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Abstract
In this paper, we introduce the concept of an (α,m, r)g-concave function as a
generalization of a concave function. Then we establish Berwald-type inequalities for
the Sugeno integral based on this kind of functions. Our work generalizes the
previous results in the literature. Finally, we give some conclusions and problems for
further investigations.
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1 Introduction
As a tool for modeling nondeterministic problems, fuzzy measures and a fuzzy integral
introduced by Sugeno in [] have been successfully applied to various fields. The fuzzy
integral provides a practical tool for many problems in engineering and social choice,
where the aggregation of data is required. However, the practicality of fuzzy integral is
restricted for the special operators used in the construction. Thus, many scholars have
generalized the Sugeno integral by using some other operators to replace the special op-
erator(s) ∨ and/or ∧. They proposed the Choquet-like integral [], the Shilkret integral
[], ⊥-integral [], the generalized fuzzy integral [], the Sugeno-like integral [], the
λ-generalized Sugeno integral [], the pseudo-integral [], the interval-valued generalized
fuzzy integral [], and the set-valued pseudo-integral []. Suárez García and Gil Álvarez
[] presented two families of fuzzy integrals, the so-called seminormed fuzzy integral and
semiconormed fuzzy integral. Klement et al. [] investigated a concept of universal inte-
grals generalizing both the Choquet integral and the Sugeno integral. Wang and Klir []
provided a general overview on fuzzy measurement and fuzzy integration.

The integral inequalities are significant mathematical tools both in theory and applica-
tions. Different integral inequalities including Chebyshev, Jensen, Hölder, and Minkowski
inequalities are widely used in various fields of mathematics, such as probability theory,
differential equations, decision-making under risk, forecasting of time-series, and infor-
mation sciences.

The convexity for a given function is one of the most powerful tools in establishing ana-
lytic inequalities. Especially, there are many important applications in the theory of higher
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transcendental functions. However, for many problems encountered in economics and en-
gineering, the notion of convexity is unsuitable. Hence, it is necessary to extend the notion
of convexity, and various generalizations of convexity have appeared in the literature. Han-
son [] gave the notion of invexity as a significant generalization of classical convexity.
Ben-Israel and Mond [] studied the preinvex functions, a special case of invex func-
tions. Breckner [] introduced the s-convex functions, and Varošanec [] presented the
h-convex functions as a generalization of convex functions. Mihesan [] proposed the
definition of (α, m)-convex functions. For recent results and generalizations concerning
m-convex and (α, m)-convex functions, see [, ]. Latif and Shoaib [] discussed the
concept of m-preinvex functions and (α, m)-preinvex functions. Gill et al. [] provided
the concept of r-mean convex functions.

On the other hand, recently, some researchers have showed that several integral inequal-
ities hold not only in the classical context but also for the fuzzy context. Román-Flores et
al. investigated several kinds of classical integral inequalities for fuzzy integral including
a Chebyshev-type inequality [], a Young-type inequality [], a Jensen-type inequality
[], a Hardy-type inequality [], a convolution-type inequality [], a Stolarsky-type in-
equality [], and a Markov-type inequality []. Agahi et al. proved a general Chebyshev-
type inequality [], a Hölder-type inequality [], a Berwald-type inequality [], a gen-
eral Minkowski-type inequality [], and a general Barnes-Godun-Levin-type inequality
[] for the Sugeno integral. Caballero and Sadarangani presented Cauchy-Schwarz [],
Chebyshev [], Fritz Carlson [], and Sandor [] inequalities for the Sugeno integral.
Mesiar and Ouyang proposed Chebyshev [], Yong [], general Chebyshev [], and
Minkowski [] inequalities for Sugeno integral.

Agahi et al. [] illustrated a Berwald-type inequality for the Sugeno integral of a con-
vex function. Agahi et al. [] also obtained a Berwald-type inequality for a universal
integral based on a convex function. Song et al. [] proved Berwald-type inequalities
for an extreme universal integral from the situation of convex functions to (α, m)-convex
functions. Particularly, for pseudo-multiplication ⊗ = ∧, a Berwald-type inequality for the
Sugeno integral based on (α, m)-concave functions is obtained. The purpose of this paper
is to prove Berwald-type inequalities for the Sugeno integral related to (α, m, r)g -concavity.
Some examples are given to illustrate the results.

