Navarro and Herrera Journal of Inequalities and Applications (2016) 2016:19 ® Journal of |nequa|ities and Applications

DOI 10.1186/513660-016-0961-z

a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Decay properties of the discrete wavelet
transform in # dimensions with independent
dilation parameters

Jaime Navarro' and Oscar Herrera?"

“Correspondence:
oha@correo.azc.uam.mx
’Departamento de Sistemas,
Universidad Auténoma
Metropolitana, San Pablo 180,
Reynosa Tamaulipas, Azcapotzalco,
Mexico, 02200, Mexico

Full list of author information is
available at the end of the article

@ Springer

Abstract

The purpose of this paper is to study the decay properties of the discrete wavelet
transform with n independent dilation parameters for functions f in L(R") and a
relationship with its continuity.

The method we used to study the discrete wavelet transform of f with respect to a
radially symmetric admissible function was through the fact of considering two
parameters in Z..

We conclude that the continuity of f at x = 0 is determined by the existence of the
limit of the discrete wavelet transform when each one of the independent dilation
parameters tends to zero.
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1 Introduction
It is already known that the discrete wavelet transform has been applied to detect local
singularities of signals. In [1] the discrete wavelet transform has been used to study the
local continuity of functions f in L2(R). In [2] the Lipschitz exponent, together with the
discrete wavelet transform, has been applied in the estimation of function differentiability,
and the type of wavelet helps to detect local discontinuities.

In the n-dimensional case, the study of singularities of functions f in L?(R") has been
also studied by means of the discrete wavelet transform [3].

In fact, in [3] the discrete wavelet transform for a given function f in L?(R") with respect
to an admissible function 4 in L*(R") is defined as:

1 x —albk

11

(L}‘f)(a ,a bk) = (f, Talbk]alh) = / f(x) h 7 dx, (11)
R A a a

where a >1and b > 0 are fixed, [ € Z, k € Z", and T 1,;h and ] 11 are the translation and

dilation operators, respectively. Note that in [3] only one parameter k € Z" is used, and

the same dilation parameter 4’ is used in all the dimensions.

In this paper, we use again the discrete wavelet transform in # dimensions to study the
continuity of functions f in L2(R"), but the main difference with the result given in [3] is
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that now we use two parameters j, k in Z" instead of only one parameter in Z”". We should
say that even though the discrete wavelet transform depends of j, k, where (j, k) € Z" x Z",
our approach to prove the continuity of f € L2(R") is by considering the space M,,(R) x R”.
That is,
(1) forj=(j1,j2,-...,ju) in Z" and for a > 1, we define the matrix M(&/) as the diagonal
matrix whose entries are @/, i = 1,2,...,n, and
(2) for b= (by,by,...,b,) in R" with b; >0,i=1,2,...,n, we define the matrix M(b) as
the diagonal matrix whose entries are b;, i =1,2,...,n.
Then in this case, the discrete wavelet transform for f € L?(R") with respect to a radially

symmetric admissible function i € C3°(R") is now defined as
(th)(M_l (ﬂj),M_l ((l})M(b)k) = (f, T, _1(aj)M(b)k]M_l(aj)h>’ (12)

where j,k € 2", and Ty1(4)mpr and Jy-1(,) are the translation and dilation operators,
respectively.

Thus, by using (1.2) we establish a relationship of local continuity of functions f € L*(R")
with the decay property of their discrete wavelet transform. To study this fact, we use the

following reconstruction formula:

1
f=4 2 2 Tu@mowm1@h) Tur@ymowmn-1a) b (1.3)
jezn ke

where A is a positive constant, and the convergence is in the weak sense [4].

Also, matrix operators have been applied to define extensions of wavelet transforms.
For instance, in [5] tight frames of curvelets are presented to address the problem of find-
ing optimally sparse representation of objects with discontinuities along C? edges. In [6]
a parabolic directional dilation matrix in R? is used to derive a discrete tight frame by
sampling the continuous curvelet transform (CCT) [7] at dyadic intervals in scale a; = 27,
at equispaced intervals in direction, 6;; = 225 [, and equispaced sampling on a rotated
anisotropic grid in space. In [8] the shearlet transform is presented by using an anisotropic
dilation matrix and a shear matrix, which allow one to construct Parseval frames whose
elements range not only at various scales and locations, but also at various orientations to
deal with two-dimensional signals containing discontinuities such as edges.

