its Borel direc-
tion concerning multiple values and its derivative, and so on. In the discussion of the above
topics, we find that the characteristics of meromorphic functions in the angular domain
played an important role (see [–, , ]). So, we first introduce the characteristics of
meromorphic functions in the angular domain.

Let f be a meromorphic function on the angular domain �(α,β) = {z : α < arg z < β}
with  < β – α ≤ π . Define

Aα,β (r, f ) =
ω

π

∫ r



(


tω

–
tω

rω

)

{

log+∣

∣f
(

teiα)∣

∣ + log+∣

∣f
(

teiβ)∣

∣

}dt
t

,

Bα,β (r, f ) =
ω

πrω

∫ β

α

log+∣

∣f
(

reiθ )∣
∣ sinω(θ – α) dθ ,

Cα,β (r, f ) = 
∑

<|bμ|<r

(


|bμ|ω –

|bμ|ω
rω

)

sinω(θμ – α),

Sα,β (r, f ) = Aα,β (r, f ) + Bα,β(r, f ) + Cα,β(r, f ) = Dα,β(r, f ) + Cα,β(r, f ),

where ω = π
β–α

and bμ = |bμ|eiθμ (μ = , , . . .) are the poles of f on �(α,β) counted ac-
cording to their multiplicities. Sα,β(r, f ) is called the Nevanlinna angular characteristic,
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Cα,β (r, f ) is called the angular counting function of the poles of f on �(α,β), and Cα,β (r, f )
is the reduced function of Cα,β (r, f ). Similarly, when a �= ∞, we will use the notations
Aα,β (r, 

f –a ), Bα,β (r, 
f –a ), Cα,β (r, 

f –a ), Sα,β(r, 
f –a ), and so on.

In , Yang [] extended Theorem . to an angular domain and obtained the fol-
lowing result.

Theorem . (see []) Let f be a transcendental meromorphic function on the complex
plane, and �(α,β) be an angular domain. Then, for any positive integer k, we have

Sα,β (r, f ) ≤
(

 +

k

)

Cα,β

(

r,

f

)

+
(

 +

k

)

Cα,β

(

r,


f (k) – 

)

+ Qα,β (r, f ),

where Qα,β (r, f ) = ( + 
k )Dα,β(r, f (k+)

f (k)– ) + ( + 
k )[Dα,β(r, f (k+)

f (k) ) + Dα,β (r, f (k)

f )] + O().

In , Yi et al. [] extended Theorem . to an angular domain and obtained the
following result.

Theorem . (see [], Theorem .) Let f be a transcendental meromorphic function on
the complex plane, and �(α,β) = {z : α < arg z < β} be an angular domain with  < β – α ≤
π . Then, for any ε >  and positive integer k, we have

Sα,β (r, f ) <
(

 +

k

)

Cα,β

(

r,

f

)

+
(

 +

k

)

Cα,β

(

r,


f (k) – 

)

– Cα,β

(

r,


f (k+)

)

+ εSα,β (r, f ) + Rα,β(r, f ).

Throughout, we use Rα,β (r,∗) to denote the quantity satisfying

Rα,β (r,∗) = O
(

log
(

rT(r,∗)
))

, r /∈ E,

where E is a set of finite linear measure.
Furthermore, when a, b are two finite complex number, a �= b and b �= , and f satisfies

lim
r→∞

Sα,β (r, f )
log(rT(r, f ))

= ∞ (r /∈ E), ()

we have

δα,β (a, f ) + δk
α,β

(

b, f (k)) ≤ k + 
k + 

.

To state our main results, we require the following denotation.
Let f (z) be meromorphic function in an angular domain �(α,β) := {z : α ≤ arg z ≤ β}

with α < β ,β – α < π . We denote by 
(f ) the set of meromorphic functions ϕ satisfying
lim supr→+∞

Sα,β (r,ϕ)
log(rT(r,f )) = , that is,


(f ) :=
{

ϕ : lim sup
r→+∞

Sα,β (r,ϕ)
log(rT(r, f ))

= 
}

. ()
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In this paper, we further investigate the value distribution of a meromorphic function
and its derivative in an angular domain concerning multiple values and small functions
and obtain some inequalities of meromorphic functions in an angular domain as follows.