After some preliminaries of some known results on the Sugeno integral and the notion
of an (α, m, r)g -concave function in Section , Section  deals with Berwald inequalities
for the Sugeno integral based on (α, m, r)g -concave functions and reverse Berwald-type
inequalities for the Sugeno integral based on (α, m, r)g -convex functions. Finally, some
examples are given to illustrate the results and some remarks are obtained as special cases.

2 Preliminaries
In this section, we recall some basic definitions and properties of the fuzzy integral and
introduce the (α, m, r)g -convex functions. For details, we refer the reader to Refs. [, ].

Suppose that ℘ is a σ -algebra of subsets of X and let μ : ℘ → [,∞) be a nonnegative,
extended real-valued set function. We say that μ is a fuzzy measure if it satisfies:

() μ(∅) = ;
() E, F ∈ ℘ and E ⊂ F imply μ(E) ≤ μ(F);
() {En} ⊂ ℘ , E ⊂ E ⊂ · · · , imply limn→∞μ(En) = μ(

⋃∞
n= En);

() {En} ⊂ ℘ , E ⊃ E ⊃ · · · , μ(E) < ∞, imply limn→∞μ(En) = μ(
⋂∞

n= En).
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If f is a nonnegative real-valued function defined on X, we denote the set {x ∈ X : f (x) ≥
α} = {x ∈ X : f ≥ α} by Fα for α ≥ . Note that if α ≤ β , then Fβ ⊂ Fα .

Let (X,℘,μ) be a fuzzy measure space. We denote by M+ the set of all nonnegative
measurable functions with respect to ℘ .

Definition . (Sugeno []) Let (X,℘,μ) be a fuzzy measure space, f ∈ M+, and A ∈ ℘ .
The Sugeno integral (or the fuzzy integral) of f on A with respect to the fuzzy measure μ

is defined as

(S)
∫

A
f dμ =

∨

α≥

[
α ∧ μ(A ∩ Fα)

]
;

when A = X,

(S)
∫

X
f dμ =

∨

α≥

[
α ∧ μ(Fα)

]
,

where ∨ and ∧ denote the operations sup and inf on [,∞), respectively.

The properties of the fuzzy integral are well known and can be found in [].

Proposition . Let (X,℘,μ) be a fuzzy measure space, A, B ∈ ℘ , and f , g ∈ M+. Then:
() (S)

∫
A f dμ ≤ μ(A);

() (S)
∫

A k dμ = k ∧ μ(A) for a nonnegative constant k;
() (S)

∫
A f dμ ≤ (S)

∫
A g dμ if f ≤ g ;

() μ(A ∩ {f ≥ α}) ≥ α ⇒ (S)
∫

A f dμ ≥ α;
() μ(A ∩ {f ≥ α}) ≤ α ⇒ (S)

∫
A f dμ ≤ α;

() (S)
∫

A f dμ > α ⇔ there exists γ > α such that μ(A ∩ {f ≥ γ }) > α;
() (S)

∫
A f dμ < α ⇔ there exists γ < α such that μ(A ∩ {f ≥ γ }) < α.

Remark . Consider the distribution function F associated to f on A, that is, F(α) =
μ(A ∩ {f ≥ α}). Then, due to () and () of Proposition ., we have F(α) = α ⇒
(S)

∫
A f dμ = α. Thus, from a numerical point of view, the fuzzy integral can be calculated

by solving the equation F(α) = α.

Definition . Let I ⊆ R be an interval, λ,α, m ∈ [, ], r ∈ R, and g be a continuous and
monotonous function on R. A function f : I → R is said to be (α, m, r)g -concave on I if,
for all x, y ∈ I ,

f
([

λxr + m( – λ)yr]/r) ≥ g–([λα(g ◦ f )r(x) + m
(
 – λα

)
(g ◦ f )r(y)

]/r), r �= 

or

f
(
xλym(–λ)) ≥ g–((g ◦ f )λ

α

(x)(g ◦ f )m(–λα )(y)
)
, r = .

