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Abstract

This paper deals with higher-order sensitivity analysis in terms of the higher-order
adjacent derivative for nonsmooth vector optimization. The relations between the
higher-order adjacent derivative of the minima/the proper minima/the weak minima
of a multifunction and its profile map are given. Then the relationships between the
higher-order adjacent derivative of the perturbation map/the proper perturbation
map/the weak perturbation map, and the higher-order adjacent derivative of a
feasible map in objective space are considered. Finally, the formulas for estimating the
higher-order adjacent derivative of the perturbation map, the proper perturbation
map, the weak perturbation map via the adjacent derivative of the constraint map,
and the higher-order Fréchet derivative of the objective map are also obtained.

MSC: 90C46; 49)52; 46G05; 90C26; 90C29

Keywords: higher-order adjacent derivative; parameterized vector optimization
problem; perturbation map; proper perturbation map; weak perturbation map;
higher-order sensitivity analysis

1 Introduction

Sensitivity analysis provides quantitative information as regards the solution map of a pa-
rameterized multiobjective optimization problem. A number of interesting results have
been obtained in sensitivity analysis for multiobjective optimization problems. One of
the first results was given by Tanino in [1, 2]. By using the first-order contingent deriva-
tive, some results concerning the behavior of perturbation maps were obtained. The TP-
derivative was presented in [3] and used to weaken some assumptions in [1, 4]. Refer-
ences [5—8] investigated the perturbation map in nonsmooth convex problems. In [9-11],
the Clarke derivatives were used for analyzing the sensitivity. The concept of the proto-
differentiability of a multifunction, in which the contingent cone coincides with the ad-
jacent cone at a point to its graph, was presented by Rockafellar in [12]. In [13, 14], the
important results on the proto-differentiability of the efficient solution maps were ob-
tained for generalized equations, a general model including optimization problems. Some
developments were obtained in [15, 16]. A second-order sensitivity analysis via the second-
order contingent derivatives were considered in [17, 18]. In [19], the second-order proto-
differentiability of a multifunction was proposed to discuss the second-order sensitivity
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properties for generalized perturbation maps. The second-order radial-asymptotic deriva-
tive, introduced in [20], was used in qualification conditions to consider the second-order
proto-differentiability of the efficient solution map and the efficient frontier map of a pa-
rameterized vector optimization problem in [21]. Some results in higher-order sensitiv-
ity analysis using a higher-order adjacent derivative in [22] and a higher-order contingent
derivative in [23] of perturbation maps in a parameterized vector optimization were given.
Using higher-order variational sets, presented in [24], some results in higher-order sensi-
tivity analysis were obtained in [25].

Unlike higher-order contingent derivatives based on encounter information, the mth-
order variations of a map, based on the different rates of change of the point under con-
sideration in the domain space and the range space of a map, were proposed to obtain the
open mapping principle in [26] and consider Holder metric regularity of set-valued maps
in [27]. Another kind of mth-order derivatives, presented in [28], was used to establish the
optimality condition for isolated local minima of nonsmooth functions and modified to
characterize weak sharp minima in [29]. The mth-order derivatives in [28] were general-
ized to set-valued maps in [30-32] to establish higher-order optimality conditions. In [31],
the higher-order sensitivity was consider by using the mth-order contingent-type deriva-
tives. In [33], the lower Studniarski derivative of a perturbation map in vector optimization
was considered.

To the best of our knowledge, there is no paper dealing with the sensitivity of the mth-
order adjacent derivatives of perturbation maps of parameterized vector optimization
problems. Moreover, the proper perturbation maps and the case that the objective func-
tion is higher-order Fréchet differentiable in constraint vector optimization have not been
considered yet. Motivated by the above observations, in this paper, by making use of the
mth-order adjacent derivatives of set-valued maps which were introduced in [31], we in-
vestigate quantitatively the perturbation map, the proper perturbation map, and the weak
perturbation map of parameterized vector optimization problems. The paper is organized
as follows. Section 2 contains preliminary facts we need in the paper. In Section 3, the re-
lations between the mth-order adjacent derivatives of a set-valued map and those of its
profile map are discussed. The obtained results are employed in Section 4 to investigate
the relationships between the mth-order adjacent derivatives of the perturbation map/the
proper perturbation map/the weak perturbation map and the mth-order adjacent deriva-
tive of the feasible map in the objective space. In Section 4, the formulas for estimating
the mth-order adjacent derivatives of the perturbation map, the proper perturbation map,
and the weak perturbation map via the adjacent derivative of constraint map and the mth-

order Fréchet derivative of the objective map are also given.

2 Preliminaries

In this paper, if not otherwise stated, let X, Y, and Z be normed spaces, and C C Y be a
pointed closed convex cone. U(xo) is used for the set of neighborhoods of xy. R, R,, and
N stand for the set of the real numbers, nonnegative real numbers, and natural numbers,
respectively (shortly, resp.). For M C X, int M, cl M, bd M denote its interior, closure, and
boundary, resp. A convex set B C Y is called a base of Ciff 0 ¢ clBand C={th |t €
R,,b € B}. Clearly C has a compact base B if and only if C N bdB is compact. If Y is a

finite dimensional space, then C has a compact base. For F: X = Y, the domain, graph,
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and epigraph of F are defined by, resp.,

domF := {x € X | F(x) # 0}, grF:={(xy) €X x Y |y e Fw)},
epiF := {(x,y) EXxY|yeF(x)+ C}.
The profile map of F is F + C (defined by (F + C)(x) := F(x) + C). We recall some concepts
of optimality/efficiency in vector optimization as follows, forap e A C Y.
(i) ao is called a local (Pareto) minimal/efficient point of A (with respect to C), and
denoted by a¢ € Minc A, iff there exists U € U(ap) such that

(ANU-ag)N(-C\{0})=0.

