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1 Introduction

Luo et al. [1] presented a comprehensive study of MPEC. Flegel and Kanzow [2] ob-
tained short and elementary proof of the optimality conditions for MPEC using the stan-
dard Fritz-John conditions. Further, Flegel and Kanzow [3] introduced a new Abadie-type
constraint qualification and a new Slater-type constraint qualification for the MPEC and
proved that new Slater-type CQ implies new Abadie-type CQ. Ye [4] considered MPEC
and introduced various stationary conditions and established that it is sufficient for being
globally or locally optimal under some generalized convexity assumption and obtained
new constraint qualifications.

Outrata et al. [5] derived necessary optimality conditions for those MPECs which can be
treated by the implicit programming approach and proposed a solution method based on
the bundle technique of nonsmooth optimization. Flegel et al. [6] considered optimization
problems with a disjunctive structure of the feasible set and obtained optimality condi-
tions for disjunctive programs with application to MPEC using Guignard-type constraint
qualifications. Movahedian and Nobakhtian [7] introduced nonsmooth strong stationar-
ity, M-stationarity and generalized the Abadie and Guignard-type constraint qualifica-
tions for nonsmooth MPEC. Movahedian and Nobakhtian [8] introduced a nonsmooth
type of the M-stationary condition based on the Michel-Penot subdifferential and estab-
lished the Fritz-John-type, Kuhn-Tucker-type M-stationary necessary conditions for the
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nonsmooth MPEC. Further, Movahedian and Nobakhtian [9] established necessary opti-
mality conditions for Lipschitz MPEC on Asplund space and sufficient optimality condi-
tions for nonsmooth MPEC in Banach space. We refer to the recent results of Ardali et al.
[10], Chieu and Lee [11], Guo and Lin [12], Guo et al. [13, 14] and Ye and Zhang [15], and
the references therein for more details related to the MPEC.

Following Luo et al. [1] and Movahedian and Nobakhtian [9], we consider the following
mathematical programming problem with equilibrium constraints (MPEC):

(MPEC) minf(z)
subject to: g(z) <0, h(z) =0,

G(z)>0, H()=>=0, (G(2),H(2)=0,

where X is a Banach space, f : X — R is alower semi-continuous (Isc) function, g : X — R,
h:X—> R, G:X — R and H : X — R’ are functions with lsc components.

The use of equilibrium constraints in modeling process engineering problems is a rel-
atively new and exciting field of research; see Raghunathan and Biegler [16]. Hydroeco-
nomic river basin models (HERBM) based on mathematical programming are conven-
tionally formulated as explicit aggregate optimization problems with a single, aggregate
objective function. Britz et al. [17] proposed a new solution format for hydroeconomic
river basin models, based on a multiobjective optimization problem with equilibrium con-
straints, which allowed, inter alia, to express spatial externalities resulting from asymmet-
ric access to water use.

Wolfe [18] formulated a dual program for a nonlinear programming problem. Motivated
by a specific problem, namely the mathematical description of the rotating heavy chain,
Toland [19, 20] introduced the notion of duality and established the duality theory for non-
convex optimization problems. Rockafellar [21, 22] studied fundamental duality theory for
convex programs using a conjugate function and established a generalized version of the
Fenchelis duality theorem. In the last four decades there has been an extensive interest in
the duality theory of nonlinear programming problems; see Mangasarian [23] and Mishra
and Giorgi [24].

To the best of our knowledge, the dual problem to a nonsmooth MPEC has not been
given in the literature as yet.

In this paper, we introduce Wolfe-type and Mond-Weir-type dual programs to the non-
smooth MPEC. We have established weak and strong duality theorems relating the nons-
mooth MPEC and the two dual programs. The paper is organized as follows: in Section 2,
we give some preliminaries, definitions, and results. In Section 3, we derive weak and
strong duality theorems relating to the nonsmooth MPEC and the two dual models under
convexity and generalized convexity assumptions.