By reversing the inequalities we obtain the definition of an (α, m, r)g -convex function f
on I .
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Remark . If in Definition ., g = id (i.e., g(x) = x for any x ∈ I), then we obtain the
definition of (α, m, r)-concavity.

If in Definition ., α, m = , then we obtain the definition of rg -mean concavity.
If in Definition ., α, m =  and g = id, then we obtain the definition of r-mean concav-

ity [].
If in Definition ., r = , then we obtain the definition of (α, m)g -concavity.
If in Definition ., r =  and g = id, then we obtain the definition of (α, m)-concavity [].
If (α, m, r) ∈ {(, , ), (, m, ), (, , ), (α, , )} and g = id in Definition ., we obtain the

following classes of functions: decreasing, m-concave, concave, and α-concave.

3 Berwald-type inequalities for Sugeno integral based on (α, m, r)g-concave
function

The following Berwald inequality is well known [].
Let f be a nonnegative concave function on [a, b]. Then, for all u, v such that  < u < v <

∞,

( + v)

v

( + u)

u

(∫ b
a f v(x) dx

b – a

) 
v
≤

(∫ b
a f u(x) dx

b – a

) 
u

. (.)

Unfortunately, the following example shows that the Berwald inequality for the Sugeno
integral based on (α, m, r)g -concave functions is not valid.

Example Consider X = [, ] and μ be the Lebesgue measure on X. Take the function
f (x) = g(x) =

√
x; then f (x) is a ( 

 , 
 , ) 


-concave function. In fact,

√
x = f

((

x ·  +


(
 – x)

) 

)

≥
((

√x ·  +


(
 – √x

) · 
) 


)

= √x

for x ∈ [, ].
Let u = 

 and v = 
 . A straightforward calculus shows that

(S)
∫ 


f


 (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {

x ≥ β}) = .,

(S)
∫ 


f


 (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {

x ≥ β}) = ..

Therefore,

. =
( ( + 

 )

( + 
 )

)(

(S)
∫ 


f


 (x) dμ

)

≥
(

(S)
∫ 


f


 (x) dμ

)

= ..

This proves that the Berwald inequality is not satisfied for the Sugeno integral based on
(α, m, r)g -concave functions.

Now we present Berwald inequalities for the Sugeno integral based on (α, m, r)g -concave
functions.
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Theorem . Let (α, m) ∈ (, ], r ∈R, r �= , g be a continuous and monotonous function,
f : [, ] → [,∞) be an (α, m, r)g -concave function, and μ be the Lebesgue measure on R.
Then:

Case (i). If (g ◦ f )r() – m(g ◦ f )r() > , then

(

(S)
∫ 


f u(x) dμ

) 
u

≥ β ∧
(

 –
(

gr(β) – m(g ◦ f )r()
(g ◦ f )r() – m(g ◦ f )r()

) 
αr

) 
u

,

where β = (+v)

v

(+u)

u

((S)
∫ 

 f v(x) dμ) 
v .

Case (ii). If (g ◦ f )r() – m(g ◦ f )r() = , then

(

(S)
∫ 


f u(x) dμ

) 
u

≥ f () r√m ∧ .

Case (iii). If (g ◦ f )r() – m(g ◦ f )r() < , then

(

(S)
∫ 


f u(x) dμ

) 
u

≥ β ∧
(

gr(β) – m(g ◦ f )r()
(g ◦ f )r() – m(g ◦ f )r()

) 
uαr

,

where β = (+v)

v

(+u)

u

((S)
∫ 

 f v(x) dμ) 
v .

Proof Let  < u < v < ∞ and (S)
∫ 

 f v(x) dμ = t. Since f is an (α, m, r)g -concave function
for x ∈ [, ], we have

f (x) = f
([

xr · r + m
(
 – xr) · r]/r)

≥ g–([xαr(g ◦ f )r() + m
(
 – xαr)(g ◦ f )r()

]/r) = h(x).