Theorem . Let f be a transcendental meromorphic function on the complex plane C,
�(α,β) = {z : α < arg z < β} be an angular domain with  < β –α ≤ π , and let α(z),α(z) ∈

(f ) satisfy α(z) �≡ , α(z) �≡ . Set

ψ(z) = α(z)f (z) + α(z)f ′(z).

Then

Sα,β (r, f ) < Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Cα,β

(

r,


ψ – 

)

+ Rα,β (r, f ). ()

By applying Theorem . we can get the following results.

Theorem . Let f be a transcendental meromorphic function on the complex plane,
�(α,β) = {z : α < arg z < β} be an angular domain with  < β – α ≤ π , and let ϕi(z) ∈ 
(f ),
i = , , , satisfy ϕ(z) �≡ ϕ(z), ϕ′

(z) �≡ ϕ(z), and ϕ′
(z) �≡ ϕ(z). Then

Sα,β (r, f ) < Cα,β

(

r,


f – ϕ

)

+ Cα,β

(

r,


f – ϕ

)

+ Cα,β

(

r,


f ′ – ϕ

)

+ Rα,β(r, f ). ()

Furthermore, if f satisfies (), then


α,β (ϕ, f ) + 
α,β (ϕ, f ) + 

α,β

(

ϕ, f ′) < , ()

where


α,β (ϕ, f ) =  – lim sup
r→+∞

Cα,β (r, 
f –ϕ

)
Sα,β (r, f )

and 
k
α,β

(

ϕ, f (k)) =  – lim sup
r→+∞

Cα,β (r, 
f (k)–ϕ

)

Sα,β(r, f )

for k ∈N+ and ϕ ∈ 
(f ).

Remark . If f satisfies () and ϕ ∈ 
(f ), then we have lim supr→+∞
Sα,β (r,ϕ)
Sα,β (r,f ) = . Thus, we

can say that ϕ is a ‘small function’ of a meromorphic function f in an angular domain.

Theorem . Let f be a transcendental meromorphic function on the complex plane,
�(α,β) = {z : α < arg z < β} be an angular domain with  < β – α ≤ π , and let ϕi(z) ∈ 
(f ),
i = , , , satisfy that ϕ′

(z), ϕ(z), ϕ(z) are different from one another. Then

Sα,β (r, f ) < Cα,β

(

r,


f – ϕ

)

+ Cα,β

(

r,


f ′ – ϕ

)

+ Cα,β

(

r,


f ′ – ϕ

)

+ Rα,β (r, f ), ()

where

Cα,β

(

r,


f – ϕ

)

= Cα,β

(

r,


f – ϕ

)

– C)
α,β

(

r,


f – ϕ

)

.
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Theorem . Let f be a transcendental meromorphic function on the complex plane,
�(α,β) = {z : α < arg z < β} be an angular domain with  < β – α ≤ π , and let ϕi(z) ∈ 
(f ),
i = , , satisfy ϕ′

(z) �≡ ϕ(z). Then

Sα,β (r, f ) < Cα,β

(

r,


f – ϕ

)

+ Cα,β

(

r,


f ′ – ϕ

)

+ Cα,β (r, f ) + Rα,β (r, f ). ()

By applying inequalities (), (), and () we get the following corollaries.

Corollary . Under the conditions of Theorem ., let kj ∈N+ ∪ {∞}, j = , , , satisfy

� :=

k

+

k

+

k

< . ()

Then

( – �)Sα,β(r, f ) < 
(

 –

k

)

Ck–)
α,β

(

r,


f – ϕ

)

+ 
(

 –

k

)

Ck–)
α,β

(

r,


f – ϕ

)

+
(

 –

k

)

Ck–)
α,β

(

r,


f ′ – ϕ

)

+ Rα,β(r, f ). ()

Corollary . Under the conditions of Theorem ., let kj ∈N+ ∪ {∞}, j = , , , satisfy