2 Preliminaries
In this section, we give some notations, basic definitions, and preliminary results, which
will be used later in the paper.

The Clarke-Rockafellar subdifferential of f is defined by

9f(x) = {x* eX*: <x*,v> §f7(x; v), Vv eX},
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where
+Iw) —
fT(;v) =supinf sup inf fo+tw) 1)
>0 V>0 yeB(x;y) weB(vse) t
520 fo)<f @+
te(0,1)

is the Clarke-Rockafellar directional derivative.

Definition 2.1 (Rockafellar [25]) The Isc function f : X — R U {+00} is directionally Lip-
schitzian at x if for some y € X,

X +ty)—fx
lim sup sup]M <
x/i)k Y=y t

tl0

0.

The function f : X — R U {+00} is said to be radially nonconstant (rnc) if Vx,y € X,
3z € (x,y), with f(2) #f(x), i.e., one cannot find any line segment on which f is constant.

Definition 2.2 (Avriel et al. [26]) The Isc function f : X — R U {+00} is said to be a qua-
siconvex function, if for any x, y € X, one has

f2) <max{f(x).f(y)}, VryeX,zelxyl,
where [x,y] = {x + t(y —x): t € (0,1)}.

Definition 2.3 (Clarke [27]) The Isc function f : X — R U {+00} is said to be a convex
function at x € X, if, for all x € X,

SR =fR) + (E,x-%), VEe€df(X).

Definition 2.4 (Aussel [28]) The Isc function f : X — R U {+00} is said to be pseudocon-
vex function at ¥ € X, if, for all x € X,

(6,x—%)>0, forsomeé edf(x) = flx)=>f(x),
f)<f(x = (E,x-%) <0, VEeif(x).
Theorem 2.5 (Aussel [28]) Letf : X — RU {+00} be Isc, quasiconvex and rnc on a convex

open set U C X. Moreover, assume that f is finite at x € U and f'(x;0) > —occ. Then, for
eachx e U,

f<f@) = VEedf(x):(x-x) <0.
Given a feasible vector z for the MPEC, we define the following index sets:

Ly=L(2):={i=12,...,k: g(z) = 0},
a=a@)={i=12,..,0:G(z) = 0,H;(z) > 0},
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B:=p@={i=1,2,..,01:Giz) =0,H(z) =0},

yi=v@={i=12,...,01:Giz) > 0,H;(z) = 0}.

The set 8 is known as a degenerate set. If 8 is empty, the vector z is said to satisfy the strict
complementarity condition. Movahedian and Nobakhtian [8] introduced a nonsmooth
type of M-stationary via the Michel-Penot subdifferential for finite-dimensional spaces.
Further, Movahedian and Nobakhtian [9] extend the M-stationary notion to nonsmooth
MPEC in terms of the Clarke-Rockafellar subdifferential in Banach spaces. The following
definition of the M-stationary point for the nonsmooth MPEC is taken from Definition 3.1
in Movahedian and Nobakhtian [9].

Definition 2.6 A feasible point z of MPEC is called the Mordukhovich stationary point
if there exists A = (A%, A", AG, A1) € R¥*7*2 such that the following conditions hold:

V4 !
0€df@) + Y Mog@+ Y Aochiz) - Y [A0.Gi(z) + AoH,(2)],

icly i=1 i=1

Myz=0,  a7=0,  Af=0, eitheri >0, >0o0rAfA =0,Viep.

The following definition of the no nonzero abnormal multiplier constraint qualification
for MPEC is taken from Definition 3.3 in Movahedian and Nobakhtian [9].