(i) Supposing that int C #, ay is said to be a local weak minimal/efficient point of A4,
denoted by 2 € WMinc A, iff there exists U € U(ay) such that

ANU-ag)N(=intC) = .

(iii) Assuming that C is pointed, ag is termed a proper minimal/efficient point of 4,
denoted by a¢ € PrMinc A, iff there exists a convex cone K ; Y with C\ {0} CintK
and U € U(ayp) such that

(ANU-ap)N(-K)={0}.

If U =Y, the word ‘local’ is omitted, i.e., we have the corresponding global notions. For
asubset A C Y, A is said to have the domination property iff A € Minc A + C and A is said
to have the proper domination property iff A € PrMinc A + C. Similarly, when int C # ¢,
A has the weak domination property iff A € WMinc A +intC U {0}.

Recall now the four kinds of higher-order derivatives which we are most concerned with
inthe sequel. Let F: X 3 Y, u € X, m € N, and (x¢,y0) € grF.

(i) ([31]) The mth-order radial-contingent derivative of F at (xo, o) is defined by

D¢ F(x0,y0) (1) := {v €Y |3, >0,Iuyv,) = (u,v) : tyu, — 0,

Yo + bV € F(xo + butty) }.
(ii) ([32]) The mth-order contingent-type derivative of F at (xo, o) is defined by
D" F(x0,y0)(u) := {v €Y |3, 0,Iuy,vy) = (u,v),50 + £, vy € Floxo + ty,u,,)}.
(iii) ([31]) The mth-order adjacent derivative of F at (x9,%o) is defined by
DbmF(xo,yo)(u) = {v €Y |Vt, | 0,3(up, vi) = (u,v), 90 + L'V, € Flxo + t,,u,,)}.
(iv) ([32]) The mth-order lower Studniarski derivative of F at (xo, yo) is defined by

DlmF(xo,yo)(u) = {V €Y |Vt, ] 0,Yu, — u,Iv, — v,y +t, v, € F(xo + t,,u,,)}.
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Remark 2.1 D" F(xq, yo) (1) € D" F(x,0)(u) € D" F(x0,0)(1), Yu € X.

The reverse conclusions in Remark 2.1 may not hold. The following examples show the

cases.

Example 2.1 Let7 = {% :n e N}and F: R =2 R be defined by

{0}, ifx=<o,
F(x) =3 {—«%), ifxel,
@, otherwise.

Then, for (x9,%0) = (0,0) € gr F, we can check that
D*F(%0,50)(2) = {-4}.

Taking ¢, = %, then t,u, = 2% SZ T for all u, — 2. Indeed, suppose to the contrary that

there exists a subsequence {%} C 7, k > n, such that t,u, = % Then u, = %% < %, ie.,

u, # 2, a contradiction. Hence, for the above t,,, F(xo + t,u,) = . Consequently,
DP*F(x0,90)(2) = 0.

Hence,
D?F(x0,90)(2) € DY F(x0,70)(2).

Example 2.2 Let F: R = R? be defined by

{(y, ) €R2: 9y <at,yn <0}, ifx<O,

F(x) = ,
{01,72) € R? 11 < 0,95 > 2%}, ifx>0.

Then, for (x,y0) = (0, (0,0)),

{n,92) €R? 191 < 0,95 <0}, ifx<O,
DPF(x0,70) (%) = { {(y1,52) € R?: 31 < 0,5, € R}, ifx=0,
{(yr,y2) eR?: 9, < 0,9, >0}, ifx>0,

and

{1,792) €R?: 91 < 0,9, <0}, ifx<0,
D”F(x0,90)(x) = { {(y1,92) € R?:91 < 0,95 =0}, ifx=0,
{(yr,y2) €R?: 9, < 0,9, >0}, ifx>0.

Hence,
D" F(x9,50)(0) ¢ D™F(%,%)(0).

Definition 2.1 (see [31]) Foru € X, F: X 2 Y is called mth-order u-directionally contin-
gent compact at (xo,yo) € grF iff, for any ¢, | 0, (u,,v,) € X x Y such that u,, — u, and
Yo + tiv, € F(xo + t,u,) for all n, there exists a convergent subsequence of {v,}.
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Definition 2.2 Let F: X == Y be a set-valued map, xo € X, m € N\ {0}, and « > 0.
(i) F is said locally Holder continuous of order « at (xg,0) € grF if there exist > 0,
and U € U(xp) such that

F(x2) C F(x1) + Allx1 —x2[1*By,  Vay,%0 € U,

where By stands for the closed unit ball in Y.
(ii) F is said locally pseudo-Holder calm of order m (see [34]) at (xo,%0) € grF if there
exist a real number A > 0, 3U € U(xp), and IV € U(y) such that

F@®) NV C {yo} + Allx—x0l|"By, Vxel.