By Proposition .() we have

(

(S)
∫ 


f u(x) dμ

) 
u

≥
(

(S)
∫ 


hu(x) dμ

) 
u

=
( ∨

γ∈[,]

(
γ ∧ μ

(
[, ] ∩ {

hu ≥ γ
}))

) 
u

=
( ∨

γ∈[,]

(
γ ∧ μ

(
[, ] ∩ {

h ≥ γ

u
}))

) 
u

=

⎛

⎝
∨

γ∈[,]

(

γ ∧ μ

(

[, ] ∩
{

x
∣
∣
∣
((g ◦ f )r() – m(g ◦ f )r())xαr

≥ gr(γ 
u ) – m(g ◦ f )r()

}))⎞

⎠


u

≥
⎛

⎝
(

( + v)

v

( + u)

u

t

v

)u

∧ μ

⎛

⎝[, ] ∩
⎧
⎨

⎩
x
∣
∣
∣
∣

((g ◦ f )r() – m(g ◦ f )r())xαr

≥ gr( (+v)

v

(+u)

u

t 
v ) – m(g ◦ f )r()

⎫
⎬

⎭

⎞

⎠

⎞

⎠


u

.

By Proposition .() and Remark . we get:
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Case (i). If (g ◦ f )r() – m(g ◦ f )r() > , then

(

(S)
∫ 


f u(x) dμ

) 
u

≥ β ∧
(

 –
(

gr(β) – m(g ◦ f )r()
(g ◦ f )r() – m(g ◦ f )r()

) 
αr

) 
u

,

where β = (+v)

v

(+u)

u

((S)
∫ 

 f v(x) dμ) 
v .

Case (ii). If (g ◦ f )r() – m(g ◦ f )r() = , then

(

(S)
∫ 


f u(x) dμ

) 
u

≥ f () r√m ∧ .

Case (iii). If (g ◦ f )r() – m(g ◦ f )r() < , then

(

(S)
∫ 


f u(x) dμ

) 
u

≥ β ∧
(

gr(β) – m(g ◦ f )r()
(g ◦ f )r() – m(g ◦ f )r()

) 
uαr

,

where β = (+v)

v

(+u)

u

((S)
∫ 

 f v(x) dμ) 
v .

This completes the proof. �

Remark . If α =  in Theorem ., then

(

(S)
∫ 


f u(x) dμ

) 
u

≥ min
{

f (), 
}

.

Example Consider X = [, ] with the Lebesgue measure μ on it. Take the function f (x) =
g(x) =

√
x; then f (x) is a ( 

 , 
 , ) 


-concave function. In fact,

√
x = f

((

x ·  +


(
 – x)

) 

)

≥
((

√x ·  +


(
 – √x

) · 
) 


)

= √x

for x ∈ [, ].
Let u = 

 and v = 
 . A straightforward calculus shows that

(S)
∫ 


f


 (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {

x ≥ β}) = .,

(S)
∫ 


f


 (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {

x ≥ β}) = .,

( ( + 
 )

( + 
 )

)(

(S)
∫ 


f


 (x) dμ

)

= ..

By Theorem . we have

. =
(

(S)
∫ 


f


 (x) dμ

)

≥
( ( + 

 )

( + 
 )

)(

(S)
∫ 


f


 (x) dμ

)
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∧
((

 –
( ( (+ 

 )

(+ 
 ) )((S)

∫ 
 f 

 (x) dμ)


– 


√


√
 – 



√


))



)

= . ∧ . = ..

Now, we will prove the general cases of Theorem ..