Definition 2.7 Let z be a feasible point of MPEC. We say that the No Nonzero Abnormal
Multiplier Constraint Qualification (NNAMCQ) is satisfied at z if there is no nonzero
vector A = (A8, M, A6, AH) e RF*P+2 guch that

V4 l
0e> Mog@+ Y Aohi@) - Y [A0.Gi(z) + AH,(2)],

iely i=1 i=1
Myz0,  a7=0,  Af=0, eitheri >0, >00rAfA = 0,Viep.
Definition 2.8 (Mordukhovich [29]) A Banach space X is Asplund, or it has the Asplund

property, if every convex continuous function ¢ : I — R defined on an open convex sub-
set U of X is a Frechet differential on a dense subset of U.

In the following theorem, Movahedian and Nobakhtian [9] proved a necessary optimal-

ity condition for Lipschitz MPEC on Asplund spaces.

Theorem 2.9 Let z be a local optimal point for the MPEC where X is an Asplund space
and all of the functions are locally Lipschitz around z. Then z is an M-stationary point
provided that the NNAMCQ holds at z.

Now, divide the index sets as follows. Let

Jr={ical>o},  J={inal<o},

B i={ieB:A7>0,2 >0},
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B&={ieB:af =0,1" >0}, Be:={ieB:ar{ =0,1 <0},

4 L

{
Biy={ieB:Ai"=0,A7>0},  By:={iep:A=0,A7 <0},
ati={ica:rl>0}, a ={icea:rf <0},

{

yti= iey:AH>0}, y’::{iey:)\fl<0}.

3 Duality

In this section, we formulate and study a Wolfe-type dual problem for the MPEC under the
convexity assumption. A Mond-Weir-type dual problem is also formulated and studied for
the MPEC under convexity and generalized convexity assumptions. The Wolfe-type dual
problem is formulated as follows:

p 1
5 2, Iy (1) — <Te? Hpy,
WDMPEC(Z) max (u) + XI: Agi(u) + 21: Ay (u) le[xl Gi(u) + A Hy(u)]
iely i= i=
subject to
p 1
0€df(w) + Y Af0gi(u) + Y M dchi(w) = Y [AF0:Giw) + A 9cHi(w) ], (3.1)
i€ly i=1 i=1

M,=0,  A7=0, =0, eitheri>0,A7>00rafA"=0,Yiep,
where A = (A%, A, AG, M) e R¥+P+2,

Theorem 3.1 (Weak duality) Let z be feasible for MPEC where X is a Banach space, (u, 1)

feasible for WDMPEC(z), and index sets I,, a, B, y defined accordingly. Suppose that f, g;
(iely), hi(ie]*), G (iea” UBy), H; (icy~UpBg) are convex at u and radially noncon-
stant. Also, assume that —h; (i€ J™), —-G; (ie a™ U Bj; U B*), —-H; (ie y* U BLU B*) are
directionally Lipschitzian, convex at u, and radially nonconstant. If o~ Uy~ U Bz U B = ¢,
then, for any z feasible for the MPEC, we have

p 1
f@=f)+ ) xgw) + Y Alhi(w) = Y [AGi(w) + A Hy(w)).
iely i=1 i=1
Proof Let z be any feasible point for MPEC. Then we have
gi(2) <0, Vielandhi(z)=0,i=1,2,...,p.

Since f is convex at u,

f@)—fu) = (&z—u), VE€of(u). (3.2)
Similarly, we have

8i(2) - giu) = (&}, z—u),  VE € degiu), Vi€ I, (3.3)
hi(z) = hi(u) > (], 2 —u), VE! € dchi(u),Yie ], (3.4)
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~hi(2) + hi(u) = ~(&l, 2~ u), V& € dhi(u),Yie ], (3.5)
~Gi(2) + Gi(u) > —(£°,z—u), VET € 3.Gi(w),Viea UBHU BT, (3.6)
~Hi(z) + Hy(u) > (&, z—u), V&' € 8.H;(w),Yie y* UBLUB". (3.7)