When m = 1, the word ‘Holder’ is replaced by ‘Lipschitz! If V' =Y, then ‘locally pseudo-
Holder calm’ is replaced by ‘locally Holder calm’ In [13], F is called upper locally Lipschitz
atxy € dom F if there existareal number A > 0 and U € U(xg) such that F(x) C F(xg)+A]lx—
x0||By, Vx € U. It is easy to see that if F is upper locally Lipschitz at xy and F(xo) = {yo}
then F is locally Lipschitz calm at (x¢, o).

Proposition 2.1 (see [31]) Let F: X =2 Y, (x0,Y0) € grF, and Y be finite dimensional space.
If D¥F(x0,90)(0) = {0}, then F is mth-order u-directionally contingent compact at (xo, o)
forallue X.

Proposition 2.2 Let F: X =2 Y, (x0,0) € grF, and Y be finite dimensional space. If F is
locally Hélder calm of order m at (xo,y0) € gt F, then D' F(x0,0)(0) = {0}.

Proof Consider an arbitrary y € D{'F(x0,0)(0). Then there exist y, — y, x, — 0,and ¢, >

0 such that yo + £y, € F(xo + t,x,) and t,x, — 0. Since F is locally H6lder calm of order m

at (%o, %0), we derive that, for # large enough, there exists A > 0 such that
Yo + 4"y € o + Al|tuxn| " By.
Consequently,
In € Allxnl™ By
It follows from the above equation that x,, — 0, and y,, — y that one has y = 0. 0

Corollary 2.1 Let F: X 3 Y, (x0,%0) € gt F, and Y be finite dimensional space. If F is
locally Holder calm of order m at (xo,y0) € gt F, then F is mth-order u-directionally con-
tingent compact at (xo,yo) for all u € X.

Proof 1t follows from Proposition 2.1 and Proposition 2.2 that the conclusion is ob-
tained. O

Definition 2.3 (see [31]) Letf:X — Y be a vector-valued map. f is said to be mth-order

Fréchet differentiable at xy € X iff there exists a linear continuous operator d” F(xy) : X X
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-+ x X — Y (m times X), such that

S&) =f(xo) +d"f (%0)(x — %o, ..., — x0) + o(|lx = x0]|”") (1 times x — xp),

where o(||x — xo||™) satisfies o(||x — x0[|”")/||x — x0 || — 0 when x — xg. d"'f (%) is called
the mth-order Fréchet derivative. f is said mth-order Fréchet differentiable on X if f is
mth-order Fréchet differentiable at any x € X. If d”'f(-) is continuous at x, then f is said
to be mth-order continuously Fréchet differentiable at xy.

Remark 2.2 (see [31]) Forf:X — Y and xo, u € X, if there exists d"f(xo), then
{d"f (o), u, ..., )} = D" (%0, f (0)) () = D (0,f (0)) (14)
= D"f (x0,f (x0)) (1) = DS'f (x0.f (x0)) (1)

3 Higher-order adjacent derivatives of set-valued maps

In this section, the relations between higher-order adjacent derivative of a set-valued map
and those of its profile map are discussed. Such relations for various kinds of efficient
points of these derivatives are also investigated.

Proposition 3.1 Let (xo,yo) € gr F. Then, for any u € X,
D" F(x0,0) (1) + C € D" (F + C)(x0, o) (1). @)
Proof Letz=v +c for some v € D" F(xo,yo)(«) and c € C. Then, for all ,, | 0, there exists

(4 Vi) = (u,v) such that yo + t'v, € F(xo + t,u,) for all n. Setting v, := v, + ¢, one has

Vv, — v+ c and, for all n,
Yo+ Ve =y0 + 1t (Vy+¢) € Flwo + tauy) + C = (F + C)(xo + tuihy).
So, z=v + ¢ € DY (F + C)(x0, y0) (1) 0

Note that the opposite inclusion of (1) may not hold. The following example illustrates
the case.

Example 3.1 Let C =R,, F: R = R be defined by

3 .
F(?C) _ :{_l7x }: 1fx 2 0,
{0}, ifx<0.

Let (x0,y0) = (0,0) € gr F. Then

37 .f b R, ‘f )
h w20 ey o0,0w= 0 F4=0

D" F(0,0)(u) = _ .
{0}, ifu<O, R,, ifu<O.

Hence, for all u,

D (F + C)(x0,y0) () £ D F(x0,70) (1) + C.
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Proposition 3.2 Suppose that either of the following conditions is satisfied:
(i) for any u € X, F is mth-order u-directionally contingent compact at (x9,%0);
(ii) C has a compact base and D¢ F(xo,50)(0) N (-C) = {0};
(ili) C has a compact base and D" (F + C)(xo,y0)(u) has domination property.
Then, for all u € X,

D™ F(x0,50) () + C = D™ (F + C)(x0, y0)(1).

Proof It follows from Proposition 3.1 that we only need to show the reverse inclusion of (1).