� := 


∑

j=


kj

< . ()

Then

( – �)Sα,β (r, f ) <
(

 –

k

)

C
k–)
α,β

(

r,


f – ϕ

)

+
(

 –

k

)

Ck–)
α,β

(

r,


f – ϕ

)

+
(

 –

k

)

Ck–)
α,β

(

r,


f ′ – ϕ

)

+ Rα,β(r, f ). ()

Corollary . Under the conditions of Theorem ., let kj ∈N+ ∪ {∞}, j = , , , satisfy

� :=

k

+

k

+
(

 +

k

)


k

< . ()

Then

( – �)Sα,β(r, f ) <
(

 –

k

)

Ck–)
α,β

(

r,


f – ϕ

)

+
(

 –

k

)

Ck–)
α,β

(

r,


f – ϕ

)

+
(

 +

k

)(

 –

k

)

Ck–)
α,β (r, f ) + Rα,β (r, f ). ()

2 Some lemmas
To prove our results, we need the following lemmas.
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Lemma . (see []) Let f be a nonconstant meromorphic function on �(α,β). Then, for
arbitrary complex number a, we have

Sα,β

(

r,


f – a

)

= Sα,β (r, f ) + ε(r, a),

where ε(r, a) = O() as r → +∞.

Lemma . (see [], p.) Let f be a nonconstant meromorphic function in the whole
complex plane C. Given an angular domain on �(α,β), for any  ≤ r < R, we have

Aα,β

(

r,
f ′

f

)

≤ K
{(

R
r

)ω ∫ R



log+ T(r, f )
t+ω

dt + log+ r
R – r

+ log
R
r

+ 
}

and

Bα,β

(

r,
f ′

f

)

≤ ω

rω
m

(

r,
f ′

f

)

,

where ω = π
β–α

, and K is a positive constant not depending on r and R.

Remark . Nevanlinna conjectured that

Dα,β

(

r,
f ′

f

)

:= Aα,β

(

r,
f ′

f

)

+ Bα,β

(

r,
f ′

f

)

= o
(

Sα,β (r, f )
)

()

as r tends to +∞ outside an exceptional set of finite linear measure, and he proved that
Aα,β (r, f ′

f )+Bα,β(r, f ′
f ) = O() when the function f is meromorphic in C and has finite order.

In , Gol’dberg [] constructed a counterexample to show that () is not valid.

Remark . From [, , ] we get the following conclusion:

Dα,β

(

r,
f ′

f

)

= Rα,β(r, f ) =

{

O(), f is of finite order,
O(log(rT(r, f )), r /∈ E, f is of infinite order,

where Rα,β(r, f ) is as in Theorem ., and E is a set of finite linear measure.

Remark . From the definition of Aα,β (r, f ), Bα,β (r, f ), Cα,β (r, f ), Sα,β(r, f ) and Lem-
mas .-. we can see that the properties of Cα,β (r, f ), (A + B)α,β(r, f ), and Sα,β(r, f ) are
the same as for the more familiar quantities N(r, f ), m(r, f ), and T(r, f ), respectively.

Lemma . (see []) Let f(z), f(z) be two meromorphic functions in the whole plane C,
and �(α,β) = {z : α < arg z < β} be an angular domain with  < β – α ≤ π . Then

Cα,β (r, ff) – Cα,β

(

r,


ff

)

= Cα,β (r, f) + Cα,β (r, f) – Cα,β

(

r,

f

)

– Cα,β

(

r,

f

)

+ O().

