
Muradov and Hashimov Journal of Inequalities and Applications  (2016) 2016:3 
DOI 10.1186/s13660-015-0951-6

R E S E A R C H Open Access

On bases from cosines in Lebesgue spaces
with variable summability index
Togrul Muradov1* and Chingiz Hashimov1,2

*Correspondence:
togrulmuradov@gmail.com
1Department of Non-Harmonic
Analysis, Institute of Mathematics
and Mechanics of NAS of
Azerbaijan, 9 B. Vahabzadeh Str.,
Baku, 1141, Azerbaijan
Full list of author information is
available at the end of the article

Abstract
In this paper the perturbed system of cosines is considered. Under certain conditions
on the summability index p(·) and perturbation, the basicity of this system in
Lebesgue spaces Lp(·)(0,π ) with variable summability index p(·) is proved. The
obtained results generalize similar results for the case p(·) = p = const.
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1 Introduction
Perturbed systems of exponents, cosines and sines play an important role in the theory of
spectral theory of differential operators, in the theory of optimal control, in approxima-
tion theory and so on. Therefore there are a lot of papers studying the frame properties
and also the basis properties (completeness, minimality, basicity, etc.) of the perturbed
trigonometric systems in various Banach spaces of functions. For more detailed informa-
tion see [–].

In connection with applications in mechanics and theoretical physics in recent years
there is a great interest in studying different problems in Lebesgue spaces with variable
summability index. For many results in this direction one can see [] and also [, ].
Basis properties of some trigonometric systems and other systems of functions (Haar sys-
tem, classical system of Legendre, etc.) were investigated [, , , ].

In this paper a perturbed system of cosines is considered. Stability of the basicity of this
system in Lebesgue space with variable summability index is studied. It should be noted
that the basicity in generalized Lebesgue space of perturbed systems of exponents was
considered earlier in [, ].

2 Necessary information
A Banach space will be called a B-space. A Banach space of sequences of scalars over
the field K will be called a K-space. We give some information on Lebesgue spaces with
variable summability index.

Let p : [–π ,π ] → [, +∞) be some Lebesgue measurable function. Denote the class of
all functions measurable on [–π ,π ] (with respect to the Lebesgue measure) by L.

Let us choose the notation

Ip(f ) def≡
∫ π

–π

∣∣f (t)
∣∣p(t) dt.
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Let

L ≡ {
f ∈ L : Ip(f ) < +∞}

.

With respect to ordinary linear operations of addition of functions and multiplication by
a number, for

p+ = sup vrai
[–π ,π ]

p(t) < +∞,

L turns into a linear space. With the norm

‖f ‖p(·)
def≡ inf

{
λ >  : Ip

(
f
λ

)
≤ 

}
,

L is a Banach space and we denote it by Lp(·). Assume

WL
def≡

{
p : ∃C > ,∀t, t ∈ [,π ] : |t – t| ≤ 


⇒ ∣∣p(t) – p(t)

∣∣ ≤ C
– ln |t – t|

}
.

Everywhere q(·) denotes the function conjugate to p(·) : 
p(t) + 

q(t) ≡ . Choose

p– = inf vrai
[–π ,π ]

p(t).

Hölder’s generalized inequality holds:

∫ π

–π

∣∣f (t)g(t)
∣∣dt ≤ c

(
p–; p+)‖f ‖p(·)‖g‖q(·),

where c(p–; p+) =  + 
p– – 

p+ .
The following property that we will use is obvious.

Property A If |f (t)| ≤ |g(t)| a.e. on (–π ,π ), then ‖f ‖p(·) ≤ ‖g‖p(·) .

For detailed information on the space Lp(·) one can see [, ] and also [].
We will also use the notion of the space of coefficients. Let us define it. Let �x ≡ {xn}n∈N ⊂

X be a non-degenerate system in B-space X, i.e. xn = , ∀n ∈ N .
Assume

K�x ≡
{

{λn}n∈N : the series
∞∑

n=

λnxn converges in X

}
.