(i) Let v € D"(F + C)(x0,70)(u). If (u,v) = (0,0), we have 0 € D" F(x,y,)(0) + C. For
(u,v) #(0,0), for all ¢, | 0, there exists (i, v,,) = (u,v) such that yo + t]'v, € (F + C)(xo +
t.u,), Yn. Hence, there exists c, € C such that yo + £7'(v,, — ¢, /t)') € F(xo + t,u,). By the
u-directionally contingent compactness of F at (xp, o), we can assume that v, — ¢,/ —
v € DY F(x0,70)(u). Since ¢, /t" = v, — (v, — ¢,/t™) — v — v and C is a closed convex cone,
one gets v—v € C. Hence, v € ¥ + C C D" F(xg, ) (u) + C.

(i) Let # € X and v € D?"(F + C)(x0, y)(u) be arbitrary. Asin (i), we need to consider only
(2, v) #(0,0). We see that, for all ¢, | 0, there exist (u,,v,) — (u,v), and ¢, € C such that
Yo + ti'v, € F(xo + t,u,) + ¢, for all n. If there exists ny such that ¢, = 0 for all # > ng, then
v € DY F(xo,y0)(u) + 0 € D" F(x9,y0)(x) + C. Now, assume that c, # 0 and c,/||c,|| — ¢
for some ¢ € C with norm one. There are only two cases for s, := /c,][ > 0.

Case1: s,/t, — +00. Then s,[(t,/s,)u,] = t,u,, — 0. Since

Yo + (50)" [(ta/$0)" Vi = culsit] € F (%0 + Sul (£n/n) 14 ]),

(Ea/$1)"yu — Culs) — —c, and (¢,/s,)u, — 0, one has —c € D F(xy,0)(0), an impossibility.
Case 2: {s,/t,} is bounded, and assume s,/t, — « > 0. Then, since

Yo + ()" [V = ($u/80)" (culs])) ] € Fo + tuthn),
Vi — (u/tn)"™(ca/s™) — v —a™¢, and u, — u, one gets v —a™c € D" F(xo,7,) (1), and hence
v e D" F(xo,0) () + C.
(iii) Since D”(F + C)(x0,0)(x) has the domination property, for any u € X,
D" (F + C)(xo,y0)(u) € Ming D”(F + C)(x0,y0) (1) + C. (2)
We claim that, for any u € X,

Minc D" (F + C)(%0,50) () C D" F(x0, 7o) (1). 3)

Indeed, let v € Minc DY (F + C)(xo, yo) (). Then, for all ¢, |, 0, there exist (u,,v,) — (1, v)
and ¢, € C such that, for all , yo + £ (v, — ¢,,) € F(%0 + t,u,). Since C has a compact base,
we may assume that ¢, = a,b, with «,, >0 and b, — b # 0. We now show that o, — 0.
Suppose to the contrary that o, 4 0. Then there exists € > 0 such that «, > € for all .
Setting ¢, = (¢/a,)c,. Then, for any n, ¢, — ¢, = (1 — €/a,)c, € C and

Yo+t (Ve —Cu) = Y0 + ) (Vi — ) + £ (C — €) € FXo + tytty) + C = (F + C)(xo + tyihy).
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Since v, — ¢, = v, — (€/a,)c, = v, —€b, — v—eb, we have v—eb € D"(F + C)(x0,yo)(u) and
v—(v—eb) = eb e C\ {0}, which contradicts v € Minc D?”"(F + C)(xo, yo)(u). Therefore,
a, — 0 and v, — ¢, = v, — a,b, — v, i.e., v € D" F(xo,y0)(u). Thus, (3) holds. It follows
from (2) and (3) that

D"(F + C)(x0,y0)(u) € D""F(x0,y0) () + C, VueX.
The proof is complete. O

Proposition 3.3 Suppose that either of the following conditions holds:
(i) for any u € X, F is mth-order u-directionally contingent compact at (xo,¥o);
(ii) C has a compact base and D¢ F(xo,90)(0) N (-C) = {0};
(iti) C has a compact base and D" (F + C)(xo,y0)(u) has domination property.
Then, for all u € X,

Minc D" F(xo,y0) (1) = Minc D" (F + C)(x0, y0) (1).
Proof Similarly to the proof of Proposition 4.3 in [31], we obtain the conclusion. O
Since the following propositions are proven similarly, the proofs are omitted.

Proposition 3.4 Suppose that either of the following conditions holds:
(i) for any u € X, F is mth-order u-directionally contingent compact at (x0,%0);
(ii) C has a compact base and D' F(xo,90)(0) N (-C) = {0};
(ili) C has a compact base and D*"(F + C)(xo,y0)() has proper domination property.
Then, for all u € X,

PrMinc DP" F(xo, o) (1) = PrtMin¢ D (F + C)(xo, o) (11).

Proposition 3.5 Assume thatintC # () and K is a closed convex cone with K C int CU {o}.
Suppose further that either of the following conditions holds:
(i) for any u € X, F is mth-order u-directionally contingent compact at (x9,%o);
(ii) C has a compact base and DY F(xo,0)(0) N (-K) = {0};
(iii) C has a compact base and D" (F + I~() (%0, y0) (1) has weak domination property.
Then, for all u € X,

WMinc DP"F (%0, o) () = WMine D (F + K)(xo, y0) (1)

The following example illustrates that we cannot replace K by C in the conclusion of

Proposition 3.5.

