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Abstract
This paper discusses balls in partial b-metric spaces and cone metric spaces,
respectively. Let (X ,pb) be a partial b-metric space in the sense of Mustafa et al. For the
family � of all pb-open balls in (X ,pb), this paper proves that there are x, y ∈ B ∈ �
such that B′ � B for all B′ ∈ �, where B and B′ are with centers x and y, respectively.
This result shows that � is not a base of any topology on X , which shows that a
proposition and a claim on partial b-metric spaces are not true. By some relations
among �, <, and ≤ in cone metric spaces, this paper also constructs a cone metric
space (X ,d) and shows that {y ∈ X : d(x, y) � ε} �= {y ∈ X : d(x, y) ≤ ε} in general, which
corrects an error on cone metric spaces. However, it must be emphasized that these
corrections do not affect the rest of the results in the relevant papers.
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1 Introduction
Partial b-metric spaces and cone metric spaces are important generalizations of metric
spaces, which were introduced and investigated by Shukla in [] and Huang-Zhang in [],
respectively.

Recently, Mustafa et al. introduced a new concept of partial b-metric by modifying par-
tial b-metric in the sense of [] in order to guarantee that each partial b-metric pb can
induce a b-metric ([]). Furthermore, they proved the following proposition.

Proposition . ([]) Let (X, pb) be a partial b-metric space (in the sense of []). For each
x ∈ X and ε > , the pb-open ball with center x and radius ε is

Bpb (x, ε) =
{

y ∈ X : pb(x, y) < pb(x, x) + ε
}

.

Then for each Bpb (x, ε) and each y ∈ Bpb (x, ε), there is δ >  such that Bpb (y, δ) ⊆ Bpb (x, ε).

Thus, from Proposition ., the following claim arose naturally ([]).

Claim . ([]) Let (X, pb) be a partial b-metric space (in the sense of []). Put � =
{Bpb (x, ε) : x ∈ X and ε > }, i.e., � is the family of all pb-open balls. Then � is a base of
some topology on X.

It is also worthy noting that Proposition . and Claim . were cited in [].
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For balls in a cone metric space (X, d), Turkoglu and Abuloha gave the following equality
(see [], Proposition ), where x ∈ X and ε 	 θ :

Equality . {y ∈ X : d(x, y) � ε} = {y ∈ X : d(x, y) ≤ ε}.

In this paper, we discuss Proposition ., Claim ., and Equality .. For Proposition .
and Claim ., we construct a partial b-metric space (X, pb) in the sense of [], and show
that there are a pb-open ball Bpb (x, ε) and y ∈ Bpb (x, ε) such that Bpb (y, δ) � Bpb (x, ε) for all
δ > , and hence � is not a base of any topology on X, which shows that Proposition .
(including its proof ) and Claim . are not true. For Equality ., we establish some rela-
tions between balls and their closures in cone metric spaces by �, <, and ≤, and we give an
example to show that Equality . is not true. However, it must be emphasized that these
corrections do not affect the rest of the results in [, ].

Throughout this paper, N, R, and R+ denote the set of all natural numbers, the set of all
real numbers and the set of all nonnegative real numbers, respectively. For a subset A of
a space X, F denotes the closure of F in X. For undefined notations and terminology, one
can refer to [, ].

2 Results and discussion
We give the main results of this paper by the following two subsections.

2.1 pb-Open balls in partial b-metric spaces
The following partial b-metric spaces were introduced by Shukla in [].

Definition . [] Let X be a non-empty set. A mapping pb : X × X −→ R+ is called a
partial b-metric with coefficient s ≥  and (X, pb) is called a partial b-metric space with
coefficient s ≥  if the following are satisfied for all x, y, z ∈ X:

() x = y ⇐⇒ pb(x, x) = pb(y, y) = pb(x, y).
() pb(x, y) = pb(y, x).
() pb(x, x) ≤ pb(x, y).
() pb(x, y) ≤ s(pb(x, z) + pb(z, y)) – pb(z, z).

Remark . If s =  in Definition ., then (X, pb) is a partial metric space, which was in-
troduced by Matthews (for example, see []). Further, put dpb : X × X −→ R+ by dpb (x, y) =
pb(x, y) – pb(x, x) – pb(y, y) for all x, y ∈ X, then dpb is a metric on X and (X, dp) is a metric
space.

