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Hardy-Littlewood maximal operator for all 0 < y < 0o. When p = 1, we also find that
the weak (1, 1) norm of the truncated centered Hardy-Littlewood maximal operator
M; equals the weak (1,1) norm of the centered Hardy-Littlewood maximal operator
for 0 < y < co. Moreover, the same is true for the truncated uncentered
Hardy-Littlewood maximal operator. Finally, we investigate the properties of the
iterated Hardy-Littlewood maximal function.
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1 Introduction

Define the centered Hardy-Littlewood maximal function by

c B 1
Mf(x) - Srlj(l;) |B(xr 7’)| B(x,r) V(y)’ dy, (11)

and the uncentered Hardy-Littlewood maximal function by

1
M) = sup /B )| dy. (12)

The basic real-variable construct was introduced by Hardy and Littlewood [1] for n =1,
and by Wiener [2] for n > 2. It is well known that the Hardy-Littlewood maximal function
plays an important role in many parts of analysis. It is a classical mean operator, and it is
frequently used to majorize other important operators in harmonic analysis.

It is clear that

MEf(x) < M (%) < 2"Mf (%) (13)

holds for all x € R”. Both M and M°¢ are sublinear operators. Although the study of the
boundedness for M or M¢ is fairly completed, it is very hard to calculate the precise norm
about M or M°.
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Asis well known, the truncated operator has some important properties. In fact, in most
situations, L” boundedness of the truncated operator and the corresponding oscillatory
operator is equivalent. There are many works in this regard and the reader can refer to [3]
and [4].

Now we define the truncated centered Hardy-Littlewood maximal operator and the

truncated uncentered Hardy-Littlewood maximal operator.

Define
M f(x 0<r<y 1B(x, )] Bler) VO/)| dy (1.4)
and
My f (x) := - If(2)| dt, (L5)

p -
O<r<y,ly—x|<r |B()’: V)l B(y,r)

for x € R” and some real positive number y.
Obviously, like the inequality (1.3), in the pointwise sense, we immediately deduce from
the definition (1.4) and (1.5) that

M f(x) < Mpf(x) < Mf(x)
and

My f (x) = Mf (x) < Mf (x),

forallx € R”, aslongas y < p. Consequently, referring to the two truncated operators M;
and M,,, as the sublinear operators, we naturally obtain
| At )= [arg

||LP(R” —LP(R" ”LI” (R")—LP(R") — ”M HLI7 (R7")—LP (R")’

and
IV, || p vry— Loy < 1M |l p - 1r @y < | M| 12 (R7)— L2 (R,

if y < p, for 1 < p < oco. Clearly, when y is fixed, for example y =1, | M{|l1r®m)—17®")
and [|M®||rrwm)—rr(rry are two fixed numbers. We think that it is very significant to make
certain the precise relation of the two numbers. In the paper, we will consider the question.
Surprisingly, the two numbers are equal whenever y > 0. The same is true for p = 1.

Now we formulate our main theorems.

Theorem 1.1 Let M, be defined by (1.4) and y > 0. Then

”Mc ”L!’(R” —IP(@RM) HMC||LP(R")—>LP(W)

holds for1 < p < oco.



Wei et al. Journal of Inequalities and Applications (2016) 2016:21 Page 3 of 13

Theorem 1.2 Let M;, be defined by (1.4) and y > 0. Then

”M;C/ ”LI(]R”)—>LL°°(R”) = ”MC HLl(R")—>L1’°°(]R”)
holds.

For the truncated uncentered Hardy-Littlewood Maximal operator, we have similar con-

clusions.

Theorem 1.3 Let M, be defined by (1.5) and y > 0. Then
1My, (| 22— 12R7) = M| 22 (R 7 — 12 (R
holds for1 < p < oo.

Theorem 1.4 Let M, be defined by (1.5) and y > 0. Then

1M || L2y proormy = M| 11 (g 100 ()
holds.