Integral transforms have several applications once they can be defined in the space of
continuous functions, and several types of convergence can be studied. For instance, in
[9] the fractional Sumudu transform of arbitrary order is investigated on some space of
integrable Boehmians. The fractional Sumudu transform of an integrable Boehmian is
well defined, linear, and sequentially complete in the space of continuous functions, and
its convergence is studied. In [10] some generalization of the S-transform is presented in
a space of rapidly decreasing Boehmians, and its continuity with respect to the § and A-
convergence is discussed. In [11] some generalization of a class of Hankel-Clifford transfor-
mations having Fox H-function as part of its kernel on a class of Boehmians is investigated,
as well as its continuity with respect to the § and A-convergence.

In fact, our main result is the following:
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Theorem 1 Let f be in L*>(R") and consider h € C°(R") with h admissible and radially
symmetric so that Ty i/ m-1 )P is a tight frame that satisfies (1.3). If

lim detM () (L f) (M (&), x
(ML) 0)— (0,1) (@) LN (M (@).5)

exists for any x1 in an open neighborhood of 0, then f is continuous at x = 0.

2 Notation and definitions
In this section we define two operators in # dimensions, namely, the dilation operator and
the translation operator. In this case, both operators are defined as diagonal matrices with

n independent entries.

Definition 1 For a >1andj = (j,ja,...,j,) in Z", define the n x n matrix M(a/) as
M(zzj) = diag(ajl,ajz,...,zzj”). (2.1)

Note that fora >1 and j in Z",

. . 1 1 1
M‘l(a’) =dlag<ﬁ,a7,...,%). (2.2)

Definition 2 For b = (b1, by,...,b,) in R”, define the n x n matrix M(b) as:

M(b) = diag(b1, b, ..., by). (2.3)

Under this approach, an independent dilation parameter @/ is used in each dimension
as a generalization of the case where a single dilation parameter is used in all the dimen-
sions [3].

Now, for fixed a >1 and b = (by,by,...,b,) in R, define for j = (ji,j2,...,j,) in Z" and

k = (ki,kz,...,k,) also in Z", the dilation and translation operators.

Definition 3 Given / in L?(IR"), define
(1) the dilation operator Jy : L*(R”) — L*(R") as

1 .
UnayM (=) = Wh(M_l (d)x), (2.4)

where x e R”,a >1, and j € Z";
(2) the translation operator Ty i : L*(R”) — L*(R") as

(Tyr@m) @) = hlx = M () M(b)k), (2.5)

where x e R"”, b e R}, and k € Z".
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Note that the operators /iy, and -1y Satisfy, for 1 in L*(R"),

O N Ty ympphllz = 17l and [Ty /ll2 = 142
_ -l _ . .
@) Thvwmen = Tvwmon = T-mt@meps  and (2.6)

®3) ];4(01/) :]X}(gj) = (@)
Hence, for f and g in L%(R"),

> Ty @mpd m1@)8) = U T-mr @wymif »&)- (2.7)

3 The discrete wavelet transform

In this section we define the discrete wavelet transform for functions f € L2(R") with re-
spect to a radially admissible function in n dimensions using an independent dilation pa-
rameter for each dimension. Moreover, we will prove that the continuity of f at x = 0 will

determine the decay of its discrete wavelet transform.

Definition 4 Suppose that % in L2(R") is radially symmetric and satisfies the admissibility

condition fooo [n(k)|? ﬁ dk < 00, where 7/1\()1) =1(]y|). Then the discrete wavelet transform

of f in L2(R") with respect to / is defined as

(Lif) (M), M~ (&) M(B)K) = (f, Tag1 iy mropd -1y 1) (3.1)
where a > 1 and b € R” are fixed, and j and k are in Z".
Note that in this case, M~} (a/) € M, (R), where M, (R) denotes the space of all n x n

matrices with entries in R, and M~1(&/)M(b)k € R”. Furthermore, from (2.5) and (2.4) we

have

(Ll’lf) (M_l (ﬂj), M_l ((l})M(b)k) = (f, TM‘I(aj)M(b)k]M‘l(a/)h>

= Rnf(x)(TM—l(ﬂ/)M(b)k]M—l(ﬂ})h)(x) dx

= Rnf @) Upg1 (1) (x = M~ (/) M (b)) dx

_ /R fJdetm(@) (M@ - MOR dx. (32)

Also, note that by (3.2) the discrete wavelet transform can be written as a convolution.

That is, we have the following result.

Lemmal Ifhin L*(R") is admissible and the support of h is compact, then for f in L*(R"),
L) (M), M (& )MBYK) = (Typ10)h)™ = f) (M () M(D)K), (3.3)

where ~ means h™ (x) = h(—x).
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Proof According to (3.2),
(Un1@y )™ %) (M7 () M(B)K)
-/, Uptray)”™ (M) M(D)k - x)f (x) dx
, /R Unary = M (@) MRS () v

_ /R JdetM(@)n(M(@) (v - M (@) MBIK))f @)

= (Lif) (MM (&), M7} (&) M(b)K). 0

Then we have the following result.