Lemma . Let f (z) be meromorphic function in the whole plane C satisfying f () �=
, ,∞, f ′() �= , and �(α,β) = {z : α < arg z < β} be an angular domain with  < β – α ≤
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π . Then

Sα,β (r, f ) ≤ Cα,β (r, f ) + Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Rα,β(r, f ). ()

Proof Since 
f =  – f ′

f · f –
f ′ , we have

Dα,β

(

r,

f

)

≤ Dα,β

(

r,
f ′

f

)

+ Dα,β

(

r,
f – 

f ′

)

+ O(). ()

From Lemmas . and . we have

Dα,β

(

r,

f

)

= Sα,β

(

r,

f

)

– Cα,β

(

r,

f

)

– Sα,β(r, f ) – Cα,β

(

r,

f

)

+ O() ()

and

Dα,β

(

r,
f – 

f ′

)

= Dα,β

(

r,
f ′

f – 

)

+ Cα,β

(

r,
f ′

f – 

)

– Cα,β

(

r,
f – 

f ′

)

+ O()

= Dα,β

(

r,
f – 

f ′

)

+ Cα,β
(

r, f ′) + Cα,β

(

r,


f – 

)

– Cα,β(r, f ) – Cα,β

(

r,

f ′

)

+ O(). ()

Then, from ()-() we have

Sα,β (r, f ) ≤ Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Cα,β
(

r, f ′) – Cα,β (r, f )

– Cα,β

(

r,

f ′

)

+ Dα,β

(

r,
f ′

f

)

+ Dα,β

(

r,
f ′

f – 

)

+ O()

≤ Cα,β (r, f ) + Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

– C
α,β (r)

+ Dα,β

(

r,
f ′

f

)

+ Dα,β

(

r,
f ′

f – 

)

+ O(). ()

Hence, it follows from () and Lemma . that

Sα,β (r, f ) ≤ Cα,β (r, f ) + Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

– C
α,β (r) + Rα,β(r, f ), ()

where C
α,β (r) = Cα,β (r, f ) – Cα,β (r, f ′) + Cα,β (r, 

f ′ ).
Now, we will estimate C

α,β (r). If z is a pole of f of order k in �, then z is a pole of f of
order k +  in �; if z is a zero of f of order k, then z is a zero of f ′ of order k –  in �.
Thus, we have

Cα,β (r, f ) + Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

– C
α,β (r)

≤ Cα,β (r, f ) + Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

.

From this inequality and () we easily get (). �
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Lemma . For all a, b ∈C, we have

∣

∣a – ab
∣

∣ ≥ 

(|a| – |b|).

Proof If |a| ≤ |b|, then the inequality is obvious.
If |a| > |b|, then we have

∣

∣a – ab
∣

∣ ≥ |a| – |ab| ≥ |a| –


(|a| + |b|) =



(|a| – |b|).

This completes the proof of Lemma .. �

3 Proof of Theorem 1.5
Set

F(z) =
 – ψ

f ( – α)
=

 – αf – αf ′

f ( – α)
=


 – α

[


f  –


f

(

α + α
f ′

f

)]

.

Then we have

Sα,β (r, F) ≤ Sα,β (r, f ) + Sα,β(r,α) + Sα,β(r,α) + Dα,β

(

r,
f ′

f

)

+ O(),

and from Lemma . and α,α ∈ 
(f ) it follows that

Rα,β (r, F) = Rα,β(r, f ). ()

By Lemma . we have

Dα,β

(

r,

f

)

≤ 
[

Dα,β (r,α) + Dα,β(r,α)
]

+ Dα,β

(

r,
f ′

f

)

+ Dα,β (r, F) + O()

= Dα,β (r, F) + Rα,β (r, f ). ()

Since 
F =  – F–

F ′ · F ′
F , it follows by Lemma . that

Sα,β (r, F) ≤ Cα,β (r, F) + Cα,β

(

r,

F

)

+ Cα,β

(

r,


F – 

)

+ Rα,β(r, F),

that is,

Dα,β (r, F) ≤ Cα,β

(

r,

F

)

+ Cα,β

(

r,


F – 

)

– C
α,β (r, F) + Rα,β (r, F), ()

where C
α,β (r, F) = Cα,β (r, F) – Cα,β (r, F). Thus, it follows from ()-() that

Sα,β (r, f ) ≤ Cα,β

(

r,

f

)

+



[

Cα,β

(

r,

F

)

+ Cα,β

(

r,


F – 

)

– C
α,β (r, F)

]

+ Rα,β(r, f ). ()
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We consider three cases to estimate Cα,β (r, 
F ), Cα,β(r, 