Example 3.2 Let X =R, Y = R?, (x0,%) = (0,(0,0)), C =R2, and F : R =2 R? be defined
by F(x) = {(x?,x%)}. Then we can check that D2F (xo, y0) (1) = D** F(x0,y0)(u) = {(#?,0)} for
any # € R, and

D*(F + C)(%0,y0)(w) = {(71,72) € R} 131 > 9, > 0}.
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Hence, WMin¢ D?F(xo, yo) (1) = {(4?,0)} and

WMinCDQb(F + C) (%0, 0) (1)

= {(Yl,yz) € RE Iy > u,y; = 0} U {()/1,312) GRE ly1=u’y2 > 0}~

Since DéF(xo,yo)(O) N (=C) = {0} and C has a compact base B = {(y1,52) € R%, 5 + y5 =
1,5 > 0,y2 > 0}, the assumption (ii) is fulfilled. We can check that

WMine D? (F + C)(x0,50) (1) € WMine D** F(x, y0)(1).

4 Higher-order adjacent derivatives of perturbations maps

In this section, we consider the following parameterized vector optimization problem:

Ming f(x, u) = (fl(x, u), fo (%, ), ..., fy(%, u)), st.xeX(u) CR,

where x is a [-dimensional decision variable, # is a p-dimensional parameter, f; is a real
valued objective function on R!xRP fori=1,2,..., g, X is a set-valued map from R” to R/,
which defines a feasible decision set, and K is a nonempty pointed closed convex ordering
cone in RY. Let F(u) be the value at u of the feasible set map in the objective space, i.e.,

F(u) := {y € R? |y =f(x,u) for some x eX(u)}.

We define the perturbation/frontier map F, the weak perturbation/frontier map W, and
the proper perturbation/frontier map P of the considered problem as follows:

F(u) := Ming F(u), W(u) := WMing F(u), P(u) := PrtMing F(u).

For ugy € R? and a closed convex cone K C RY,
(i) F is said to be K-dominated by F near ug iff F(u) € F(u) + K, for all # in some
U € U(uyg).
(i) Fis said to be K-dominated by P near u ift F(#) € P(u) + K, for all u in some
U € U(uyp).
(iii) F is said to be K-dominated by W near uy iff F(u) € W(u) + K, for all u in some
U € U(uyg).

Remark 4.1 Since F(u) C F(u), the K-dominatedness of F by F near u, implies that, for
all u e U, F(u) + K = F(u) + K. Hence, if F is K-dominated by F near uy, then for any
ug € R?, yg € Flup),and u € U,

DP"™(F + K) (o, y0) (1) = D™ (F + K)(uto, y0) (s).

Similar assertions are true for P and W as follows.
(i) DP"(P + K)(uo,y0) () = DY (F + K)(u0,0) (1) for any uy € R?, yo € P(u), and
u € U if F is K-dominated by P near uy.
(i) DWW + K)(uo,y0) (1) = DP™(F + K)(uso, y0) (1) for any ug € R?, yo € W(uo), and
u € U if F is K-dominated by W near uo.
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4.1 Higher-order adjacent derivatives of perturbation maps without constraints
Now, the relations between the higher-order adjacent derivative of feasible map and the
higher-order adjacent derivative of perturbation/ weak perturbation maps are investigated
in this subsection.

Proposition 4.1 Assume that F is mth-order u-directionally compact at (ug,yo) for any
ueRP.
(i) IfF is K-dominated by F near uy, then, for u near uy,

Ming D" F(uo, y0)(u) S D" F (4o, y0) (us)-
(ii) IfF is K-dominated by P near uy, then, for u near uy,
PrMing D”"F(uo, 7o) (1) € D" P (10, yo) ().

(iti) IfintK # @, there is a closed convex cone K satisfyingl? CintK U{0}, and F is
K-dominated by W near uy, then, for u near ug,

WMing D" F(ug, o) () € D" W (uo, yo)(u).

Proof Since the proofis similar, we prove only assertion (iii). Observe that, being a pointed
closed convex cone in R?, K clearly has a compact base and hence so does K. Moreover, F is
mth-order u-directionally compact at (1o, yo) implies that W is mth-order u-directionally
compact at (o, yo). Therefore, one has
WMiny D" F(uto, y0)(u) = WMing D" (F + K) (w0, y0) ()

= WMing D" (W + K)(ut0, y0) @)

= WMing D" W (ug, yo) ()

< D" W(uo, y0)(w).

Here the first and third equalities are due to Propositions 3.5, and the second one follows
from Remark 4.1. O

Now, we investigate the reverse conclusion in Proposition 4.1.

Proposition 4.2 Suppose that the following conditions are satisfied:
(i) F islocally Holder continuous of order m at uy;
(i) F is K-dominated by F near uy;
(iii) there is a neighborhood U of uy such that for any u € U, F(u) is a single-point set.
Then, for any u € R?,

D" F(uq, o) (1) € Ming D" F(uo, yo)(u).