Introduce the norm in K�x:

‖�λ‖K�x = sup
m

∥∥∥∥∥
m∑

n=

λnxn

∥∥∥∥∥, where �λ = {λn}n∈N .

With respect to ordinary operations of addition and multiplication by a complex num-
ber, K�x is a Banach space. We also need some notion and facts from the basis theory.
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Definition  Let X be some B-space. We call the system {ϕn}n∈N ⊂ X ω-linear indepen-
dent in X (or simply ω-linear independent) if from

∑
n cnϕn =  it follows cn = , ∀n ∈ N .

The following theorem is valid.

Theorem  Let X be B-space with the basis {ϕn}n∈N and F : X → X be a Fredholm operator.
Then for the system {ψn}n∈N where ψn = Fϕn, ∀n ∈ N , the following properties in X are
equivalent:

(a) {ψn}n∈N is complete in X ;
(b) {ψn}n∈N is minimal in X ;
(c) {ψn}n∈N is ω-linear independent in X ;
(d) {ψn}n∈N is a bases isomorphic to {ϕn}n∈N in X .

From this theorem we have the following.

Corollary  Let {ϕn}n∈N form a basis for X and card{n : ψn = ϕn} < +∞. Then with respect
to the system {ψn}n∈N the statement of Theorem  is valid.

For these or other results one can see for example [–].

Definition  We call the system {ϕn}n∈Z+ ⊂ Lp(·)K -Hilbert if ∃δ > :

δ
∥∥{cn}

∥∥
K

≤
∥∥∥∑

cnϕn

∥∥∥
Lp(·)

,

for an arbitrary finite set {cn}.

We will also use the following.

Definition  The sequence {λn}n∈N is called separated, if infi=j |λi – λj| > .

For more details regarding these and other results one can see [–].

3 Basic results
Let K be some K-space with the norm ‖ · ‖K . Assume that the norm ‖ · ‖K satisfies the
following condition:

(α) ‖{λk}k∈N‖K = ‖{λπ (k)}k∈N‖K for an arbitrary permutation π : N → N .

Assume that the system {cosλnx}n∈N is K -Hilbert in Lp(·), where {λn}n∈N ∈ K is some
sequence. Taking into account the inequality

| cosλnx – cosλkx| ≤ π |λn – λk|, ∀x ∈ [,π ],

from condition (α) and Property A we immediately get

 < δ
∥∥{; ; ; . . .}∥∥

K
≤ δ‖ cosλnx – cosλkx‖Lp(·)

≤ δπ‖‖Lp(·) |λn – λk|, ∀n, k ∈ N .

Thus, the following lemma is valid.
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Lemma  Let the K-space K satisfy condition (α) and the system of cosines {cosλnx}n∈N

be a K -Hilbert in Lp(·) Then the sequence {λn}n∈N is separated.

The analog of Levinson’s well-known theorem [] on the completeness of the system
of exponents is valid in this case as well.

Theorem  Let  < p– ≤ p+ < +∞. If from the system of functions {eiλk x} complete in
Lp(·)(–π ,π ) we reject n arbitrary functions and instead of them add other functions eiμjx,
j = , n, wherein μk , k = , n, are arbitrary pairwise different complex numbers not equal to
any of the numbers λk , then the new system will also be complete in Lp(·)(–π ,π ).

The proof of this theorem is conducted by analogy with the case Lp(–π ,π ) (i.e. p(x) ≡ p =
const). As under the conditions of the theorem (Lp(·)(–π ,π ))∗ = Lq(·)(–π ,π ), 

p(x) + 
q(x) = .

The following theorem is also valid.