In Section 4, we will investigate the properties of the iterated Hardy-Littlewood maximal

function.

2 Auxiliary and some lemmas

To prove our main theorems, we first provide some definitions and lemmas which will be
used in the follows. Some lemmas can be found in the classic literature and here we omit
their proofs.

Definition 2.1 Let f be a measurable function on R”. The distribution function of f is the

function dy defined on [0, +00) as follows:

dr(a) = |{x eR”: [f(x)| > a}!, (2.1)
where |A| is the Lebesgue measure of the measurable set A.

Lemma 2.1 Forf € LP(R") with 0 < p < 00, we have

Wy =2 [ o) do. (22)
0

It is easy for us to verify the lemma by Fubini’s theorem. For more details as regards this
lemma, one can refer to [5].

Lemma 2.2 Suppose that | is a positive measure on a o -algebra M. If A} C Ay CAs---,
A, eM,and A=, Ay, then

Jim ju(A,) = p(A).
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Lemma 2.2 can be found in the book [6]. Using Lemma 2.2, we can formulate the fol-
lowing conclusions.

Lemma 2.3 Suppose that the operators M and M, are defined as in (1.1) and (1.4). The
equality

holds for all f € LP(R") and X > 0.

Proof For a fixed x € R”, by the definition of M in (1.1), associate to each ¢ a ball B(x, r;)
which satisfies
1

m ) Lf(y)‘ dy > Mc_f(x) —&. (24)

Now taking y > re, it follows from the definition of M; that

M f(x) > )lf(y)l dy > Mf(x) - e. (2.5)

|B(x7 r&)' B(x,re

Note that M;, f (x) increases as y — 0o. Thus we have

lim M f > Mf. (2.6)

Yy —>00
Clearly, we have
Mf < Mf. 2.7)
Hence combining (2.6) with (2.7) yields

lim M f = M°f. (2.8)

y—00
Obviously it implies from (2.8) that
lim Myf = M. (2.9)
Set
Ay ={x eR": Mf(x) > 1},
and

A= {xe R” : Mf (x) >A}.

We have A, CA,,1 forn=1,2,...,and A = UZZIA,,. It follows from Lemma 2.2 and the
definition of the distribution function that

This is our desired result. O



Wei et al. Journal of Inequalities and Applications (2016) 2016:21 Page 5 of 13

Using the same method as in the proof of Lemma 2.3, we obtain Lemma 2.4.

Lemma 2.4 Suppose that the operators M and M, are defined as in (1.2) and (1.5). For a
given ) > 0, the equality

dpr(A) = yango A, r (1) (2.10)
holds for all f € LY (R").

Lemma 2.5 Let 1< p < o0o. For ¢ > 0, there exists a function g € C°(R") such that

| M gl Lo m)
M z ”MC “LP(RW)*)LH(]RM) -& (2.11)
where
I Mf || 2p @y
”MCHUJ(WHU(R”) = sup L

Il ey 70 1l 2o @y

Proof By the definition of the operator norm of M¢, we can find a function f € L”(R”) such
that

M¢€ n
| M |l o ey - e

W llp@ny — ||MC”LP(Rn)_>UF(Rn) 3 (2.12)

Since C°(R”) is dense in LP(R"), for § > 0, there exists a function g € C2°(R”) which sat-

isfies

If = gllr@n < 8. (2.13)
Thus it implies from (2.13) that

|MEF = &)y ny < AN ~ €llrien < AS, (2.14)

where the constant A is a bound of the operator M°.
Combining (2.13) with (2.14) yields

Mgl | Mf |l oy — IME(f — @) Ml 2oy - | Mf | oy — AS

= > (2.15)
lgllzr @m) I llzz@m + IIf = gllze @ Ifllze @y + &
If the number § is small enough, we can immediately deduce that
IMSfllpwny —AS _ NMSfllp@ny €
5 2 5= ”MCHIP(R")HU’(]R”) & (2.16)
f Nlze @y + If Nl e @y

It implies from (2.15) and (2.16) that the inequality (2.11) holds. O



Wei et al. Journal of Inequalities and Applications (2016) 2016:21

3 Proof of main theorems

Now we shall prove our main theorems. We first consider the case 1 < p < oo.