F– ), C
α,β(r, F) in (), respec-

tively.
Case . Cα,β (r, 

F ).
From the definition of F(z) we find that the zero of F(z) comes from the zero of ψ – ,

or the pole of f , or the pole of α. Then

Cα,β

(

r,

F

)

≤ Cα,β

(

r,


ψ – 

)

+ Cα,β (r, f ) + Cα,β (r,α). ()

Since Cα,β (r, f ) = C(
α,β (r, f ) + C)

α,β (r, f ), by Lemma . we have

C(
α,β (r, f ) ≤ C

α,β(r, f ) ≤ Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Rα,β(r, f ). ()

If z is a pole of f of order  in �, and not the zero of α, α – , the pole of α, and also
not the zero and pole of α, then we have

α(z) = a + b(z – z)p + · · · (a �= , , b �= , p ≥ ),

α(z) = a + b(z – z)p + · · · (a �= , b �= , p ≥ ),

f (z) =
a

z – z
+ b(z – z)p + · · · (a �= , b �= , p ≥ ).

Substituting all this into F(z), we get

F(z) =
a

a( – a)
+ · · · ,

which shows that z is not a zero and a pole of F(z) in �.
If z is a pole of f of order  in � and a zero of anyone of α, α – , and 

α
, or z is a

zero of anyone of α and 
α

, then z maybe one zero of F(z). Thus, we have

Cα,β

(

r,

F

)

≤ Cα,β

(

r,


ψ – 

)

+ C(
α,β (r, f ) + Cα,β (r,α) + Cα,β

(

r,


α – 

)

+ Cα,β

(

r,

α

)

+ Cα,β (r,α) + Cα,β

(

r,

α

)

≤ Cα,β

(

r,


ψ – 

)

+ Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Rα,β (r, f ). ()

Case . Cα,β (r, 
F– ). Set

F = (F – ) · f
f – 

=
( – f ) – αf ( – f ) – αf ′

f (f – )( – α)
.

Then F –  = F · f –
f . It follows that the zero of F –  comes from the zero of F or the zero

of f – , that is,

Cα,β

(

r,


F – 

)

≤ Cα,β

(

r,

F

)

+ Cα,β

(

r,


f – 

)

≤ Cα,β

(

r,

F

)

+ Cα,β

(

r,


f – 

)

. ()
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Since

F =


 – α

[

– –

f

+ α + α

(

f ′

f
–

f ′

f – 

)]

:=


 – α
F,

it follows that

Dα,β (r, F) ≤ Dα,β

(

r,

f

)

+ Rα,β(r, f ), ()

Cα,β (r, F) ≤ Cα,β(r, F) + Cα,β

(

r,


α – 

)

= Cα,β (r, F) + Rα,β(r, f ). ()

From the definitions of F, F by Lemma . we have

Cα,β (r, F) ≤ Cα,β (r,α) + Cα,β (r,α) + Cα,β

(

r,

f

)

+ Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

≤ Cα,β

(

r,

f

)

+ Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Rα,β(r, f ) ()

and

Cα,β

(

r,

F

)

≤ Sα,β

(

r,

F

)

= Dα,β(r, F) + Cα,β (r, F) + O(). ()

Thus, it follows from ()-() that

Cα,β

(

r,


F – 

)

≤ Sα,β (r, f ) + Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Rα,β(r, f ). ()

Case . –C
α,β (r, F). If z is a pole of f of order k ≥ , then from the definition of F(z) we

see that the pole of F(z) only occurs at the pole of α.
If z is a zero of f of order k ≥  and not the pole of α, α, then we get that z is a pole of

F(z) of order ≥ k; if z is a pole of α of order s ≥  or a pole of α of order s ≥ , then
we have

max{k – s, k, k +  – s + s} ≥ k – s – s.

