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Abstract
In this paper, some new generalized retarded inequalities for discontinuous functions
are discussed, which are effective in dealing with the qualitative theory of some
impulsive differential equations and impulsive integral equations. Compared with
some existing integral inequalities, these estimations can be used as tools in the study
of differential-integral equations with impulsive conditions.
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1 Introduction
In analyzing the impulsive phenomenon of a physical system governed by certain differen-
tial and integral equations, one often needs some kinds of inequalities, such as Gronwall-
like inequalities; these inequalities and their various linear and nonlinear generalizations
are crucial in the discussion of the existence, uniqueness, boundedness, stability, and other
qualitative properties of solutions of differential and integral equations (see [–] and ref-
erences therein). In [], Lipovan studied the inequality with delay (b(t) ≤ t, b(t) → ∞ as
t → ∞)

u(t) ≤ c +
∫ t

t

f (s)w
(
u(s)

)
ds +

∫ b(t)

b(t)
g(s)w

(
u(s)

)
ds, t < t < t,

in [], Agarwal et al. investigated the retarded Gronwall-like inequality

u(t) ≤ a(t) +
n∑

i=

∫ bi(t)

bi(t)
fi(t, s)wi

(
u(s)

)
ds,

in , Borysenko [] obtained the explicit bound to the unknown function of the fol-
lowing integral inequality with impulsive effect:

u(t) ≤ a(t) +
∫ t

t

f (s)u(s) ds +
∑

t<ti<t
αiur(ti – ),
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in , Iovane [] studied the following integral inequalities:

u(t) ≤ a(t) +
∫ t

t

f (s)u
(
λ(s)

)
ds +

∑
t<ti<t

αiur(ti – ),

u(t) ≤ a(t) + q(t)
[∫ t

t

f (s)u
(
α(s)

)
ds +

∫ t

t

f (s)
∫ s

t

g(t)u
(
τ (t)

)
dt ds

+
∑

t<ti<t
αiur(ti – )

]
,

in , Wang and Li [] gave the upper bound of solutions for the nonlinear inequality

vp(t) ≤ A(t) +
p

p – q

∫ t

t

f (s)vq(τ (s)
)

ds +
∑

t<ti<t
αivq(ti – ),

in , Yan [] considered the following inequality:

u(t) ≤ a(t) +
∫ t

t

f (t, s)u
(
α(s)

)
ds +

∫ t

t

f (t, s)
(∫ s

t

g(s,λ)u
(
τ (λ)

)
dλ

)
ds

+ q(t)
∑

t<ti<t
αiur(ti – ),

and gave an upper bound estimation. Because of the fundamental importance, over the
years, many generalizations and analogous results have been established. However, the
bounds given on such inequalities are not directly applicable in the study of some com-
plicated retarded inequalities for discontinuous functions. It is desirable to establish new
inequalities of the above type, which can be used more effectively in the study of certain
classes of retarded nonlinear differential and integral equations. So in this paper, the fol-
lowing new integral inequalities are presented:

u(t) ≤ a(t) +
N∑

i=

∫ t

t

gi(s)u
(
φi(s)

)
ds +

L∑
j=

∫ t

t

bj(s)
∫ s

t

cj(θ )u
(
wj(θ )

)
dθ ds, ()

up(t) ≤ a(t) +
p

p – q

N∑
i=

∫ t

t

gi(s)uq(φi(s)
)

ds +
L∑

j=

∫ t

t

bj(s)
∫ s

t

cj(θ )uq(wj(θ )
)

dθ ds

+
∑

t<ti<t
βiuq(ti – ), ()

up(t) ≤ a(t) + q(t)
N∑

i=

∫ t

t

gi(t, s)uq(φi(s)
)

ds

+
L∑

j=

∫ t

t

bj(t, s)
∫ s

t

cj(s, θ )uq(wj(θ )
)

dθ ds + q(t)
∑

t<ti<t
βiuq(ti – ). ()

We give the explicit upper bounds estimation of unknown function of these new inequal-
ities, some applications of these inequalities in impulsive differential equations are also
involved.
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2 Main results
We consider the inequality () first.

Theorem . Suppose that for t ∈ R and t ≤ t < ∞, the functions u(t), a(t), and gi(t),
bj(t), cj(t) ( ≤ i ≤ N ,  ≤ j ≤ L) are positive and continuous functions on [t,∞), and cj(t)
are nondecreasing functions on [t,∞). Moreover, φi(t), wj(t) are continuous functions on
[t,∞) and t ≤ φi(t) ≤ t, t ≤ wj(t) ≤ t for  ≤ i ≤ N and  ≤ j ≤ L. Then the inequality ()
implies that

u(t) ≤ a(t) + exp

(∫ t

t

Q(s) ds
)(∫ t

t

Y (s) exp

(
–

∫ s

t

Q(τ ) dτ

)
ds

)
, ()

where

Q(t) = L +
N∑

i=

gi(t) +
L∑

j=

bj(t)c
j (t),

and c
j (t) = max{cj(t), }.