Ifa™ Uy~ UpBg U By = ¢, multiplying (3.3)-(3.7) by A > 0 (i € L), A" >0 (i € J*), Al > 0
(ie]), kiG >0(eatUBLUBY), AE>0(3(eytU B¢ U BY), respectively, and adding
(3.2)-(3.7), we get

p p I
f@—fw)+ Male) - Mg + Y ahi(z) = > Mhiw) =Y 2{Gi(2)
=1 i=1 i=1

iely iely i

! ! !
+ Z A Giu) - Zkf{Hi(Z) + ZA{{Hi("‘)
i=1 i=1 =1

p l
) <S 2HE +D?s!“—Z[x?sf+>»ffsﬁ]f”>'

iely i=1 i=1

From (3.1), there exist & € 3 f (u), élg € 0.g:(u), éih € .h;(u), éiG € 0.G;(u), and élH € 0.H;(u),
such that

l

p
e Y AE Y A< SRS ] 0.

iely i=1 i=1
So,
p p
f@—f)+ Mg@) - Agw) + Y Alhi(@) = > Mhi(u)
iely iely i=1 i=1
l l ! i
=Y 2GR + Y ATGiw) - Y MHi(2) + Y A Hi(w) > 0.
i=1 i=1 i=1 i=1
Now, using the feasibility of z for MPEC, that is, g;(z) < 0, /;(z) = 0, Gi(z) > 0, H;(z) > 0,
we get
p ! !
@ )= Mgiu) =Y Alhi(w) + Y AfGiw) + Y A Hi(u) = 0.
iely i=1 i=1 i=1
Hence,

P I I
f@=f)+Y Mg+ Mhiu)-> " |:AiGGi(u) + ZkiHHi(u):|.

el i=1 i=1 -1
This completes the proof. O

The following corollary is a direct consequence of Theorem 3.1.
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Corollary 3.2 Let z be feasible for MPEC where all constraint functions g, h;, G;, H; are
affine and index sets I,, a, B, y defined accordingly. Then, for any z feasible for the MPEC
and (u, ).) feasible for WDMPEC(z), we have

l

p
f@=f)+ > Mgw) + Y Alhi(w) = > [A7Gi(w) + A Hy(w)).

icly i=1 i=1
Analogously, we have the following result for Asplund spaces.

Theorem 3.3 (Weak duality) Let z be feasible for MPEC where X is an Asplund space,
(u, 1) feasible for WDMPEC(z) and index sets I,, o, B, y defined accordingly. Suppose that
frgliel), h(ie]), Gi(iea UBy), H; (i ey~ UBg) are convex at u and radially
nonconstant. Also, assume that —h; (i€ ™), -G; (iea* UBLUB"), —H; (ie y* UBLUB")
are directionally Lipschitzian, convex at u, and radially nonconstant. Ifa~ Uy~ U Bz U By =
@, then, for any z feasible for the MPEC, we have

p l
f@=f)+ > xgw) + Y Alhi(w) =Y [A7Gi(w) + A Hy(w)).
i=1

il i=1 i=
Proof The proof follows the lines of the proof of Theorem 3.1. d

Theorem 3.4 (Strong duality) Assume z is a locally optimal solution of MPEC where X
is an Asplund space, such that NNAMCQ is satisfied at z and the index sets I,, o, B, y
are defined accordingly. Let f, g; (i € L), h; (i€ J*), —h; (i€ ]7), G; (i € a™ U Bg), —-G;
(fea®UBLUBY), Hi(icy  UPBL), —H; (i € y* U BE U B*) satisfy the assumption of the
Theorem 3.3. Then there exists ., such that (z,1) is an optimal solution of WDMPEC(Z)

and the respective objective values are equal.