Theorem  Let {λn}n∈N ⊂ C be an arbitrary sequence of various numbers, and  < p– ≤
p+ < +∞. The system {cosλnx}n∈N is complete in Lp(·)(,π ) if and only if the system
{e±iλnx}n∈N is complete in Lp(·)(–π ,π ). If for some k : λk = , then instead of the functions
eiλk x and e–iλk x the functions  and x should be taken.

From these two theorems we immediately have the following.

Corollary  Let  < p– ≤ p+ < +∞. If from the system of functions {cosλkx} complete
in Lp(·)(,π ) we reject n arbitrary functions and instead of them add other n functions
{cosμjx}, j = , n, wherein μk , k = , n, are arbitrary complex numbers such that μi = ±μj

for i = j, and not equal to any of the numbers ±λk , then the obtained system will also be
complete in Lp(·)(,π ).

Now we cite the basic result of the paper.

Theorem  Let  < p– ≤ p+ < +∞ and {λn;μn}n∈Z+ ⊂ R be some sequence of different num-
bers such that for some α ∈ (, p]

∞∑
n=

|λn – μn|α < +∞,

where p = min{; p–}. If the system {cosλnx}n∈Z+ forms a basis for Lp(·)(,π ) equivalent
to the basis {cos nx}n∈Z+ , then the system {cosμnx}n∈Z+ also forms a basis for Lp(·)(,π )
equivalent to the basis {cos nx}n∈Z+ .

Proof We have

| cosλnx – cosμnx| ≤ π |λn – μn|, n ∈ Z+.

Consequently

‖ cosλnx – cosμnx‖p(·) ≤ c|λn – μn|, n ∈ Z+,
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where c means a constant (which later may be different at different places) dependent only
on p(·). As a result we get

∞∑
n=

‖ cosλnx – cosμnx‖α
p(·) ≤ c

∞∑
n=

|λn – μn|α < +∞.

We denote the space of coefficients of the system {ϕn}n∈N ⊂ Lp(·)(,π ) by K ({ϕn}n∈N ).
Thus, by the conditions of the theorem we have

Kp(·) ≡ K
({cosλnx}n∈Z+

) ≡ K
({cos nx}n∈Z+

)
.

Therefore it is obvious that ∃M > :

M–

∥∥∥∥∥
∞∑

n=

cn cosλnx

∥∥∥∥∥
p(·)

≤
∥∥∥∥∥

∞∑
n=

cn cos nx

∥∥∥∥∥
p(·)

≤ M

∥∥∥∥∥
∞∑

n=

cn cosλnx

∥∥∥∥∥
p(·)

, ∀{cn}n∈Z+ ∈ Kp(·). ()

Assume 
α

+ 
β

= . It is clear that β ≥ . The following continuous embeddings hold:

Lp(·)(,π ) ⊂ Lp– (,π ) ⊂ Lα(,π ). ()

From the classic Hausdorff-Young theorem it follows that
( ∞∑

n=

|cn|β
)/β

≤ Mα

∥∥∥∥∥
∞∑

n=

cn cos nx

∥∥∥∥∥
Lα (,π )

, ∀{cn}n∈Z+ ∈ l
β , ()

where

l
β ≡ {{cn}n∈Z+ : ∃n ≥  ⇒ ck = ,∀k ≥ n + 

}
,

and Mα is a constant dependent only on α. Let ε >  be an arbitrary number. Then it is
clear that ∃nε ∈ Z+:

∞∑
n=nε

‖ cosλnx – cosμnx‖α
p(·) < ε.

Assume

ϕn(x) =

{
cosλnx, n = , nε – ;
cosμnx, n ≥ nε , n ∈ Z+.

