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Abstract

In this paper, we establish an inequality for the g-integral of the bilateral basic
hypergeometric function 41 ¥,+1. As applications of the inequality, we give some
sufficient conditions for the convergence of g-series.
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1 Introduction and main result

g-series, which are also called basic hypergeometric series, play a very important role in
many fields, such as affine root systems, Lie algebras and groups, number theory, orthog-
onal polynomials, and physics. The inequality technique is one of the useful tools in the
study of special functions. There are many papers about the inequalities and the g-integral;
see [1-9]. In this paper, we derive an inequality for the g-integral of the bilateral basic
hypergeometric function ,,1v,,1. Some applications of the inequality are also given. The
main result of this paper is the following inequality for g-integrals.

Theorem 1.1 Let a, b be any real numbers such that 0 < g < b < a <1, and let a;, b; be
any real numbers such that |a;| > q, |b;| <1 fori=1,2,...,r withr > 1 and |bib, - - - b,| <
|amay - - - ay|. Then for any ¢ > 0, t > 0, such that ¢ > bla, c + t <1, we have

t a,a,...,ad, Mt(q,bla; q)s
re1Wr+ yq> d S 11
‘/0 v 1<b,b1,...,b, qc+z) 4% (c+t,blac;q)xo (L1
where
M = max ﬁ(—lail;q)oo 7 (Ca/1bil; @)oo
L (bil ) 3 (g/lail; @)

Before we give the proof of the theorem, we recall some definitions, notation, and well-
known results which will be used in this paper. Throughout the whole paper, it is supposed
that 0 < g < 1. The g-shifted factorials are defined as

n-1 9]
@qo=1  (@@.=[](1-aq"), @Dw=]](1-ad"). (12)
k=0 k=0
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We also adopt the following compact notation for the multiple g-shifted factorial:

(av,az, . @m Qn = (@13 9)n(a2; @+ - - (@3 Dy (1.3)
where 7 is an integer or co. We may extend the definition (1.2) of (a;¢), to

. _ (a; q)oo
(@ q) = P (1.4)

for any complex number «. In particular,

(@ 9) 1 (=ql/a)"
(6{; )_n = = = (2)' (1'5)
1 @D @a D) @ag
The following is the well-known Ramanujan ;¥; summation formula [10, 11],
— (@) ,bla,az,qlaz;q)
Z (a;q) Z" = (4.b/a,az /azq) , |blal <|z] <1. (1.6)
= (b q)n (b,qla,z,blaz; q)s
The bilateral basic hypergeometric series , v is defined by
a,a, ..., a0y > (ﬂhﬂz,.--,ﬂr;q)n (s=7) (_)(”)
4,z | = ————— (-1)¥g ) ", (1.7)
rws<b1;b2yuubs 1 ) N0 (blbe:uubs;q)n 1
Jackson defined the g-integral by [12]
d 9]
/ f@dg=d1-9)) f(dq")q" (1.8)
0 n=0
and
d d c
/ f()d,t = / f(t)d,t - / f(t)dgt. (1.9)
c 0 0

In [13], the author uses Ramanujan’s 13, summation formula to give the following in-
equality: Let a, b be any real numbers such that g <b<a <1 or a<b <0, and let
a;, b; be any real numbers such that |a;| > g, |b;] <1 for i =1,2,...,r with r > 1 and
|b1by - - - b,| < |ayasy - - - a,|. Then for any b/a < |z| < 1, we have

a,ay,...,a, (g,bla,alz|,q/a)z);q) oo
r r 18 SM ) 110
Ay +1(b,b1,...,br q Z)‘ (b,qla,\z],bla|z|;q)s (1.10)
where
M = max | ] ke 77 Callbilia)ee |
i (bl oo 1 (@llail; @)oo

2 The proof of theorem
In this section, we use (1.10) to prove Theorem 1.1.
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Proof Under the conditions of the theorem 1.1, it is easy to see that
bla<c+tq" <1

Letting z = ¢ + tq" in (1.10) gives
a,ay, ..., a0 "
;5q,C+ L
r+1wr+1<b,b1,...,br q q)‘

(q,bla,a(c+tq"),qlalc +tq"); )
- (b,qla,c+tqg",bla(c + tq"); §) o

, n=0,1,2,....