Let C′
α,β(r, F) be a part of Cα,β (r, F) corresponding to the zero and pole of f of order

k ≥ , Then we have

C
α,β (r, F) > C′

α,β (r, F)

≥ C(
α,β

(

r,

f

)

– C(
α,β

(

r,

f

)

– Cα,β(r,α) – Cα,β(r,α) + Cα,β (r,α)

≥ Cα,β

(

r,

f

)

– Cα,β

(

r,

f

)

– C)
α,β

(

r,

f

)

+ Rα,β(r, f ),

that is,

–C
α,β (r, F) < –Cα,β

(

r,

f

)

+ Cα,β

(

r,

f

)

+ C)
α,β

(

r,

f

)

+ Rα,β(r, f ). ()
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Then, substituting (), (), and () into (), we have

Sα,β (r, f ) < Cα,β

(

r,

f

)

+



[

Cα,β

(

r,


ψ – 

)

+ Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Sα,β(r, f ) + Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

– Cα,β

(

r,

f

)

+ Cα,β

(

r,

f

)

+ C)
α,β

(

r,

f

)]

+ Rα,β(r, f ),

that is,

Sα,β (r, f ) < Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Cα,β

(

r,


ψ – 

)

+ C)
α,β

(

r,

f

)

+ Rα,β(r, f ),

and since C)
α,β (r, 

f ) ≤ Cα,β(r, 
f ), thus it follows that

Sα,β (r, f ) < Cα,β

(

r,

f

)

+ Cα,β

(

r,


f – 

)

+ Cα,β

(

r,


ψ – 

)

+ Rα,β (r, f ).

This completes the proof of Theorem ..

4 Proofs of Theorem 1.6 and Corollary 1.1
4.1 The proof of Theorem 1.6
Let

α =
ϕ′

 – ϕ′


ϕ – ϕ′


, α =
ϕ – ϕ

ϕ – ϕ′


, F(z) =
f – ϕ

ϕ – ϕ
.

Then

ψ(z) = αF + αF ′ =
f ′ – ϕ′


ϕ – ϕ′


.

Since ϕi ∈ 
(f ), i = , , , it follows that α,α ∈ 
(f ) and

Sα,β (r, f ) ≤ Sα,β (r, F) + Rα,β(r, f ),

Cα,β

(

r,

F

)

≤ Cα,β

(

r,


f – ϕ

)

+ Rα,β(r, f ),

Cα,β

(

r,


F – 

)

≤ Cα,β

(

r,


f – ϕ

)

+ Rα,β (r, f ),

Cα,β

(

r,


ψ – 

)

≤ Cα,β

(

r,


f ′ – ϕ

)

+ Rα,β(r, f ).

Then, from this and from Theorem . we easily get (). Furthermore, if f satisfies (), then
lim supr→+∞

Rα,β (r,f )
Sα,β (r,f ) = . Thus, we can easily get () from ().

This completes the proof of Theorem ..
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4.2 The proof of Corollary 1.1
For ϕ ∈ 
(f ) and any positive integer k ≥ , we have

Cα,β

(

r,


f – ϕ

)

≤
(

 –

k

)

Ck–)
α,β

(

r,


f – ϕ

)

+

k

Sα,β (r, f ) + Rα,β (r, f ); ()

Cα,β

(

r,


f ′ – ϕ

)

=
(

 –

k

)

Ck–)
α,β

(

r,


f ′ – ϕ

)

+

k

(

Ck–)
α,β

(

r,


f ′ – ϕ

)

+ kC(k
α,β

(

r,


f ′ – ϕ

))

≤
(

 –

k

)

Ck–)
α,β

(

r,


f ′ – ϕ

)

+

k

Sα,β

(

r,


f ′ – ϕ

)

≤
(

 –

k

)

Ck–)
α,β

(

r,


f ′ – ϕ

)

+

k

Sα,β(r, f ) + Rα,β(r, f ). ()

Hence, it follows from (), (), and () that

( – �)Sα,β(r, f ) < 
(

 –

k

)

Ck–)
α,β

(

r,


f – ϕ

)

+ 
(

 –

k

)

Ck–)
α,β

(

r,


f – ϕ

)

+
(

 –

k

)

Ck–)
α,β

(

r,


f ′ – ϕ

)

+ Rα,β(r, f ).

This completes the proof of Corollary ..