Theorem . Let (α, m) ∈ (, ], r ∈R, r �= , g be a continuous and monotonous function,
f : [a, b] → [,∞) be an (α, m, r)g -concave function, and μ be the Lebesgue measure on R.
Then:

Case (i). If (g ◦ f )r(b) – m(g ◦ f )r(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(

b –
((

gr(β) – m(g ◦ f )r(a)
(g ◦ f )r(b) – m(g ◦ f )r(a)

)/α(
br – mar) + mar

)/r) 
u

,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If (g ◦ f )r(b) – m(g ◦ f )r(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If (g ◦ f )r(b) – m(g ◦ f )r(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(((

gr(β) – m(g ◦ f )r(a)
(g ◦ f )r(b) – m(g ◦ f )r(a)

)/α(
br – mar) + mar

)/r

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Proof Let  < u < v < ∞ and (S)
∫ b

a f v(x) dμ = t. Since f is an (α, m, r)g -concave function
for x ∈ [a, b], we have

f (x) = f
([

m
(

 –
xr – mar

br – mar

)

ar +
xr – mar

br – mar br
]/r)

≥ g–
([

m
(

 –
(

xr – mar

br – mar

)α)

(g ◦ f )r(a) +
(

xr – mar

br – mar

)α

(g ◦ f )r(b)
]/r)

= h(x).

By Proposition .() we have

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥
(

(S)
∫ b

a
hu(x) dμ

) 
u

=
( ∨

γ∈[,b–a]

(
γ ∧ μ

(
[a, b] ∩ {

x|h ≥ γ

u
}))

) 
u
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=

⎛

⎝
∨

γ∈[,b–a]

(

γ ∧ μ

(

[a, b] ∩
{

x
∣
∣
∣
((g ◦ f )r(b) – m(g ◦ f )r(a))( xr–mar

br–mar )
α

≥ gr(γ 
u ) – m(g ◦ f )r(a)

}))⎞

⎠


u

≥ (b – a)

u ( + v)


v

( + u)

u

(
t

b – a

) 
v

∧
⎛

⎝μ

⎛

⎝[a, b] ∩
⎧
⎨

⎩
x
∣
∣
∣
∣

((g ◦ f )r(b) – m(g ◦ f )r(a))( xr–mar

br–mar )
α

≥ gr( (b–a)

u (+v)


v

(+u)

u

( t
b–a )


v ) – m(g ◦ f )r(a)

⎫
⎬

⎭

⎞

⎠

⎞

⎠


u

.

By Proposition .() and Remark . we get:
Case (i). If (g ◦ f )r(b) – m(g ◦ f )r(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(

b –
((

gr(β) – m(g ◦ f )r(a)
(g ◦ f )r(b) – m(g ◦ f )r(a)

)/α(
br – mar) + mar

)/r) 
u

,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If (g ◦ f )r(b) – m(g ◦ f )r(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ ( + v)

v

( + u)

u

t

v ∧ f (a) ur√m.

Case (iii). If (g ◦ f )r(b) – m(g ◦ f )r(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(((

gr(β) – m(g ◦ f )r(a)
(g ◦ f )r(b) – m(g ◦ f )r(a)

)/α(
br – mar) + mar

)/r

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

This completes the proof. �

Remark . If α =  in Theorem ., then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ min
{

f (b), (b – a)

u
}

.

Example Consider X = [, ] with the Lebesgue measure μ on it. Take the functions f (x) =
ln(x + ) and g(x) = id; f (x) is a (, , )-concave function. In fact,

ln(x + ) = f
([(

x –  · 

 –  · 

)

·  + 
(

 –
(

x –  · 

 –  · 

))

· 
]/)

≥
[(

x –  · 

 –  · 

)

· ln() + 
(

 –
(

x –  · 

 –  · 

)/)

· ln()
]/

=
ln()


x

for x ∈ [, ].
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Let u = 
 and v = . A straightforward calculus shows that

(S)
∫ 


f (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {

ln(x + ) ≥ β
})

= .,

(S)
∫ 


f


 (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {

ln(x + ) ≥ β}) = .,

(
( – ) · ( + )




( + 
 )

)( (S)
∫ 

 f (x) dμ

 – 

) 


= ..

By Theorem . we have

. = . ∧ .