Since 0 < b < a(c + tq") < a < 1, we have
(a(c+tq"),qla(c+tq");q) < (b,qla;q)o
and
(c+tq",bla(c+1tq");q) = (c+t,blac;q)c.

Combining (2.2), (2.3), and (2.4), we get

b,by,...,b, c+t,blac;q)so

By the definition of the g-integral (1.8), we get
/t " a,ai,...,d, J
r+1W¥r+ 5q,C+ 2 z
o "V N\ b,by,. 5, TETE)

o0
aA1,42;5 ..« Ayl
=t(l-q) N WH( 3 gyt n).
qznzoq Wt by, b, PPN

Consequently,

t
a,di,...,d,
1 Wral g, ¢+ Z> dqz
/0 (b:blyu»rbr

00
a1,42;5 .+« Aryl
t(1- " s tq”
( q);q r+1wr+l( bl;bz;-u,br q q)

a1, 425 ..., Aryl n
3G b .
r+1‘[fr+1( bbbz,»--;br q,lq )’

oo
<tl-9)) q"
n=0

Using (2.5) one gets

¢ a,di,...,d,
VO r+11/fr+1(b,b;“’br;q,c+z> d,z
(@ bla,;q) i n_ Mtq,b/a,;q)5
(c+t,blac;q) (c+t,blac;q)e

<tl-qgM
n=0

Thus, we complete the proof.

N T ,bla,;
r+1wr+1<a - ar;QxC"'tqn)‘fMi( (q a q)oo , n=0,12,....

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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From (1.1) and the definition of the g-integral (1.9), we can easily get the following result.
Corollary 2.1 Under the conditions of the theorem, we have

t
a,ai,...,a,
re1¥re g, C+ z> dyz
/S (b,bl,...,b,

M(q,bla,; q)so
T (c+tc+s,blac;q)s

[te+ 8 Q)00 +S(c+ Qoo (2.9)

wheres>0andc+s<1.

Proof By the definition of the g-integral (1.9), we get
¢ a,di,...,d,

j r+1wr+1 b,bl,...,b,;q’c+z qu
¢ a,d,...,d

/0leﬁl(b,bl,...,b:;q,c+Z>dqz
s a,di,...,0,

_/0 r+lwr+l<h,b1,...,b,;q’c+z> dyz
¢ a,ai,...,d,
r+1¥r /% dgz

[ (e 2 4y

S
a,ai,...,a,
ri1¥rs1 g, C+ z) dyz
/0 (b,bl,...,b,

Mt(g,bla,;q) .\ Ms(g,bla,; q)o
T (c+tblacq)e (¢ +s,blac;q)eo

— M(q,b/ﬂ,;Q)oo
(c+t,c+s,blac;q)so

<

+

[t(c+89)00 +S(c+ Eq)o0 - (2.10)

Thus, the inequality (2.9) holds. O

3 Some applications of the inequality

In this section, we use the inequality obtained in this paper to give some sufficient con-
ditions for the convergence of the g-series. Convergence is an important problem in the
study of g-series. There are some results about it. For example, Ito used an inequality
technique to give a sufficient condition for the convergence of a special g-series called the
Jackson integral [14].