Proof Since z is a locally optimal solution of MPEC and the NNAMCAQ is satisfied at z,
hence, by Theorem 2.9, 31 = (A%, 1,19, 11) € RK7*2L such that the nonsmooth M-
stationarity conditions for MPEC are satisfied, that is, there exist £ € 9.f(z), Ef € 9.4:(2),
El € 3:h:(2), EF € 3,Gi(2), and &M € 3,H,(2), such that

!

p
0-F+ YORE + Y E - Y [ACET + TEN)
=1

iely i i=1
M =0, AJ=0,17=0, eitherif>0,A>00rA7A{'=0,Viep.
Therefore, (z, 1) is feasible for WDMPEC(Zz). By Theorem 3.3, we have
V4 !
f@=fu)+ ) Kgw) + Y Alhi(w) = > [A7Gi(w) + M Hy(w)), (3.8)

iely i=1 i=1

for any feasible solution (u,) for WDMPEC(z). Also, from the feasibility condition of
MPEC and WDMPEC(2), that is, for i € I,(z), gi(z) = 0, and /;(z) = 0, G;(z) =0, Vie a U 3,



Guu et al. Journal of Inequalities and Applications (2016) 2016:28 Page 8 of 15

H;(z) =0, Vie Uy, we have

14 !
f@=f@+) Mea@+) M@ -) [AGE) +1[H )] (3.9)

iely i=1 i=1
Using (3.8) and (3.9), we have

)4 I
f@+ M@+ Ahi@) - [AGi(z) + MH,(2)]
i i=1

iely i=1 i

p l
> flu)+ > Mgiu) + Y Alhi(w) = Y [AGi(w) + A Hy(w)).
i=1

iely i=1

Hence, (z,1) is an optimal solution for WDMPEC(z) and the respective objective values
are equal. O

Example 3.1 Consider the following MPEC in R?:

MPEC(1) min|z| + 22
subject to :|z1| + 2z > 0,
- Z2 Z Or

z(jz1l +2) = 0.
Now, we formulate Wolfe-type dual problem WDMPEC(z) for MPEC(1):
max lua| + 3 — [AC (lua] + 1) + A" (—u)]

subject to

o)) ) C)

where &,n € [-1,1].
If B is non-empty, then either

2% >0, Ms0, or A% =o.

If we take the point z = (0,0) from the feasible region, then the index sets «(0,0) and
y(0,0) are empty sets, but B := §(0, 0) is non-empty. Also, from solving a constraint equa-
tion in the feasible region of WDMPEC(0, 0), we get A® = % and A = % — 2u,, where
n # 0. Since B is non-empty, we consider a 8%, 85, B;; to decide the feasible region of
WDMPEC(0, 0). It is clear that the assumptions of Theorem 3.1 are satisfied, so Theo-
rem 3.1 holds between MPEC(1) and WDMPEC(0, 0).

It is clear that z = (0, 0) is the optimal solution of MPEC(1) and NNAMCAQ is satisfied
at z. Hence, the assumptions of the Theorem 3.4 are satisfied. Then, by Theorem 3.4, there
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exists A such that (z, 1) is an optimal solution of WDMPEC(0, 0) and the respective values
are equal.

We now prove the duality relation between the mathematical programming problem
with equilibrium constraints (MPEC) and the following Mond-Weir-type dual problem

MWDMPEC(z) makx f(u)
subject to
b l
0€df () + Y Afoegi(u) + Y Mochi(u) = Y [A§0.Gi(w) + A OHi(u)), (3.10)
iely i=1 i=1

g(u)>0 (iely), hi(u)=0 (i=1,...,p),

Gu) <0 (ieaUB), Hiw)=<0 (iepUy),

M, =0, a7=0, A7 =0, eitheri >0, >00rAfA =0,Viep,
where A = (A%, A", 1.9, A1) € Rk+p+2l,
Theorem 3.5 (Weak duality) Let z be feasible for MPEC where X is a Banach space, (u, 1)
befeasible for MWDMPEC(z), and the index sets Iy, o, B, y are defined accordingly. Suppose
thatf,g (iely), h; (ie]*), G; (iea”UBy), H; (i € y~ U Bg) are convex at u and radially
nonconstant. Also, assume that —h; (i€ ™), -G; (ie o™ U B UB"), -H; (ie y* UBLUB")

are directionally Lipschitzian, convex at u, and radially nonconstant. Ifa~ Uy~ U Bz U By =
¢, then, for any z feasible for the MPEC, we have

f@)=f(w).