=
(

( – ) · ( + )



( + 
 )

)( (S)
∫ 

 f (x) dμ

 – 

) 


∧
(

 –
(( ( (–)·(+)




(+ 
 ) )( (S)

∫ 
 f (x) dμ

– )



–  · ln()

ln() –  · ln()

)

· 
)




)

≤
(

(S)
∫ 


f


 (x) dμ

)

= ..

Now we consider some special cases of (α, m, r)g -concave functions in Theorem ..

Remark . Let (α, m) ∈ [, ], r ∈ R, r �= , g = id, f : [a, b] → [,∞) be an (α, m, r)-
concave function, and μ be the Lebesgue measure on R. Then:

Case (i). If f r(b) – mf r(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(

b –
((

βr – mf r(a)
f r(b) – mf r(a)

)/α(
br – mar) + mar

)/r) 
u

,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If f r(b) – mf r(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If f r(b) – mf r(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(((

βr – mf r(a)
f r(b) – mf r(a)

)/α(
br – mar) + mar

)/r

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . Let α = m = , r ∈ R, r �= , g be a continuous and monotonous function,
f : [a, b] → [,∞) be an rg -mean concave function, and μ be the Lebesgue measure on R.
Then:
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Case (i). If (g ◦ f )r(b) – (g ◦ f )r(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(

b –
((

gr(β) – (g ◦ f )r(a)
(g ◦ f )r(b) – (g ◦ f )r(a)

)
(
br – ar) + ar

)/r) 
u

,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If (g ◦ f )r(b) – (g ◦ f )r(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If (g ◦ f )r(b) – (g ◦ f )r(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(((

gr(β) – (g ◦ f )r(a)
(g ◦ f )r(b) – (g ◦ f )r(a)

)
(
br – ar) + ar

)/r

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . Let α = m = , r ∈ R, r �= , g = id, f : [a, b] → [,∞) be an r-mean concave
function, and μ be the Lebesgue measure on R. Then:

Case (i). If f r(b) – f r(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(

b –
((

βr – f r(a)
f r(b) – f r(a)

)
(
br – ar) + ar

)/r) 
u

,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If f r(b) – f r(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If f r(b) – f r(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(((

βr – f r(a)
f r(b) – f r(a)

)
(
br – ar) + ar

)/r

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . Let (α, m) ∈ [, ], r = , g be a continuous and monotonous function, f :
[a, b] → [,∞) be an (α, m)g -concave function, and μ be the Lebesgue measure on R.
Then:

Case (i). If (g ◦ f )(b) – m(g ◦ f )(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
((

 –
(

g(β) – m(g ◦ f )(a)
(g ◦ f )(b) – m(g ◦ f )(a)

)/α)

(b – ma)
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .
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Case (ii). If (g ◦ f )(b) – m(g ◦ f )(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If (g ◦ f )(b) – m(g ◦ f )(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(((

g(β) – m(g ◦ f )(a)
(g ◦ f )(b) – m(g ◦ f )(a)

)/α

(b – ma) + ma
)

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . Let (α, m) ∈ [, ], r = , g = id, f : [a, b] → [,∞) be an (α, m)-concave func-
tion, and μ be the Lebesgue measure on R. Then:

Case (i). If f (b) – mf (a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
((

 –
(

β – mf (a)
f (b) – mf (a)

)/α)

(b – ma)
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If f (b) – mf (a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If f (b) – mf (a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≥ β ∧
(((

β – mf (a)
f (b) – mf (a)

)/α

(b – ma) + ma
)

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . Let g = id and α = m = r =  in Theorem .. Then we obtain the Berwald
inequalities for the fuzzy integral of concave functions [].

As in the proofs of Theorems . and ., we can similarly obtain some reverse inequal-
ities for the Sugeno integral based on (α, m, r)g -convex functions.