Proof of Theorem 1.1 For convenience, we first prove

1925 ey o = 5 | ny e

forall 0 <y < oc0.
From the definition of the operator M in (1.4), we have

Mof)= sup —— oy = sup

O<r<y |B(x¢ )| O<rey vl yl=r

If (x = )| dy,

for x € R” and 0 < y < 0o, where v, is the volume of the unit ball in R”.
A simple computation implies that

M f(yx) = sup
O<r<y V" lyl<r

[f(yx—y)|dy

n
= Sup
O<r<y V™ lyl<

L
0< <1 Vn( )n f

[fyx vy)| dy

= sup

(T )x =) dy

1
g / _6n6=]d

= Mi(7,f)(x)

where the dilation operator 7, is defined as follows:

(7)) (%) =f (%),

for y >0 and x € R".
It follows from (3.2) that

IMyfllo@en MOy @ M5 ()@

ey W) le@n 7). f 1l o ry
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(3.1)

(3.2)

(3.3)

(3.4)

Taking the supremum over all f € L?(R") with ||f||.»@») # O for the two sides of equation

(3.4), we have

175 o e any = 1845 | ony 1oy

Next, we will use equation (3.5) to prove
(e = [

”U’(R” —SIP(RY) ~ ”U’(R”)ﬁU’(R”)

forall y > 0.

(3.5)
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”MC ”U’(R“ —SIP(R) = ”M ”Lﬂ R7)—> P (R")’

we merely need to prove

”MC ”LP(]R" SIPRY) = HMC”LP(R”)—M}?(]R”)'

By Lemma 2.5, for & > 0, there exists a function g € C2°(R"”) such that

M gllLrrm) > |

— €.
gl e ®my

HLP(]R”)%LP(]R”)

Page 7 of 13

(3.6)

We may assume that the support of g is contained in the ball B(0, R), where R is a positive
number. Since g € C*°(R") implies g € L#(R"), naturally we have M¢°g € L’(R") by the L?
boundedness of the operator M°. It is not hard to find a positive number S such that

| (M) x5 | oy < EllgNren-

Now we set yo = R + S. Then it can be deduced from the definition of M, that

Meg(x) = M, g(x)

holds for |x| < S.
It follows from (3.6), (3.7), and (3.8) that

|1 og”l}’ Ry = I (M;og)X“'kS] ”LP(R”)
= [ (M) xq1<51 || o emy
z ||Mcg||l}7(]R”) - H (Mcg)X{\'\ZS} ||Z}’(R")

> ||MC ”Lp(]Rn)_,Lp(]Rn)”g”Lp(R”) _28”g”U’(R”)

Obviously, (3.9) implies that

M5, &llzr @)

> |me
lgllzr ®n)

”U’(R”)—»U’(]R”) —2e.

Consequently, the inequality (3.10) yields

(2 - 2e.

||LP(]R” —LP(R") ||M ||LP R")—LP (R")

By (3.5) and (3.11), we can derive from the arbitrariness property of ¢ that

125 oy o = 10 | ny - e

forall y > 0.
This finishes the proof of Theorem 1.1.