Proof Let u € R? and v € D" F(ug, yo)(u). Then, for any sequence t, | 0, there exists
(¢4, V) = (u,v) such that

Yo + ' vy € Fluo + tuty) C F(uo + tyuy), Vn. (4)
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Suppose to the contrary that v ¢ Ming D””F(u0, 0)(u). Then, there exists ¥ € D" F(uq,
90)(u) such that v —v € K \ {0}. Hence, for the preceding ¢,, there exists (&,,v,) = (4,7)
such that

Yo+t Vy € F(ug + tyny), Vn. (5)
Since F is K-dominated by F near uy, there exists U; € U(uo) such that, for all u € U,
F(u) € F(u) + K. (6)

It follows from the locally Holder continuity of order m of F that there exist Uy € U(uy)
and L > 0 such that, for all 1, u, € U, and

F(u1) € F(uz) + Lllur — uz || Bra. 7)
Naturally, since ¢, | 0, there exists N > 0 such that

Uy + by, o + tyu, e UNU; N Uy, V>N, (8)
Therefore, from (5), (7), (8), and (6), there exists b,, € Brq such that, for all # large enough,

Yo+t (?,, —L|u, - u,,ll”’bn) € F(uo + tyu,) € F(ug + tyuy,) + K. 9)
Thus, it follows from (4), (9), and assumption (iii) that

50 + ' (Vn = LIty = | "bn) = (yo + £'V) = 6 (Vn = Lllthy — 16| " b~ va) € K. (10)

Since v, — L||u,, — u,||""b,, — v, = v — v and K is a pointed closed convex cone, one has
v —v e K, which contradicts v—v € K \ {0}. This completes the proof. d

The following example shows that the assumption (iii) in Proposition 4.2 cannot be
dropped.

Example 4.1 Let p=1, g =2, K = {(y1,72) € R? | 1 = 0,55 > 0}, (u0,%0) = (0,(0,0)), and
F:R = R? be defined by

Fu) = 1% ifu=0,
T KU{G1,y2) €R: [y =1y, = 1+ 12}, ifu#0.

{(07 0)}: lfM = 0,

Hence, we can check that F(u) is not a single-point set near ug, F is K-dominated by F
near u, and F is locally Holder continuous of order 2 at u,. By direct calculation, one has,
for any u € R,

D F(ug,y0)(w) = K U {(y1,52) € R* | y1 = u*},
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DP F(ug,y0)(w) = {(0,0)},
and then
Ming D?2F (19, 0)(0) = @.
Therefore,
D" F(u0,50)(0) & Ming D" (4o, )(0).
Remark 4.2 Similar properties to Proposition 4.2 for higher-order contingent-type
derivatives of perturbation maps have not yet been investigated in [31]. With some suitable
modifications, we can obtain similar properties for higher-order contingent-type deriva-
tives of perturbation maps in [31].
Proposition 4.3 Suppose that the following conditions are satisfied:
() F islocally Holder continuous of order m at u;
(i) F is K-dominated by P near ug;

(iii) there is a neighborhood U of uy such that for any u € U, P(u) is a single-point set.
Then, for any u € R?,

D" P(u0,y0) (1) S PrMing D" F(ug, y0) (1)
Proof The proof is similar to that of Proposition 4.2. g

Proposition 4.4 Assume that intK # (. If F is locally Holder continuous of order m at uy,
then, for any u € R?,

D" W(uq, o) () € WMing D" F(uo, yo)(u).

Proof Let u € R? and v € D" W (uy,y0)(x). Then, for any sequence t, | 0, there exists
(4n; Vi) = (u,v) such that

Yo + 1)V € Wlug + tattn) S Fuo + tatty), Vn (11)
Suppose to the contrary that v ¢ WMing D" F(ug, y)(u). Then there exists v € D" F(u,
90)(u) such that v—v € int K. Hence, for the preceding t,, there exists (u,,v,) — (4,7) such
that

Yo+t Vy € F(ug + tyu,), Vn. 12)

It follows from the locally Holder continuity of order m of F that there exist U € U(uy)
and L > 0 such that, for all u, u, € U, one has

F(u1) € F(uz) + Ll|lu1 — ]| Bra. (13)
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Naturally, since t,, | 0, there exists N > 0 such that
U + tylhy, o + tyuy, € U, Vn>N. (14)
Therefore, from (12), (13), and (14), there exists b,, € Brq such that, for all n large enough,
90 + 8 (Vn = LUt = || b) € Flatg + tait). (15)

It follows from v,, — (v,, — L||u,, — u,,||""b,,) — v—vand v -V € intK that we have v, — (v, —
L|\|4, — u,||"b,) € intK for n large enough. Therefore, for n large enough,

Yo+t Vy — (yo + t:,”(l_/,, - L||u, - u,,||'”b,,)) €intK,
which contradicts with (11). The conclusion is obtained. O

4.2 Higher-order adjacent derivatives of perturbation maps with constraints

In this section, the formulas for estimating higher-order adjacent derivative of perturba-
tion map/ weak perturbation map via adjacent derivative of constraint map together with
higher-order Fréchet derivative of the objective function are established.

Proposition4.5 Letuy € R?,x9 € X(uo), yo =f (%0, uo). Assume that f is mth-order Fréchet
continuously differentiable at (x, uo). Then, for any u € R?,
{y € Rq | dx € DhX(xO) Mo)(”):)’ = dmf(xOr MO)((x) M), ooy (.?C, Ll))}
C D™ F(uo, yo)(u). (16)

Moreover, if X is (first-order) u-directionally compact at (uy,xo) for any u € RP, then the
reverse inclusion of (16) is also valid.