Remark . Let (α, m) ∈ (, ], r ∈ R, r �= , g be a continuous and monotonous func-
tion, f : [, ] → [,∞) be an (α, m, r)g -convex function, and μ be the Lebesgue measure
on R. Then:

Case (i). If (g ◦ f )r() – m(g ◦ f )r() > , then

(

(S)
∫ 


f u(x) dμ

) 
u

≤ β ∨
(

 –
(

gr(β) – m(g ◦ f )r()
(g ◦ f )r() – m(g ◦ f )r()

) 
αr

) 
u

,

where β = (+v)

v

(+u)

u

((S)
∫ 

 f v(x) dμ) 
v .
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Case (ii). If (g ◦ f )r() – m(g ◦ f )r() = , then

(

(S)
∫ 


f u(x) dμ

) 
u

≤ min
{

f (), 
}

.

Case (iii). If (g ◦ f )r() – m(g ◦ f )r() < , then

(

(S)
∫ 


f u(x) dμ

) 
u

≤ β ∨
(

gr(β) – m(g ◦ f )r()
(g ◦ f )r() – m(g ◦ f )r()

) 
uαr

,

where β = (+v)

v

(+u)

u

((S)
∫ 

 f v(x) dμ) 
v .

Example Consider X = [, ] with the Lebesgue measure μ on it. Take the function f (x) =
x and g(x) = x; then f (x) is a ( 

 , 
 , )-convex function. In fact,

x = f
((

x ·  +


(
 – x)

) 

)

≤
((

x ·  +



( – x) · 
) 


) 


= √x

for x ∈ [, ].
Let u = 

 and v = . A straightforward calculus shows that

(S)
∫ 


f


 (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {x ≥ β}) = .,

(S)
∫ 


f (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {

x ≥ β
})

= .,

(
( + )




( + 
 )

)(

(S)
∫ 


f (x) dμ

) 


= ..

By Remark . we have

. = . ∨ .

=
(

( + )



( + 
 )

)(

(S)
∫ 


f (x) dμ

) 


∨
(

 –
( (( (+)




(+ 
 ) )((S)

∫ 
 f (x) dμ)


 )


– 

 – 

))

≥
(

(S)
∫ 


f


 (x) dμ

)

= ..

Remark . Let (α, m) ∈ (, ], r ∈ R, r �= , g be a continuous and monotonous func-
tion, f : [a, b] → [,∞) be an (α, m, r)g -convex function, and μ be the Lebesgue measure
on R. Then:
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Case (i). If (g ◦ f )r(b) – m(g ◦ f )r(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∨
(

b –
((

gr(β) – m(g ◦ f )r(a)
(g ◦ f )r(b) – m(g ◦ f )r(a)

)/α(
br – mar) + mar

)/r) 
u

,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If (g ◦ f )r(b) – m(g ◦ f )r(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If (g ◦ f )r(b) – m(g ◦ f )r(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∨
(((

gr(β) – m(g ◦ f )r(a)
(g ◦ f )r(b) – m(g ◦ f )r(a)

)/α(
br – mar) + mar

)/r

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . If α =  in Remark ., then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ min
{

f (b), (b – a)

u
}

.

Example Consider X = [, ] with the Lebesgue measure μ on it. Take the function f (x) =√
x and g(x) = √x; then f (x) is a ( 

 , , ) 


-convex function. In fact,

√
x = f

([(
x –  · 

 –  · 

)

·  + 
(

 –
(

x –  · 

 –  · 

))

· 
]/)

≤
([(

x –  · 

 –  · 

)/

·  + 
(

 –
(

x –  · 

 –  · 

)/)

· 
]/)

= x

for x ∈ [, ].
Let u = 

 and v = . A straightforward calculus shows that

(S)
∫ 


f (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {

x ≥ β
})

= .,

(S)
∫ 


f


 (x) dμ =

∨

β∈[,]

β ∧ μ
(
[, ] ∩ {

x

 ≥ β

})
= .,

(
 · ( + )




( + 
 )

)( (S)
∫ 

 f (x) dμ

 – 

) 


= ..
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By Remark . we have

. = . ∨ .

=
(

 · ( + )



( + 
 )

)( (S)
∫ 

 f (x) dμ

 – 

) 


∨
(

 –
(( ( ·(+)




(+ 
 ) )( (S)

∫ 
 f (x) dμ

– )



– 

 – 

)

· 
)




)

≥
(

(S)
∫ 


f


 (x) dμ

)

= ..