However, if s > , then we cannot guarantee that each partial b-metric can induce a b-
metric by the method in Remark .. So Mustafa et al. gave the following partial b-metric
pb by modifying Definition .() and proved that the pb induces a b-metric by the method
in Remark ..

Definition . ([]) Let X be a non-empty set. A mapping pb : X × X −→ R+ is called a
partial b-metric with coefficient s ≥  and (X, pb) is called a partial b-metric space with
coefficient s ≥  if the following are satisfied for all x, y, z ∈ X:

() x = y ⇐⇒ pb(x, x) = pb(y, y) = pb(x, y).
() pb(x, y) = pb(y, x).
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() pb(x, x) ≤ pb(x, y).
() pb(x, y) ≤ s(pb(x, z) + pb(z, y) – pb(z, z)) + –s

 (pb(x, x) + pb(y, y)).

Remark . If x, y, z satisfy Definition .(), (), () and are different from each other,
then it is easy to check that x, y, z Definition .() holds.

As a known fact, Proposition . and Claim . are not true if (X, pb) is a partial b-metric
space in the sense of Definition . ([]). So it is important to check whether Proposition .
and Claim . are true if (X, pb) is a partial b-metric space in the sense of Definition ..
The following example shows that the result of the check is negative, which comes from
[]. In the following, all partial b-metric spaces are in the sense of Definition ..

Example . Let X = {u, v, w} and put pb : X × X −→ R+ as follows:
(i) pb(u, u) = pb(w, w) =  and pb(v, v) = ..

(ii) pb(u, w) = pb(w, u) = ..
(iii) pb(v, w) = pb(w, v) = .
(iv) pb(u, v) = pb(v, u) = .

Let Bpb (u, ε) be described in Proposition. Then the following hold:
() pb is a partial b-metric with coefficient s = .
() w ∈ Bpb (u, ) and for any ε > , Bpb (w, ε) � Bpb (u, ).

Proof () It is not difficult to check that pb satisfies Definition .(), (), (). In order to
check that pb satisfies Definition .(), we only need to consider the following three cases
by Remark ..

() x = u, y = v, z = w:

pb(u, v) = ,


(
pb(u, w) + pb(w, v) – pb(w, w)

)
+

 – 


(
pb(u, u) + pb(v, v)

)
= .

So pb(u, v) ≤ (pb(u, w) + pb(w, v) – pb(w, w)) + –
 (pb(u, u) + pb(v, v)).

() x = u, y = w, z = v:

pb(u, w) = .,


(
pb(u, v) + pb(v, w) – pb(v, v)

)
+

 – 


(
pb(u, u) + pb(w, w)

)
= ..

So pb(u, w) ≤ (pb(u, v) + pb(v, w) – pb(v, v)) + –
 (pb(u, u) + pb(w, w)).

() x = v, y = w, z = u:

pb(v, w) = ,


(
pb(v, u) + pb(u, w) – pb(u, u)

)
+

 – 


(
pb(v, v) + pb(w, w)

)
= .

So pb(v, w) ≤ (pb(v, u) + pb(u, w) – pb(u, u)) + –
 (pb(v, v) + pb(w, w)).

Thus, pb is a partial b-metric with coefficient s = .
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() Since pb(u, w) = . <  +  = pb(u, u) + , w ∈ Bpb (u, ). In addition, for any ε > ,
pb(w, v) =  <  + ε = pb(w, w) + ε, so v ∈ Bpb (w, ε). On the other hand, pb(u, v) =  ≮  =
 +  = pb(u, u) + , so v /∈ Bpb (u, ). This shows that Bpb (w, ε) � Bpb (u, ). �

Remark . Example . shows that Proposition . and Claim . are not true if (X, pb)
is a partial b-metric space.

However, we have the following.

Proposition . ([]) Let (X, pb) be a partial b-metric space and � be described in
Claim .. Then � is a subbase for some topology on X. We denote the topology by Tpb .

It is well known that the space (X,Tpb ) is T but does not need to be T ([]). The fol-
lowing proposition give a sufficient and necessary such that (X,Tpb ) is a T-space.