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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Next we will pay attention to proving the weak (1,1) boundedness for the truncated
centered Hardy-Littlewood maximal operator.
Proof of Theorem 1.2 First, we prove that
|15 = [

“Ll (RM)—> LLOO(RM) HLl(]R”)ﬁLLOC(]R”)

holds for all 0 < y < oc0.
From the identity (3.2), we have

MEf(ya) = Mi(r, f) @), (3.13)

For any A > 0, we derive from (3.13) that

{oe: M{ (1, 1)) > A} | = [{x: MEf (yx) > 1|
S R
= %Hx:M;f(x) > 1. (3.14)
Thus (3.14) implies that
iggx|{x:Mf(ryf)(x) FAE % s;:gu{x:M;f(x) > (3.15)

If |f 1l ;1 gmy 7 O, then it follows from (3.15) that

1 supo Al Mf () > A} sup, Al s M(z,f) (%) > A

y" I 1l 2t ey B I 1122 gery

1 sup; o Alfx: M (T, f)(x) > A}
y" Iz f Ly '

(3.16)

Now taking the supremum over all f € L}(R") with ||f| i@ 7 0 for the two sides of (3.16),

we have
”M; ”Ll (R7)—LLOO(R7) ”M HLI(R" — LLoO(RM)* (3‘17)
Next we will use (3.17) to prove that
”M; ”Ll (R7)—LLOO(R7) ”MC HLl(R”)—>L1-°°(]R”)
holds for all y > 0.
We assert the following equation:
sup Adprer(A) = 11m sup decf(k) (3.18)

A>0

holds for any f € L}(R") with ||f||1 #O0.
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Clearly the left side of (3.18) is not smaller than the right side, so it suffices to prove the
opposite inequality.
It follows from Lemma 2.3 that

sup Adyer(A) = supk( lim dM)c/f()»))
1>0 A>0 N\

Set

A= sup )\.dMCf()L).
A>0

For ¢ > 0, there must be a positive number A such that
A-¢e< )‘OdMCf()\O) <A.
We conclude that

supk( lim dye f(,\)) > lim Aoy (o) = hodyes (o) > A — &.
150 y—00 v y—>00 v

This is equivalent to

lejop A (yllﬁngo dM;f(A)) >A.
Consequently, (3.18) holds.
Using equation (3.18), we deduce that

Adpger(A
S0 e (0)

MC
] Wipgnzo Wl

LY(RM)—L1ORY) ~
- sup; o Adugr(2)
= sup lim ————

Wm0~ Il

] SUp;.o )LdM;f(k)
=lim sup ———

PO lpm# I lgn

= lim | (3.19)

yo>00 |M; ”LJ(R")—>LL°°(]R”)'

Consequently, we immediately obtain our desired conclusion by the two identities (3.17)
and (3.19). O

Proof of Theorem 1.3 We conclude from the definition of the operator M, in (1.5) that

1

Myf(yx)=  sup  ———
r O<r<y,|ly—yx|<r IB()’, 7’)| B(y,r)

[f(t)| dt

= sup [flyy—1)|dt

O<r<y,|lyy—yx|<r V" |t|<r

/n Llf(yy— yt)|dt

n

v

r V1"
Y

= sup
O<r<y,|ly—x|<
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= sup L - /| |(‘ryf)(y—t)|dt

r
r r Vyl= r
0<7<1,\y—x\<7 ”(y) t\<y

|(t,.f)x = 0)| dt

= sup —_—
0<r<l,|y—x|<r |B()’» r)' [t|<r

= Mi(7,f)(%). (3.20)

Thus we have
M, |l p@my—1p@®ny = M1l 22 ®r)— 12 (R (3.21)

forally >0and 1< p < oco.

Next we will prove that

1M, || 2o @my—12@®m) = | M| 22 (R L2 (R

If f € LP(R"), then we have Mf € L(R"). It follows from Lemma 2.1, Lemma 2.4, and
equation (3.21) that

o0
M1y = P / Ay (0) d
0
o0
=p / AN Tim dyy () di
0 y—00

y—00

o0
= lim p /0 My, (1) da
— i p
= T IV, e
: p p
= VILHgO ”My ”Lp(]Rn)ﬁLp(Rn) ”f”Lp(]R")

= (1M1 gy 1y U Iy (3.22)
Since we have the obvious inequality
|M|| p ) 1r®ry = | M1l L0 @®7)— 12 R, (3.23)
we derive from (3.22) that
Ml (- 1y = 1M |22 @1y 12 (R7)-
This is our desired result. d