Proof Since f is convex at u,

f@) —fu) > (§,z—u), V&€ f(u). (3.11)

Similarly, we have

g2 —gi(w) = (6}, z—u), VE €dgi(w),Viel, (3.12)
hi(z) = hi(u) > (]2 —u), VE! € d:hi(u),Yie]", (3.13)
~hi(2) + hi(w) > ~(El 2 —u), V& € d.hi(w),Vie], (3.14)
-Gi(2) + Gi(w) > —(£F,z~u), VEF €3.G(w),Viea™ UBj;UB", (3.15)
~Hi(z) + H(u) > (&, z—u), V& € 8.H;(w),Yie y* UBLU B . (3.16)

Ifa~ Uy~ UBGU By = ¢, multiplying (3.12)-(3.16) by Af > 0 (i € I,), M >0 (i € J*), -1 > 0
(ie]), kiG >0(eatUBL UL, AE>0(3(eytU Bé U BY), respectively, and adding
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(3.11)-(3.16), we get

p » 1
F@) =)+ 3Kl = D wa + Yo wh@) - 3t - 306
i€lg i€ly i=1 i=1 i-1
l ! I
+ Y ATGiw) = Y MH(2) + Y A Hiu)
i=1 i=1 i=1
» !
> <§ Y Mg Y kel - afES +a'g ]z~ u>
iEIg i=1 i=1

From (3.10), there exist £ € d.f(u), élg € 9.g(u), éih € 9.h;(u), éiG € 0.G;(u), and élH €
0.H;(u), such that

p i
E Y ME 4 Y BN - Y [h5EC +al1EN] o,
iely i=1 i=1

So,

b p
f@—f)+ ) ifale) - Y Maw) + Y aihiz) =Y Aihilu)
=1 i=1

i€lg i€ly i

I l ! I
=Y 28GR + Y ATGiw) - Y MH(2) + Y A Hi(u) > 0.

i=1 i=1 i=1 i=1

Now, using the feasibility of z and u for MPEC and MWDMPEC(z), respectively, we get
f(@) = f(w).
This completes the proof. d

The following corollary is a direct consequence of Theorem 3.5.

Corollary 3.6 Let z be feasible for MPEC where all constraint functions gi, h;, G;, H; are
affine and the index sets Iy, a, B, y defined accordingly. Then, for any z feasible for the
MPEC and (u, 1) feasible for MWDMPEC(z), we have

f(@) = f(u).
Analogously, we have the following result for Asplund spaces.

Theorem 3.7 (Weak duality) Let z be feasible for MPEC where X is an Asplund space,
(u, 1) be feasible for MWDMPEC(z) and the index sets Iy, o, B, y are defined accordingly.
Suppose that f, g (i € Iy), h; (i €]*), G; (i e a” U By), H; (i € y~ U Bg) are convex at u
and radially nonconstant. Also, assume that —h; (i€]™), -G; (iea* U B}, UB*), -H; (i e
YT UBLUBY) are directionally Lipschitzian, convex at u, and radially nonconstant. If o~ U
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vy~ U Bg U By = @, then, for any z feasible for the MPEC, we have

f@)=f(w).
Proof The proof follows the lines of the proof of Theorem 3.5. d

Theorem 3.8 (Strong duality) Assume z is a locally optimal solution of MPEC where X is
an Asplund space, such that NNAMCQ is satisfied at z and the index sets I, a, B, y defined
accordingly. Letf, g; (i € Ig), h; (i € J*), —hi (i€]), G ie a” UPy), —G; (i € o™ U ;U ),
H; (iey~UBg), —H; (i € y* U BL U BY) satisfy the assumption of the Theorem 3.7. Then
there exists A, such that (z, 1) is an optimal solution of MWDMPEC!(Z), and the respective
objective values are equal.