Proof Let y be as in the left hand side of (16). Then there exist # € R” and x €
Db X (%0, 1) (1) such that y = d”f (xo, uo)((x, u), .., (x,u)). Since x € D*X(xo, uo)(u), for all
t, | 0, there exists (u,,x,) — (u#,x) such that, for all n, xy + t,x, € X(ug + t,u,). Then

fxo + tuxy, uo + tatty) € F(uo + tytty), Vn. 17)

It follows from the mth-order Fréchet continuously differentiability of f and (17) that we
have

S0, o) + £ A" f (x0, tho) (s thn)s - (s ) + 0(E2" || G 1) | ™) € Futo + ).
Consequently,

O(th x5 22 1)

'

Yo+t (d”‘f(xo, uo)((x,,, Up)y s (X, u,,)) + ) € F(ug + t,uy,). (18)

It follows from (18) and

(&3 11 (s ) ™)

&'

d"f (xo, MO)((xnr Up)y ..o X, Mn)) + — d"f(xo, Mo)((x, u),...,x, M))
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when # — 00, one has y = d”f (xo, uo)((x, ), ..., (x, u)) € DP"F(ug, yo)(u). Hence, (16) has
been established.
Now, let y € DY F(ug, o) (1). Then, for all ¢, |, 0, there exists («,,y,) — (#,y) such that

Yo + t)'yu € Fug + t,u,), Yn. Hence, there exists x,, € X (uo + £,u,) such that

Yo+t yn =f (X o + tulty), Vn. (19)
Setting ¥, := %, we have

X0 + taxy € X(uo + touy,) (20)
and

Yo + 80y =f (%o + t X, tho + talhy), VAL (21)

Since X is first-order u-directionally compact at (ug,xo), for preceding £,, u,, and %,,, by
taking subsequence if necessary, one gets %, — % € D”X(xo, uo)(u). It follows from (21)

and the mth-order Fréchet continuously differentiability of f at (xo, #o) that one has

Yo t+ t:,nyn :f(x0> MO) + tZldmf(xOr MO)((%m Mn); ceey (%n: un)) + O(tzn || (36;«1, un) ”Vﬂ)
It implies that

" ~ o0& 1| Fy ) 1)
Yn = d f(xO: MO)((xm un)’ e (%m un)) + t—m
Letting n — 0o, we have

y= dmf(x0> MO)((;C; l/l), e (35» I/l)).
The proof is complete. d

The following example illustrates that the assumption for the validity of the reverse in-

clusion of (16) in Proposition 4.5 cannot be omitted.

Example4.2 Letp=q=1[=1,m=2,f(x,u) =x* and X : R = R be defined by X(«) = {x €
R|0<x<1}.Then F(u)={yeR|0=<y<1}.

Let (%0, uo) = (0,0). Then yo = f(x0,u0) = 0. We can check that X is not u-directionally
compact at (uo,x0) for any u € R. Indeed, by taking ¢, = %, U, —> u,and x,, = %n, we have
X0 + byXy, = % € F(uo + t,u,), and x, has no convergent subsequence.

By direct calculation, one has, for any u € R,

D X (ug, %)) =R,,  DP*F(ug,yo)(u) = Ry,

& (3 10) = [120’“2 g}
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and then

P (o o) = [8 g} .

Hence, for any u € R,
{y € R|x € D" X(x0,0) (1), y = d>f (30, o) (1), (v, 0)) } = {0} S D F(us0, o) (u).

Corollary 4.1 Let uy € R?, xg € X (1), yo =f (%0, t0), and X :R? x R = R! be defined by
X(u,y) := {x € X(u) : y = f (x, u)}. Assume that f is mth-order Fréchet continuously differen-
tiable at (xo, uo). Let one of the following conditions be fulfilled:
(i) X islocally Lipschitz calm at (ug,xo) € grX;

(ii) BSX(MOer)(O) = {0}

(iti) X is (u,y)-directionally compact at ((uo,Y0), x0) for any (u,y) € R? x RY;

(iv) X is locally Lipschitz calm at ((uo, o), x0) € gr)N(;

(v) DsX((uo,30)%0)(0,0) = {0};

(vi) X is locally pseudo-Lipschitz at ((uo,¥o), %o)-
Then, for any u € R?,

DbmF(uo,yo)(u) = {y e R7 | 3x € D" X(x0, uo)(u),y = d”f (xo, uo)((x, u),...,x, u)) }

Proof From Proposition 2.1, Corollary 2.1, Proposition 4.5 and the analysis similar the
proof of Corollary 4.1 and Proposition 4.2 in [35], we obtain the conclusion. d

Theorem 4.1 Let uy € R?, xy € X(uo), yo =f (%0, o). Suppose that the following conditions
are satisfied:
(i) F is mth-order u-directionally compact at (uo,yo) for any u € R?;

(i) F is K-dominated by F near uy;
(ili) F is locally Holder continuous of order m at ug;
(iv) there exists U € U(uy) such that for any u € U, F (u) is a single-point set;

(v) f is mth-order Fréchet continuously differentiable at (xo, uo);

(vi) X is first-order u-directionally compact at (ug,%o).
Then, for any u € R?,

DY F(uo, y0) (1)
= Ming D" F(uo, yo) (1)

= Ming{y € R? | 3x € DX (x0, o) (), y = d"f (0, o) (%, ), ..., (x,0)) }.