Now we consider some special cases of (α, m, r)g -convex functions in Remark ..

Remark . Let (α, m) ∈ [, ], r ∈ R, r �= , g = id, f : [a, b] → [,∞) be an (α, m, r)-
convex function, and μ be the Lebesgue measure on R. Then:

Case (i). If f r(b) – mf r(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
(

b –
((

βr – mf r(a)
f r(b) – mf r(a)

)/α(
br – mar) + mar

)/r) 
u

,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If f r(b) – mf r(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If f r(b) – mf r(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
(((

βr – mf r(a)
f r(b) – mf r(a)

)/α(
br – mar) + mar

)/r

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . Let α = m = , r ∈ R, r �= , g be a continuous and monotonous function,
f : [a, b] → [,∞) be an rg -mean convex function, and μ be the Lebesgue measure on R.
Then:

Case (i). If (g ◦ f )r(b) – (g ◦ f )r(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
(

b –
((

gr(β) – (g ◦ f )r(a)
(g ◦ f )r(b) – (g ◦ f )r(a)

)
(
br – ar) + ar

)/r) 
u

,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If (g ◦ f )r(b) – (g ◦ f )r(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ min
{

f (a) r√m, (b – a)

u
}

.
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Case (iii). If (g ◦ f )r(b) – (g ◦ f )r(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
(((

gr(β) – (g ◦ f )r(a)
(g ◦ f )r(b) – (g ◦ f )r(a)

)
(
br – ar) + ar

)/r

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . Let α = m = , r ∈ R, r �= , g = id, f : [a, b] → [,∞) be an r-mean convex
function, and μ be the Lebesgue measure on R. Then:

Case (i). If f r(b) – f r(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
(

b –
((

βr – f r(a)
f r(b) – f r(a)

)
(
br – ar) + ar

)/r) 
u

,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If f r(b) – f r(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If f r(b) – f r(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
(((

βr – f r(a)
f r(b) – f r(a)

)
(
br – ar) + ar

)/r

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . Let (α, m) ∈ [, ], r = , g be a continuous and monotonous function, f :
[a, b] → [,∞) be an (α, m)g -convex function, and μ be the Lebesgue measure onR. Then:

Case (i). If (g ◦ f )(b) – m(g ◦ f )(a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
((

 –
(

g(β) – m(g ◦ f )(a)
(g ◦ f )(b) – m(g ◦ f )(a)

)/α)

(b – ma)
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If (g ◦ f )(b) – m(g ◦ f )(a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If (g ◦ f )(b) – m(g ◦ f )(a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
(((

g(β) – m(g ◦ f )(a)
(g ◦ f )(b) – m(g ◦ f )(a)

)/α

(b – ma) + ma
)

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .
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Remark . Let (α, m) ∈ [, ], r = , g = id, f : [a, b] → [,∞) be an (α, m)-convex func-
tion, and μ be the Lebesgue measure on R. Then:

Case (i). If f (b) – mf (a) > , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
((

 –
(

β – mf (a)
f (b) – mf (a)

)/α)

(b – ma)
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Case (ii). If f (b) – mf (a) = , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ min
{

f (a) r√m, (b – a)

u
}

.

Case (iii). If f (b) – mf (a) < , then

(

(S)
∫ b

a
f u(x) dμ

) 
u

≤ β ∧
(((

β – mf (a)
f (b) – mf (a)

)/α

(b – ma) + ma
)

– a
) 

u
,

where β = (b–a)

u (+v)


v

(+u)

u

( (S)
∫ b

a f v(x) dμ

b–a ) 
v .

Remark . Let g = id and α = m = r =  in Remark .. Then we obtain the Berwald
inequalities for the fuzzy integral of convex functions [].

4 Conclusion
In this paper, we have discussed the Berwald inequalities for the Sugeno integral based on
(α, m, r)g -concave functions. We have provided the reverse inequalities as well. As open
problems for future research, it would be interesting to explore Berwald inequalities for
other generalizations of the fuzzy integral. We will investigate these problems in the future.
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