Lemma2 Suppose that h € C3°(R") is admissible, radially symmetric, h # 0, and ’lf?(O) =0.
Let

(Lof) (M (), M7 () M(D)K)
= \/detM(a)(Lyf) (M (&), M~ (&) M(B)K). (3.4)

Then Lyf is continuous at any point (M (a/), M~ (@) M(b)k) in M,,(R) x R". Furthermore,
iff € LX(R") is continuous in a neighborhood of x = 0 € R”, then for any k in 7",

Lif)(M (&), M (d)MB)k) — 0 as (M (), M~ () M(b)k) — (0,0).

Proof First, we show that L;f is continuous at any point (M~(a&/), M~ (&)M(b)k) in
M,(R) x R, Since f € L*(R") and h € C{°(R"), it follows that (1, * f € C*(R"),
[12]. Thus, from (3.3) we have that

(Lof) (M (), M7 () M(D)K)
=,/ detM(a/) ((]M—l(aj)E)N *f) (M’1 (aj)M(b)k)

is continuous at any point (M~Y(a/), M~ (&)M(b)k) in M,(R) x R".

Next, we will show that the continuity of f € L?(R") implies the existence of the limit of
Lif as (M Nd/), MY (@)M(b)k) — (0,0).

Note that by considering the Frobenius norm in M, (R) given by ||Q| = (Q, Q)%, from
(2.2) we have that M~!(#/) — 0 is equivalent to j — +00.

Then, since supp / is compact, there is L > 0 such that supp # C B.(0). Thus, by (2.7),

L) (M (), M () M(b)K)

= ; —1( “1( j DO d
./BL(O) detM(a/)f(M (@)x + M7 () M(b)k) h(x) dix. (3.5)

Hence, by (3.4),

(L) (M (), M () M(B)K) = /B SO @ MR 6o
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Thus, since f is continuous near 0 € R”, it follows that for any k € Z”,

Lif) (M (), M (&) M(b)k) — f(O)[ /B @dx} — f(0)-0=0.

2.(0)

This completes the proof of Lemma 2. O

4 Proof of main theorem

In this section we will prove the converse of Lemma 2, which is our main result given
in Theorem 1. That is, the convergence of the discrete wavelet transform determines the
continuity of f at zero. So, in order to analyze this result, we first give the definition of a
tight frame [13].

Definition 5 A family of functions (%, )4cq in a Hilbert space H is called a frame if there

are constants A > 0 and B < +oo such that for all f in H,

AIFI? <Y J(f )| < BIFI (4.2)

e

If A = B, then the frame (/14 )qcq is called a tight frame. In this case,

AlFIZ ="t )|

aeQ2

Hence,

f= % Z(frhaﬂlm (4.2)

aeQ2

where the convergence is in the weak sense.
On the other hand, if there is by > 0 such that for any b = (by, b, ..., b,) in R” with b; €
(0, bo), the family Ty, pri/m-1(@) /1 is a frame in L*(R”), and if conditions (2), (3), and

(4) given in [4] are satisfied, then by Theorem 2 in [4] there exist A > 0 and B < +00 such
that

AlfI* < Z|<TM*1(a/)M(b)k]M’1(a/)h’f>| < BJfI*.
ik

Hence, if A = B, then by (4.2), if # € L*(R") is admissible, then we get the inversion
formula given in (1.3).

Proof of Theorem 1 Suppose that

lim (Lif) (M), z) = F(z) (4.3)

M1(@),2)—(0,21)

exists for any z; in an open neighborhood containing the closed ball Bz(0), with R > 0.
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On the other hand, for fixed x in Bz(0) and y in R”, let
Z(M™N(d),x,y - M()K)

) =y + MOK)(LAf )M @), x + M)y = M(D)K))  if j -+ o, (4.4)
| iy + MBOER) ifj — oo. '

Note that for such x in B(0), the function Z is well defined for all M(#/) in M,(R) and
y—M(b)k in R". Then we have the following three claims (see Appendix for the proofs).

Claim 4.1 The function 7 is continuous on M,(R) x Br(0) x R”.

Claim 4.2 For fixed x in Bg(0), the double series

3O T(MN )%,y - M(b)K)

JEL ke
converges uniformly on Bg(0).