Theorem 3.1 Suppose that
(1) a, b, ¢ be any positive real numbers such that 0 < g<b<a<1,c>bla;
(2) ai, b; be any real numbers such that |a;| > q, |bi| <1 fori=1,2,...,r withr > 1 and
|brby - - by| < |may - - - a,l;
(3) {tu} be any positive number series, such that ¢ +t, <1 and Y -, t, converges.
Then the q-series

gy a,ai,...,a
Z/{) r+1wr+l ( b bi b g C+ Z) qu (31)
=0 ) yeeery Uy

converges absolutely.
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Proof Since Y-, t, converges, we get
lim ¢, = 0. (3.2)

n—00

So, there exists an integer Ny such that, when n > N,
c+t,<d<l. (3.3)
When n > Ny, letting ¢ = ¢, in (1.1) gives
tn a,ai,...,d,
/0 ”11//”1<b,b1,,..,b,;q’c " Z) oz

- Mt,(q,bla; q) - M(q,bla; q) oo
T (c+ty,blacq)ee — (d,blac;q)x "

(3.4)

From (3.4) and the convergence of Ziozl Ly, itis sufficient to establish that (3.1) is absolutely
convergent. g

Corollary 3.2 Let {s,} be any positive number series such that c + s, <1 and Zzil Sy con-
verges. Under the conditions of Theorem 3.1, then the g-series

) tn
ﬂ, ﬂl, ceey ﬂr
;ln r+1wr+l<b,b1"“,br;q,c+Z) qu (35)
converges absolutely.

Proof By the definition of the g-integral (1.9), we get
tn a,di,...,d,
Sn ”ﬂ[f’”rl b’blwurbr;q’c-'-z dqz

tn
a,ai,...,a,

= r1¥rs1 s c+z)dgz
/0 <b,b1,...,b,

_ /0 r+11ﬁr+1(z Zizqc + z) dgz. (3.6)
Since both
In a,di,...,d
/0 r1Wri1 (b, br.. “,br;q,c + z) dyz (3.7)
and
[ (G igens)ae (38)
are absolutely convergent, so (3.5) is absolutely convergent. 0

Theorem 3.3 Suppose that
(1) a, b, ¢, d be any positive real numbers such that 0 <g<b<a<1,¢>bla,c+d<1;
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(2) ay, b; be any real numbers such that |a;| > q, |b;| <1 fori=1,2,...,r withr >1 and
|biby - - by| < |aray - - - a,l;

(3) {t.} be any positive number series, such that t, <d and c + d < 1;

(4) 3", e, converges absolutely.

Then the g-series

}i‘en /Otn r+11ﬂr+1(2’,2::::zz;q,c+z) dyz (3.9)
converges absolutely.
Proof Using (1.1) gives

t a,ai,...,a,
€n /0 ”lw’”(b,bl,...,b,;q’c + z) dyz

Mt,(q,bla; q) Md(q,bla; @)
< len| <
(c+tyblac;q) (

- 3.10
c+d,b/ac;q)oo|e ! ( )

Because ) -, e, converges absolutely, (3.10) is sufficient to establish that (3.9) is absolutely
convergent. O

Corollary 3.4 Suppose that
(1) a, b, ¢, d be any positive real numbers such that 0 <g<b<a<1,¢>bla,c+d<1;
(2) ai, b; be any real numbers such that |a;| > q, |b;i| <1 fori=1,2,...,r withr >1 and
|b1by -+ - by| < |y - - - ayl;
(3) {tu}, {su} be any positive number series, such that t, <d, s, <d,and c+d < 1;

(4) >, e, converges absolutely.
Then the q-series

oo ty
a,a,...,a
Z €n / r1¥re1 < b bl br;q» c+ Z) qu (3.11)
n=0 Sn yUlyeeer Uy
converges absolutely.

Proof By the definition of the g-integral (1.9), we get
tn a,a,...,da,

en /S ’+“//M<b,b1,...,b,;q’c +z> dyz

[ ()

o) b ()

en /Otn r+1wr+l<Z:ZI:::::Z:;q,C + z) dyz

Sn
a,ai,...,a,
€n‘/. r+11/fr+1( 4, C+Z qu
0 b,by,....b,

=<

+
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_ Mtu(g,bla; ) o] Ms,(q,bla;q)o o]
T (c+tpblacq)s | (c+Smblac;g)es
2Md(q,bla; q)
< Mg Dlaia)e | (312)
(c+d,blac;q)so
Since Y .7, e, converges absolutely, (3.11) converges absolutely. O
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