Proof of Theorem 1.4 Using the almost same methods of proving Theorem 1.2, we can

formulate the proof of Theorem 1.4. O

4 Iterated Hardy-Littlewood maximal function
In this section, we will consider the iterated Hardy-Littlewood maximal function.
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Let M be the uncentered Hardy-Littlewood maximal function defined by (1.2). Define

the iterated Hardy-Littlewood maximal function denoted by M**! as follows:
MEf (%) = M(MYF) (%), (4.1)

fork=1,2,...,and x € R". Set M'f(x) := Mf (x).

In order to study the properties of the iterated Hardy-Littlewood maximal function, we
first introduce the following lemma.
Lemma 4.1 Suppose that a sequence {c;}5°, satisfies the following two conditions simulta-
neously:

(i) c1=re(0,1);

(ii) foranyk>1,crya=Q—-r)ck+7.
Then {c;}5, is strictly monotone increasing and we have

lim ¢, =1.
k— 00

Proof By the mathematical induction and the two conditions (i) and (ii), we can easily

obtain 0 < ¢, < 1 for each k € N. Moreover, the condition (ii) implies
cia—ck=00=-rcx+r—cr=r(1-c¢)>0.

This shows that {c;}{?; is strictly monotone increasing. Since {c;}, is monotone increasing

and has the upper bound, the limit of {c;}?° exists, and we can easily get
lim ¢, =1. O
k—o00
By Lemma 4.1, we have the following theorem.

Theorem 4.2 For any f € L>*(R"), the equation
Jim MY @) = [flloe (42)

holds for any x € R”.

Proof 1f ||f|leo = 0, the proof is trivial. If ||[f|loc > 0, for any € € (0, ||[f||o0), define a set
E.:={xeR": [f®)| = If lloc — £}. (4.3)

Then we have |E,| > 0, where |E;| denotes the Lebesgue measure of E,. For any fixed point

a € R”, there exists a number R > 0 such that
1
|E. NB(a,R)| > 5 |Eel- (4.4)

Denote E, = E, N B(a, R).
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Define a set as
Si(f) := {x € R" : x is the Lebesgue point of f and Mf, k = 1,2,...}.

Actually if f € LP(R") with 1 < p < 00, then [(S.(f))¢| = 0, where (S.(f))¢ denotes the com-
plement set of S; (). When x € E, N S;(f), we derive from (4.3) that

[f )] = Iflloo -

and

Mif ®) = I lloo — &

forallk=1,2,....
When x € B(a, R), we consider the uncentered Hardy-Littlewood maximal function of f
at the point «. It follows that

|E, |

M) = m [ b0y = s (1l =) (5)
Set
r= £ > 0.
[B(a, R)|
It implies from (4.5) that
Mf(x) = r(If oo — ). (4.6)

A straightforward computation implies from (4.6) that

1
2
M)z |B(a, R)| /B(a,ze)‘Mf(y)‘ b

1 1
= —— dy + —— d
B@R)| /E MFOdy + 10 /B(a,m\zg M0 dy

> oy (1) %r(lwm ~¢)
= (r+ @=nr) (Il ). wn
Denote
L =r
and

cre1 =1+ (1—c)er

fork=1,2,....
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It implies from (4.7) that

M2f(x) = e (If loo — €)-

Using the inductive method, we can easily obtain
MA@ = e (If oo — €)-
Thus Lemma 4.1 implies that
liminf Mf (x) > | ~ e.
When ¢ — 0, we have
lim inf MY ()  I[f oc- (4.8)
By the definition of the Hardy-Littlewood function, we obviously deduce

lim sup MY (x) < [|f lloo- (4.9)

k— o0

Combining (4.8) with (4.9) yields
lim M (x) = I/ -
k—o00
By the arbitrary choice of a, we obtain
lim M*f(x) = ||f |
k— o0

for all x € R”. O
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