Proposition . Let (X, pb) be a partial b-metric space in the sense of Definition .. Then
the following are equivalent:

() (X,Tpb ) is a T-space.
() pb(x, y) > max{pb(x, x), pb(y, y)} for each pair of distinct points x, y ∈ X .

Proof () �⇒ (): Let (X,Tpb ) be a T-space. If x, y ∈ X and x �= y, then there is a neigh-
borhood U of x such that y /∈ U . Since � is a subbase of (X,Tpb ) from Proposition .,
there are ε, ε, . . . , εk >  such that y /∈ ⋂{Bpb (x, εi) : i = , , . . . , k}, and hence there is
i ∈ {, , . . . , k} such that y /∈ Bpb (x, εi ). So pb(x, y) ≥ pb(x, x) + εi > pb(x, x). In the same
way, pb(x, y) > pb(y, y). So pb(x, y) > max{pb(x, x), pb(y, y)}.

() �⇒ (): Let x, y ∈ X and x �= y. If pb(x, y) > max{pb(x, x), pb(y, y)}. Then pb(x, y) >
pb(x, x). Put ε = pb(x, y) – pb(x, x) > , then pb(x, y) = pb(x, x) + ε, and so y /∈ Bpb (X, ε). In the
same way, there is ε′ >  such that x /∈ Bpb (y, ε′). Consequently, (X,Tpb ) is a T-space. �

2.2 Balls in cone metric spaces
Definition . ([, ]) Let E be a real Banach space. A subset P of E is called a cone of E
and (E, P) is called a cone space if the following are satisfied: where θ is zero element in E.

() P is closed, P �= ∅, and P �= {θ}.
() a, b ∈R+ and α,β ∈ P �⇒ aα + bβ ∈ P.
() α, –α ∈ P �⇒ α = θ .

Definition . ([, ]) Let (E, P) be a cone space. Some partial orderings ≤, <, and � on
E with respect to P are defined as follows, respectively, where P◦ denotes the interior of P.
Let α,β ∈ E.

() α ≤ β if β – α ∈ P.
() α < β if α ≤ β and α �= β .
() α � β if β – α ∈ P◦.

Remark . Let (E, P) be a cone space. For the sake of conveniences, we also use nota-
tions ‘≥’, ‘>’, and ‘	′’ on E with respect to P. The meanings of these notations are clear and
the following hold:

() α ≥ θ if and only if α ∈ P.
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() α 	 θ if and only if α ∈ P◦.
() α – β 	 θ if and only if α 	 β .
() α – β ≥ θ if and only if α ≥ β .
() α 	 β �⇒ α > β �⇒ α ≥ β .
In addition, in order to guarantee the existence of elements ε 	 θ , we always assume

that the cone P has non-empty interior ([]).

Definition . ([, ]) Let X be a non-empty set and let (E, P) be a cone space. A mapping
d : X × X −→ E is called a cone metric on X, and (X, d) is called a cone metric space if the
following are satisfied:

() d(x, y) ≥ θ for all x, y ∈ X and d(x, y) = θ if and only if x = y.
() d(x, y) = d(y, x) for all x, y ∈ X .
() d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X .

Notation . Let (X, d) be a cone metric space, x ∈ X, and ε 	 θ . In this section, we use
the following notations for balls in (X, d):

() B(x, ε) = {y ∈ X : d(x, y) � ε}.
() B(x, ε) = {y ∈ X : d(x, y) < ε}.
() B(x, ε) = {y ∈ X : d(x, y) ≤ ε}.

Proposition . ([]) Let (X, d) be a cone metric space. Put B = {B(x, ε) : x ∈ X and
ε 	 θ}. Then B is a base for some topology T on X.

In this section, just as the investigation in [], we always suppose that each cone metric
space is a topological space described in Proposition ..

Proposition . Let (X, d) be a cone metric space. For each x ∈ X and each ε 	 θ , the
following hold:

() B(x, ε) ⊆ B(x, ε) ⊆ B(x, ε).
() B(x, ε) ⊆ B(x, ε) ⊆ B(x, ε).
() B(x, ε) = B(x, ε).