Proof zis alocally optimal solution of MPEC and the NNAMCAQ is satisfied at z, by Theo-
rem2.9, 3% = (A%, A%, 16, A1) e Rk*7+2 such that the nonsmooth M-stationarity conditions
for MPEC are satisfied, that is, there exist £ € 3.f(2), élg € 9.2i(2), éih € d:h;(2), éiG € 0.G;(2)
and £/7 € 3,H,(z), such that
p l
0=&+) XE +) Mg - [R50+ 1,
iely i=1 i=1

Mz0,  A7=0, k=0, eitheri>0,A7>00r A =0,Viep.

Since z is an optimal solution for MPEC, we have
_ P I I
Y Ma@=0, D MmE)=0, Y 1°Gi(@)=0, Y MH(2)=0.

iely i=1 i=1 i=1

Therefore, (z, 1) is feasible for MWDMPEC(z). Also, by Theorem 3.7, for any feasible (i, 1),
we have

S @) = f(u).

Thus, (z,A) is an optimal solution for MWDMPEC(z) and the respective objective values
are equal. This completes the proof. 0

Example 3.2 Consider the following MPEC problem in R%:

MPEC min|z| + 2o
subject to |z1| + z2 > 0,
Zy — |Zl| Z 0’

(Iz1] + z2) (22 = |z1l) = 0.
The Mond-Weir-type dual problem MWDMPEC(z) for the MPEC is

max |u;| + Uy
U,z
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subject to

(0) _ (sl) 6 (&) L (n) , (3.17)
0 1 1 1
where &,&,n € [-1,1],

AS(Jm] +up) <0, (3.18)

M (uy = lw]) <0, (3.19)
if B is non-empty, then either
2950,  A>0, or A% =o.

From (3.17), A%&, + AT = &, and A6 + A = 1, we get A = % and A¢ = g—::’], where
& #n. If z=(0,0), then the index sets «(0,0) and y(0,0) are empty sets, but 5(0,0) is
non-empty. It is clear that the assumptions of Corollary 3.6 are satisfied. So, Corollary 3.6
holds between MPEC and MWDMPEC(0, 0).

Also, we can see that the NNAMCAQ is satisfied at z. Then by Theorem 3.8 there exists
X = (A9, A1) such that (z,A) is an optimal solution of MWDMPEC(0,0) and the optimal

values are equal.

Now, we establish weak and strong duality theorems for the MPEC and its Mond-Weir-

type dual problem under generalized convexity assumptions.

Theorem 3.9 (Weak duality) Let z be feasible for MPEC where X is a Banach space, (u, 1)
befeasible for MWDMPEC(2), and the index sets Iy, o, B, y are defined accordingly. Suppose
that f is pseudoconvex at z, g (i € I,), h; (i €J*), G; (ie a” U Bg), H; (ie y~ UBg) are
quasiconvex at u and radially nonconstant. Also, assume that —h; (i€ J™), -G; (ie a* U
By U B*), —H; (i € y* U BE U B*) are directionally Lipschitzian, quasiconvex at u, and
radially nonconstant. If o~ Uy~ U Bz U By = @, then, for any z feasible for the MPEC, we
have

f(@) = f(w).

Proof Suppose that, for some feasible point z, such that f(z) < f (), then, by pseudocon-

vexity of f at u, we have
(£,z—u) <0, VEeof(u). (3.20)