()

Take ∀{cn}n∈Z+ ∈ l
β . We have

∥∥∥∥∥
∞∑

n=

cn
(
ϕn(x) – cosλnx

)∥∥∥∥∥
p(·)

≤
∞∑

n=

|cn|
∥∥ϕn(x) – cosλnx

∥∥
p(·)

≤
( ∞∑

n=

|cn|β
)/β( ∞∑

n=

∥∥ϕn(x) – cosλnx
∥∥α

p(·)

)/α

.
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Taking into account equations () and (), we get

∥∥∥∥∥
∞∑

n=

cn
(
ϕn(x) – cosλnx

)∥∥∥∥∥
p(·)

≤ Mα

∥∥∥∥∥
∞∑

n=

cn cos nx

∥∥∥∥∥
Lα (,π )

( ∞∑
n=nε

‖ cosλnx – cosμnx‖α
p(·)

)/α

≤ Mαε

α

∥∥∥∥∥
∞∑

n=

cn cos nx

∥∥∥∥∥
Lα (,π )

.

Having paid attention to the embedding () and equation (), we finally get

∥∥∥∥∥
∞∑

n=

cn
(
ϕn(x) – cosλnx

)∥∥∥∥∥
p(·)

≤ MMαε

α

∥∥∥∥∥
∞∑

n=

cn cosλnx

∥∥∥∥∥
p(·)

. ()

Take ε so small that the inequality mα = MMαε

α <  is fulfilled. Then by the Paley-Wiener

theorem and from inequalities () it follows that the system {ϕn(·)}n∈Z+ forms a basis for
Lp(·)(,π ) equivalent to the basis {cosλnx}n∈Z+ . Then we replace in the system {ϕn}n∈Z+

the elements {ϕ; . . . ;ϕnε–} by {cosμx; . . . ; cosμnε–}. From Corollary  it follows that the
system {cosμnx}n∈Z+ is complete in Lp(·)(,π ). Then, as follows from Corollary , it forms
a basis for Lp(·)(,π ) equivalent to the basis {cosλnx}n∈Z+ and as a result is equivalent to
the basis {cos nx}n∈Z+ . The theorem is proved. The validity of the following theorem is
established in the same way. �

Theorem  Let with respect to the sequences {λn}n∈N and {μn}n∈N all the conditions of
Theorem  be fulfilled. If the system of sines {sinλnx}n∈N forms a basis for Lp(·)(,π ) equiv-
alent to the basis {sin nx}n∈N , then the system {sinμnx}n∈N also forms a basis for Lp(·)(,π )
equivalent to the basis {sin nx}n∈N .

4 Example
The following example is of independent interest. Let us consider the following Cauchy
problem :

–y′′(x) + q(x)y(x) = λy(x), x ∈ (,π ),
y() = , y′() = σ ,

}
()

where q(x) ∈ L(,π ) is a real function, σ ∈ R. One can understand this problem in the
sense of Il’in []. The following question is interesting: for what sequences {λn}n∈N ⊂ R
does the system {yλn (x)}n∈N being the solution of problem () form a basis for Lp(·)(,π )?
We have the following relation:

yλ(x) = cosλx +
∫ x


K(x, t) cosλt dt,

where K(x, t) is a continuous on [,π ] function.
With respect to this fact refer to [].
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Denote by K an operator determined by the expression

[Kf ](x) =
∫ x


K(x, t)f (t) dt.

It is obvious that K is Volterrian and so the operator I + K is boundedly invertible in Lp(·)
(I ∈ L(Lp(·); Lp(·)) is a unit operator). Then from the relation yλ(x) = (I + K) cosλx and from
the results of the previous item we see that the system {yλn (x)}n∈N is a basis in Lp(·) only if
the system of cosines {cosλnx}n∈N forms a basis for Lp(·)(,π ).

Thus, the following theorem is valid.

Theorem  Let p(·) ∈ WL, p– > , q ∈ L, and the sequence {λn}n∈N ⊂ R satisfy the con-
dition

∑∞
n= |λn – n|α < +∞, where α = min{; p–}. Then the system {yλn (x)}n∈N from the

solution of the Cauchy problem () is a basis in Lp(·), equivalent to the basis {cos nx}n∈Z+ in
Lp(·)(,π ).
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