Proof Tt follows from Proposition 4.1(i), Proposition 4.2, and Proposition 4.5 that the
proof is complete. O

The result in Theorem 4.1 is illustrated in the following example.

Example 4.3 Letp=g=1[=1,m=2,K =R, f(x,u) =%, and X : R = R be defined by
X(u) = {x e R| u? <x <2u?}. Then

F(u):{yeR|u4§y§4u4},
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Flu) = {u4}.

Let (xo, #0) = (0,0). Then yo = f(x0,uo) = 0. It is easy to see that the assumptions (ii) and
(iv) in Theorem 4.1 are satisfied. Since DEF (#40,90)(0) = {0}, from the Proposition 2.1, the
assumption (i) Theorem 4.1 is fulfilled.

Moreover, we can check that F is locally Holder continuous of order 2 at #y and X is
first-order u-directionally compact at (9, xo). Hence, the assumptions (iii) and (vi) in The-
orem 4.1 are fulfilled.

By direct calculation, one has, for any u € R,

DX (uo,%0)() = {0},  D"*F(ug,yo)(u) = {0},

D F(ug, y0)(u) = {0},

) {2 0
df(x7u)_[0 0})

and then
d>f (0, o) (%, 1), (x, 1)) = 2x7.

Thus, all the assumptions in Theorem 4.1 are satisfied. For any z € R and x € D’X(uq,

x0)(u), i.e., x = 0, one has

d>f (0, o) (%, 1), (%, 1)) = 0.
Hence, for any u € R,

D2 F(uo,y0)(u)
= Ming DY2F (g, yo ) (1)

=Ming{y € R | x € DX (xo, o) (), y = d>f (%0, o) ((x, 1), (x, 1))}

Theorem 4.2 Let uy € R?, %y € X(uo), yo = f (%0, uo). Suppose that the following conditions
are satisfied:
(i) F is mth-order u-directionally compact at (uo,yo) for any u € R?;
(i) F is K-dominated by P near uo;
(ili) F is locally Holder continuous of order m at ug;
(iv) there exists U € U(uyg) such that for any u € U, P(u) is a single-point set;
(v) f is mth-order Fréchet continuously differentiable at (xy, uo);
(vi) X is first-order u-directionally compact at (ug,xo).
Then, for any u € R?,

DP"P(uo, yo) (1)
= PrMing D" F (o, yo ) (11)

= PrMing {y € R? | 3x € D’ X (xo, uo)(w), y = d"f (x0, o) (%, 1), ..., (x, 1)) }.
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Proof 1t follows from Proposition 4.1(ii), Proposition 4.3, and Proposition 4.5 that the
conclusion is obtained. |

Theorem 4.3 Let ug € R?, xp € X(up), yo = f (%0, uo). Suppose that the following conditions
are satisfied:
(i) F is mth-order u-directionally compact at (uo, yo) for any u € R?;
(i) intK #, there is a closed convex cone K Satisfyingl? CintK U {0} and F is
K-dominated by W near uy;

(iii) F is locally Holder continuous of order m at ug;

(iv) f is mth-order Fréchet continuously differentiable at (xo, uo);

(v) X is u-directionally compact at (ug,xo).
Then, for any u € R?,

Dth(MO;J’O)(M)
= WMing D" F(uq, yo) (1)

= WMinK{y eR?|3dx e DbX(xo, uo)(u),y = d”f (xo, uo)((x, u),...,x, u))}

Proof 1t follows from Proposition 4.1(iii), Proposition 4.4, and Proposition 4.5 that the
conclusion is given. 0

5 Conclusions

Although there are some similar properties between the contingent derivatives and the
adjacent derivatives, the adjacent derivatives have some advantages and drawbacks in
some cases. When using adjacent derivatives instead of contingent derivatives in sensi-
tivity analysis, the proto-differentiability assumption, such as in Theorem 3.3 in [4], The-
orem 4.3 in [17], Theorem 5.1 in [18], can be omitted. The drawbacks of using of the adja-
cent derivatives is that the adjacent derivatives can be empty set in some cases such as in
Example 2.1. Hence, in the case that the adjacent derivatives are not empty and avoiding
the proto-differentiability assumption, the adjacent derivatives can be used. Based on the
above observation, the mth-order adjacent derivatives was employed to consider higher-
order sensitivity analysis for nonsmooth vector optimization in this paper. First of all, we
considered the relationships between the mth-order adjacent derivatives of the perturba-
tion map/the proper perturbation map/the weak perturbation map, and the mth-order
adjacent derivative of feasible map in objective space. Then the above relations were used
to establish the formulas for estimating the mth-order adjacent derivatives of the pertur-
bation map, the proper perturbation map, and the weak perturbation map via the adjacent
derivative of constraint map and the mth-order Fréchet derivative of the objective map.
Some examples are provided to ensure the need of the assumptions and illustrate the re-
sults. When m = 1, the results become the first-order sensitivity analysis using adjacent

derivatives and also may be new.
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