Claim 4.3 For fixed x in Br(0) and (M~Nd/),y — M(b)k) in M,,(R) x R”, let

x)—ZZI a’ x,y M(b)k)

JEZM ke
Then the function w is continuous at x = 0.

Coming back to the proof of Theorem 1, for any p = (p1,pa, . ..,ps) € Z" with p; > 0 and
any x in R”, define

Uy (x) = Z Z > @) (M (), M7 () M(b)K)

J1==p1 jn=—pn keZ"

det M (o) (M (a)x — M(b)k).
Then by Claim 4.3, for any x € R”,
plirgo U,(x) = w(x).

That is, U, — w pointwise as p — oo.

On the other hand, by (1.3) we have U, — Af weakly on L*(M,(R) x R"). Hence, f =
A~lw almost everywhere. Thus, by Claim 4.3 the function f is continuous at x = 0.

This completes the proof of Theorem 1. O

5 Examples
Example of Lemma 2. Consider 1 € C3°(R") a radially symmetric admissible function such
that # #0 andifz\(O) = 0. Since 1 € C3°(R"), there is L > 0 such that supp/ C B.(0).

Now, take a =2, M(b) =1 € M,(R), X = (x1,...,x,) € R", j = (1,...,ju) € Z", and k =
(ky,.... kq) € Z".
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Let us consider f(x1,...,%,) = Y 1 &2 + » =, %; + ¢ with ¢ # 0. Note that f is continuous

at (0,...,0).
Now, by (3.6),
(L) (M7 (2), M7 (2) 1K) = / F(M @)+ M ()R dx
B1(0)
_ / F(M () + 1)) dx
BL(0)
Since
. k + K - i+ k i+ Kk
PR Y
we have

(Lof) (M (), M (V) 1K)

- — “L 2k S 2 kP -
: x7h(X) dX + — / xh(X) dX + L / h(X)dX
(2i)? /BL(O) ;:(2/")2 B1(0) ;(2/")2 B1(0)

+Z f xih X)dX+Z f(oh(X)dxH/B (X) dX.

2(0)

Because of?t(O) =0and & € CP(R"),
hm (th)( Y2), M (2)Ik) =0

which is consistent with the result given in Lemma 2.

Example of main theorem. Suppose that & € C3°(R?) is a radially symmetric admissible
function with Z(O) =0and & #0.

Take a =2 and M(b) =1 € M,(R) and consider f(x1,x;) = ﬁ, which is not continuous
at (0,0).

Since h € C5°(IR?), there is L > 0 such that supp/# C B.(0).

Now, by (3.6),

(L) (M), M (2)IK) / Y2)x + M7 (2)Ik) h(x) dx

/ Y2) (x + k) () dx

Note that /(M- (2)(x + ) =f (%51, 25%) = 2.
Then

(Lif) (M (2), M (2)IK) = 21 / / L i) dixy dixs
B(0) 1%1 + ki
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Choose k = (ki, ky) € Z?* with k; > L such that

1T
0< // ———h(x1, %) dxy dxy < 00.
B,(0) 1%1 + Kk

Then

lim (L‘hf)( Y2), M7 (2)Ik)

(j—>00)

does not exist for j = (ji, j2).
This is consistent with the result given in Theorem 1.

Appendix
Proof of Claim 4.1 Case (1) If M~}(@/) -+ 0, then
Z(M (), %,y — M(b)K)
= h(—y + M(b)k) (Lif) (M_1 (aj),x + M (aj) (y - M(b)k)).

Now, since f € L>(R") and & € CS°(R"), it follows that (]Mfl(”/)ﬁ)w * f is of class C* [12].
Then, by (3.3), the function 7 is continuous on M, (R) x Bg(0) x R”.
Case (2) If M~Y(a/) — 0, then by (4.3), for any x; in Bz(0),

lim Z(M (), %,y - M(b)k
(M~Y(@)x,9)— (0,%1,91) ( ( ) Y )

= li h(=y + MO (L) (M), x + M~ (&) (y — M(b)k
= (=y + MBK)(Laf) (M (@), % + M7 () (y - M(D)K))

= h(-y1 + M(b)k) (Mil(ajl)ig_) (Om)(ﬁhf) (M (d),2)
= h(—y1 + M(b)k)F(xl) = I(O,xl,yl - M(b)k)‘
This completes the proof of Claim 4.1. g
Proof of Claim 4.2 In the case that j - oo, from (4.4) and (3.4) we have
Z(M (&), %,y — M(b)K)

= h(~y + M(b)k)/det M(a ) (Lyf) (M (&), x + M~ (&) (y - M(D)K)).