From (3.10), there exist é;g € d.gi(u) (i € L), éih € ohi(u) (i=1,...,p), éiG € 0.G;(u) (i €
o U B) and §lH € 0.H;(u) (i € BUy), such that

p
- D ME Y ME Y TR+ Y MIE o, (321
=1

iely i aUp pUy
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By (3.20), we get

p
<(_ S RE Y AE L AGES 4 fo’éﬁ),z - u> <0. (3.22)
i=1

iely aUB BUy
For each i € I, gi(z) < 0 < g;(u). Hence, by Theorem 4.4 in [9], we have
(£, z—u) <0, VEedgu),Viel,. (3.23)
Similarly, we have
(£,2—u) <0, VE&eihu),vie] . (3.24)
Now, for any feasible point # of MWDMPEC(z), and for each i € J~, 0 = —h;(u) = h;(z). On

the other hand, —-G;(2) < -G;(u), Vi € a™ U B};, and —H;(2) < -H;(u), Vi € y* U B¢. Since
all of these functions are directionally Lipschitzian, by Theorem 2.5, we get

(%—’Z - M> = 0, V‘f € achl(u))Vl E]_, (3'25)
(E,z—u)>0, VEedGiu),Vieca UB, (3.26)
(E,z—u)>0, VE&e€d.H(u),Viey*Upt. (3.27)

From equation (3.23)-(3.27), it is clear that

{

(fz-u)=0, Viea'Upl,  (E,z-u)=0, VieyrUp.

Nl

i jl

fz-u)<0 (iel), (Ehz-u=<0 (ieJ*), (Elhz-u)=0 (ie)),

Since o™ Uy~ U Bz U By = ¢, we have

<ZAiG_iG,z—u>ZO, <ZA7_iH,z—u>ZO,

aUp BUy
- p —_
<Zk‘§$§g,z—u>20, <Z)»f7§ih,z—u>20.
ielg i=1
Therefore,

P
<(—ZA?%?—ZA?%?+ZA?§F+ZA§’§?),z—u>zo,
i=1

iely aUp BUy
which contradicts (3.22). Hence, f(z) > f (). This completes the proof. O
Analogously, we have the following result for Asplund spaces.

Theorem 3.10 (Weak duality) Let z be feasible for MPEC where X is an Asplund space,
(u, 1) be feasible for MWDMPEC(2), and the index sets I,, o, B, y are defined accordingly.
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Suppose that f is pseudoconvex at z, g; (i € I,), h; (i € J*), G; (i€ o™ U By), H; (i€ y~ U Bg)
are quasiconvex at u and radially nonconstant. Also, assume that —-h; (i € J7), -G; (i €
atUBHUBY), —H; (i e y*UBELU B*) are directionally Lipschitzian, quasiconvex at u, and
radially nonconstant. If o~ Uy~ U Bz U By = @, then, for any z feasible for the MPEC, we
have

f@) =f(w).
Proof The proof follows the lines of the proof of Theorem 3.9. d

Theorem 3.11 (Strong duality) Assume z is a locally optimal solution of MPEC where
X is an Asplund space, such that NNAMCQ is satisfied at z, and the index sets I, o, B,
y are defined accordingly. Let f, gi (i € L), h; (i € J*), =h; (i€ ]7), G; (iea” U Bp), -G;
(featUBLUB"), H(iey UPBg), —H; (i € y* U BL U BY) satisfy the assumption of
Theorem 3.10. Then there exists M, such that (z, 1) is an optimal solution of MWDMPEC(2),

and the respective objective values are equal.

Proof The proof follows the lines of the proof of Theorem 3.8, invoking Theorem 3.10.
O

4 Results and discussion

We have studied mathematical programs with equilibrium constraints (MPECs). The ob-
jective function and functions in the constraint part are assumed to be lower semicontinu-
ous. We studied the Wolfe-type dual problem for the MPEC under the convexity assump-
tion. A Mond-Weir-type dual problem was also formulated and studied for the MPEC
under convexity and generalized convexity assumptions. Conditions for weak duality the-
orems were given to relate the MPEC and two dual programs in Banach space, respectively.
Also conditions for strong duality theorems were established in an Asplund space. We also
discussed the cases when all the constraint functions are affine. Two numerical examples
were given to illustrate the Wolfe-type duality and the Mond-Weir-type duality with our
MPECs, respectively.
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