5 Proofs of Theorems 1.7, 1.8 and Corollaries 1.2, 1.3
5.1 The proof of Theorem 1.7
Since f – ϕ = (f ′ – ϕ′

) f –ϕ
f ′–ϕ′


and ϕi ∈ 
(f ), by Lemmas .-. we have

Dα,β (r, f – ϕ) ≤ Dα,β
(

r, f ′ – ϕ′

)

+ Dα,β

(

r,
f – ϕ

f ′ – ϕ′


)

+ O()

≤ Dα,β
(

r, f ′ – ϕ′

)

+ Cα,β

(

r,
f ′ – ϕ′


f – ϕ

)

– Cα,β

(

r,
f – ϕ

f ′ – ϕ′


)

+ Dα,β

(

r,
f ′ – ϕ′


f – ϕ

)

+ O()

≤ Sα,β
(

r, f ′ – ϕ′

)

+ Cα,β

(

r,


f – ϕ

)

– Cα,β

(

r,


f ′ – ϕ′


)

– Cα,β(r, f – ϕ) + Rα,β (r, f ),

that is,

Sα,β (r, f ) ≤ Sα,β
(

r, f ′) + Cα,β

(

r,


f – ϕ

)

– Cα,β

(

r,


f ′ – ϕ′


)

+ Rα,β (r, f ). ()

On the other hand, letting

F =
f ′ – ϕ′


f ′ – ϕ

· ϕ – ϕ

ϕ – ϕ′


,
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it follows that Rα,β (r, F) = Rα,β(r, f ) and

Sα,β
(

r, f ′) ≤ Sα,β(r, F) + Rα,β (r, f ),

Cα,β

(

r,


F

)

≤ Cα,β

(

r,


f ′ – ϕ′


)

+ R(α,βr, f ),

C(r, F) ≤ Cα,β

(

r,


f ′ – ϕ

)

+ Rα,β (r, f ),

Cα,β

(

r,


F – 

)

≤ Cα,β

(

r,


f ′ – ϕ

)

+ Rα,β (r, f ).

Then, from these inequalities and from () by applying Lemma . for F we have

Sα,β (r, f ) < Cα,β

(

r,


f – ϕ

)

– Cα,β

(

r,


f ′ – ϕ′


)

+ Cα,β

(

r,


f ′ – ϕ′


)

+ Cα,β

(

r,


f ′ – ϕ

)

+ Cα,β

(

r,


f ′ – ϕ

)

+ Rα,β(r, f )

< Cα,β

(

r,


f – ϕ

)

+ Cα,β

(

r,


f ′ – ϕ

)

+ Cα,β

(

r,


f ′ – ϕ

)

+ Rα,β (r, f ).

This completes the proof of Theorem ..

5.2 The proof of Theorem 1.8
Using the same argument as in Theorem . and letting F = f ′–ϕ′


f ′–ϕ

, we easily get the con-
clusions of Theorem ..

5.3 Proofs of Corollaries 1.2 and 1.3
For ϕ ∈ 
(f ) and any positive integer k ≥ , we have

Cα,β (r, f )
(

 –

k

)

Ck–)
α,β (r, f ) +


k

Sα,β (r, f ),

Cα,β

(

r,


f – ϕ

)

≤
(

 –

k

)

Ck–)
α,β

(

r,


f – ϕ

)

+

k

Sα,β (r, f ) + Rα,β (r, f ),

Cα,β

(

r,


f – ϕ

)

≤
(

 –

k

)

Ck–)
(

r,


f – ϕ

)

+

k

S(r, f ) + R(r, f ),

Cα,β

(

r,


f ′ – ϕ

)

≤
(

 –

k

)

Ck–)
α,β

(

r,


f ′ – ϕ

)

+

k

Sα,β

(

r,


f ′ – ϕ

)

+ Rα,β (r, f )

≤
(

 –

k

)

Ck–)
α,β

(

r,


f ′ – ϕ

)

+

k

Sα,β(r, f ) + Rα,β(r, f ).

Applying these inequalities and Theorems . and ., we easily prove Corollaries .
and ..
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