Then following (1) of equation (2.6), we have

(M (d), %,y - M(b)K)|

= | —y+M(b)k | detM (f X+ M- 1 h)k)]M’l(a/)h>|

< |h(=y + M(©®)K)|\/det M() I 121l 2]l
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Now, for p = (p1,p2,...,p4) € Z and j = (j1, )2, ...,ju) € Z", define, for i =1,2,...

G(M_l(aj),y - M(b)k)

|Z(M (), x,y — M(b)K)| it € [-pi, pil,
[h(—y + M(B)k)|/det M(a)||f ll2 N\ all2  if j; & [—pi, pil.

Then, for all (M~ (&), y — M(b)k) € M, (R) x R",
|I(M’1(aj),x,y —M(b)k)| < G(M’l(ai),y - M(b)k).

Then

o> |G @),y - M(b)K)|

JELM keZ”

P35S 385 3 [ 35 58 o) B § 359 3 >

Jn==00  ju=—pn 1n—Pn+1)

Jj1==00 j1==p1 j1=p1+l 2==00 Ja=-p2 jo=p2+l

Z|G a’ y M(b))‘

keZ

Page 10 of 12

(A1)

(A.2)

Note that for the case that j - oo, it follows that j; - +oo for i =1,2,..., n. Thus, we will

consider only summations over j; from —oo to p;.

Now, with respect to the sum over k € Z", since supp /1 is compact, there is L > 0 such
that supp/ C B.(0). So, there is a positive integer N > L such that 4(-y + M(b)k) = 0 for
k = (ki,ks,...,k,) € Z" with k; > N fori = 1,2,...,n. Hence, we can consider the series over

k; € Z only from —N to N.
Thus, if we set

b ( S )|h(_y+M(b)k)|/W|V||z||h||z

ki=—N  ky=—

and

(Z Z>|I Yd), %,y - M(b)K)),

kj=—N kn=—N.

then equation (A.2) can be written as

Y |G (@), y - M(b)K)|

jeZM keZn
(—pl -1 -py-1 —Pn— )
J1=—00 jo=— Jn==00

—p1-1 -po-1 p op2-l pa
(Z D 9} LTREY 0 3 St o
j1=—00 ja=—00 jn==Pn J1=-P1j2=—00 Jjn==00

+ (sequence of series that contain two series from j; = —p; to p;)H
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+ (sequence of series that contain three series from j; = —p; to p;)H

+ (sequence of series that contain # — 2 series from j; = —p; to p;)H

p1 P2 —pn—1 -p1i-1  p2
(s X e (En Y )u
1==P1j2=-P2  Jn=—00 V1==00j2==p2  jn=—Pn

(Z S Z) (a3

1=—P1j2=-P2 jn==Pn

Now, let S = Sup |i(-y + M(b)k)| where —L < —y + M(b)k < L, and since a > 1, it follows
that the double series given in the first term in (A.3) given by

\Jj1=—00 o =—00 Jn=—00
-p1-1 —pn-1 N N

=<Z Z)(Z Z)Wllﬂlzllhllzlh( Ly + M)K)|
j1==00  ju=-00/ \k1==N  ky=-N

converges to

-p1-1 —pn-1
IlfllzllhIIzS(2N+1)”< ooy )«/ﬂjlajz L,

J1=—00 Jn==00

Using the same argument, we can prove that the remaining sequences of series that
contain at least one index j; from j; = —0o to —p; — 1 also converge.

On the other hand, note that, by Claim 4.1, the function 7 is continuous. Thus, the
double series in the last term in (A.3) given by

(EE-%)

1=—P1j2=-P2 jn==Pn

(B8 5)(E 5 )wrsr-som

1==P1)2=-P2 jn==pPn k1=—-N kn=-N.

also converges.
Thus,

ZZG Y(@),y - M(b)k) converges.

JEL keZ"
Hence, for fixed x € Br(0), we get from (A.1) that

Z Z I a/ x, y-M (b)k) converges absolutely and uniformly on Bg(0).

JELM keZ"

This proves Claim 4.2. g
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Proof of Claim 4.3 By Claim 4.1 the function Z is continuous on M,(R) x B.(0) x R”, and
by Claim 4.2 the double series

3O (M) %,y - M(b)K)

JEL ke

converges uniformly on By (0). In particular, for x = 0, the double series

>0 T(M(),0,y - M(b)k)

JELM ke

converges absolutely and uniformly on B (0).
Hence,

iif(l) w(x) = Z Z hmI (a’) X,y — M(b)k)

V4 keZ”

=Y > (M7 (),0,y - M(b)k) = w(0).

jez" keZ"

This proves Claim 4.3. d
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