Proof () It holds by Remark .().
() It holds by the above item ().
() Let y ∈ B(x, ε). Then, whenever η 	 θ , B(y,η)∩B(x, ε) �= ∅. Pick z ∈ B(y,η)∩B(x, ε).

Then d(x, z) ≤ ε and d(z, y) � η. It follows that d(x, y) ≤ d(x, z) + d(z, y) � ε +η. Let η → θ .
Then d(x, y) ≤ ε. So y ∈ B(x, ε). This proves that B(x, ε) ⊆ B(x, ε). On the other hand, it
is clear that B(x, ε) ⊇ B(x, ε). So B(x, ε) = B(x, ε). �

The following example shows that any ‘⊆’ in Proposition .(), () cannot be replaced
by ‘=’.

Example . Let the cone space (E, P) be defined as in [], Example , i.e., E = R = {(r, s) :
r, s ∈ R} is the Euclidean plane and P = {(r, s) ∈ E : r, s ≥ }. Let X = {x, y, z}. Define d :
X × X −→ E as follows: d(x, x) = d(y, y) = d(z, z) = (, ), d(x, y) = d(y, x) = d(y, z) = d(z, y) =
(, ), and d(x, z) = d(z, x) = (, ). It is not difficult to check that (X, d) is a cone metric
space. Let ε = (, ) 	 θ .
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() Note that d(x, y) = (, ) = ε. By Remark ., d(x, y) ≤ ε, d(x, y) ≮ ε, and d(x, y) �� ε.
So y /∈ B(x, ε), y /∈ B(x, ε), and y ∈ B(x, ε). Also, ε – d(x, z) = (, ) – (, ) = (, ) ∈
P – ({θ} ∪ P◦). By Remark ., ε – d(x, z) > θ , and ε – d(x, z) �	 θ , hence d(x, z) < ε

and d(x, z) �� ε. So z /∈ B(x, ε), z ∈ B(x, ε), and y ∈ B(x, ε). It follows that B(x, ε) =
{x}, B(x, ε) = {x, z}, and B(x, ε) = {x, y, z}. So any ‘⊆’ in Proposition .() cannot
be replaced by ‘=’.

() Note that (X, d) is Hausdorff ([]). In fact, each cone metric space is metrizable ([]).
So B(x, ε) = B(x, ε), B(x, ε) = B(x, ε), and B(x, ε) = B(x, ε). By the above item (),
any ‘⊆’ in Proposition .() cannot be replaced by ‘=’.

Remark .
() By Example ., Equality . is not true. Indeed, in Example ., B(x, ε) = {x} and

B(x, ε) = {x, y, z}. So B(x, ε) �= B(x, ε).
() Let (X, d) be a cone metric space. In [], the authors showed that B(x, ε) and B(x, ε)

are sequentially closed in (X, d) ([], Proposition ). In fact, (X, d) is metrizable, and
hence (X, d) is a sequential space, i.e., closed and sequentially closed in (X, d) are
equivalent. On the other hand, indeed, the closure B(x, ε) of B(x, ε) is closed and
B(x, ε) is closed by Proposition .().

3 Conclusions
This paper discusses balls in partial b-metric spaces and cone metric spaces, respectively.

Conclusion . Let (X, pb) be a partial b-metric space in the sense of []. For the family �
of all pb-open balls in (X, pb), this paper proves that there are x, y ∈ B ∈ � such that B′ � B
for all B′ ∈ �, where B and B′ are with centers x and y, respectively. This result shows that
� is not a base of any topology on X, which shows that [], Proposition  and the claim
following [], Proposition , are not true.

Conclusion . Let (X, d) be a cone metric space. By �, <, and ≤ in (X, d), this paper
establishes some relations among {y ∈ X : d(x, y) � ε}, {y ∈ X : d(x, y) < ε}, and {y ∈ X :
d(x, y) ≤ ε}. Furthermore, this paper also constructs a cone metric space (X, d) such that
{y ∈ X : d(x, y) � ε} �= {y ∈ X : d(x, y) ≤ ε} for some x, y ∈ X and ε 	 , which shows that
the equality in [], Proposition , is not true.

However, it must be emphasized that these corrections in this paper do not affect the
rest of the results in the relevant papers.
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