Proof Let a(t)+z(t) denote the function on the right-hand side of inequality (). Obviously
z(t) is a positive and increasing function, and it satisfies u(t) ≤ a(t) + z(t),

dz(t)
dt

=
N∑

i=

gi(t)u
(
φi(t)

)
+

L∑
j=

bj(t)
∫ t

t

cj(θ )u
(
wj(θ )

)
dθ

≤
N∑

i=

gi(t)
(
a
(
φi(t)

)
+ z

(
φi(t)

))

+
L∑

j=

bj(t)
∫ t

t

cj(θ )
(
a
(
wj(θ )

)
+ z

(
wj(θ )

))
dθ . ()

Let

Y (t) =
N∑

i=

gi(t)a
(
φi(t)

)
+

L∑
j=

bj(t)
∫ t

t

cj(θ )a
(
wj(θ )

)
dθ , ()

z(t) =
N∑

i=

gi(t)z(t) +
L∑

j=

bj(t)
∫ t

t

cj(θ )z
(
wj(θ )

)
dθ . ()

Obviously, dz(t)
dt ≤ Y (t) + z(t). Let c

j (t) = max{cj(t), }. We can obtain

z(t) ≤
( N∑

i=

gi(t) +
L∑

j=

bj(t)c
j (t)

)(
z(t) +

L∑
j=

∫ t

t

z
(
wj(θ )

)
dθ

)
. ()

Let

z(t) = z(t) +
L∑

j=

∫ t

t

z
(
wj(θ )

)
dθ ,
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we note that z(t) is a positive and nondecreasing function on I with z(t) = , and z(t) ≤
z(t), which satisfies

dz(t)
dt

=
dz(t)

dt
+

L∑
j=

z
(
wj(t)

)

≤ Y (t) +

( N∑
i=

gi(t) +
L∑

j=

bj(t)c
j (t)

)
z(t) +

L∑
j=

z
(
wj(t)

)

≤
(

L +
N∑

i=

gi(t) +
L∑

j=

bj(t)c
j (t)

)
z(t) + Y (t)

= Q(t)z(t) + Y (t). ()

Consider the initial value problem of the differential equation

{
dz(t)

dt = Q(t)z(t) + Y (t),
z(t) = .

()

The solution of equation () is

z(t) = exp

(∫ t

t

Q(s) ds
)(∫ t

t

Y (s) exp

(
–

∫ s

t

Q(τ ) dτ

)
ds

)
. ()

Then by comparison of the differential inequality, we have z(t) ≤ z(t), so

u(t) ≤ a(t) + exp

(∫ t

t

Q(s) ds
)(∫ t

t

Y (s) exp

(
–

∫ s

t

Q(τ ) dτ

)
ds

)
. ()

This completes the proof. �

Now, we consider the inequality ().

Theorem . Suppose that gi(t), bj(t), φi(t), wj(t) are defined as those in Theorem .,
p > q > , t < t < t < · · · , βi ≥ , a(t) is continuous and nondecreasing function on [t, t)
and a(t) ≥ . u(t) is a piecewise continuous nonnegative function on [t,∞) with only the
first discontinuous points ti, i = , , . . . . Then, for all t ∈ Ik and Ik = [tk–, tk], we obtain

u(t) ≤ τ
q–

k (t), ()

where

τk(t) =
{

ak–(t) exp

(∫ t

tk–

Q(s) ds
)} q

p

×
[

 + L
(

 –
q
p

)(
 + ak–(t)

) p
p–q

×
∫ t

tk–

exp

(
–

∫ s

tk–

(
 –

q
p

)
Q(τ ) dτ

)
ds

] q
p–q

, ()
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ak(t) = a(t) +
p

p – q

k∑
j=

∫ tj

tj–

N∑
i=

gi(s)τj
(
φi(s)

)
ds

+
k∑

j=

∫ tj

tj–

L∑
m=

bm(s)
∫ s

t

cm(θ )τj
(
wm(θ )

)
dθ ds +

k∑
j=

βjτj(tj), t ∈ Ik .

Proof Let V = uq. The inequality () is equivalent to

V
p
q (t) ≤ a(t) +

p
p – q

N∑
i=

∫ t

t

gi(s)V
(
φi(s)

)
ds

+
L∑

j=

∫ t

t

bj(s)
∫ s

t

cj(θ )V
(
wj(θ )

)
dθ ds

+
∑

t<ti<t
βiuq(ti – ), ∀t ∈ [,∞). ()

Let Ii = [ti–, ti], i = , , . . . . First, we consider the following inequality on I:

V
p
q (t) ≤ a(t) +

p
p – q

N∑
i=

∫ t

t

gi(s)V
(
φi(s)

)
ds

+
L∑

j=

∫ t

t

bj(s)
∫ s

t

cj(θ )V
(
wj(θ )

)
dθ ds. ()

For T ∈ I and t ∈ [t, T), let

Y(t) = a(T) +
p

p – q

N∑
i=

∫ t

t

gi(s)V
(
φi(s)

)
ds

+
L∑

j=

∫ t

t

bj(s)
∫ s

t

cj(θ )V
(
wj(θ )

)
dθ ds. ()

Obviously Y(t) ≥ , and V
p
q (t) ≤ Y(t), so V (t) ≤ Y

q
p

 (t), and

dY(t)
dt

=
p

p – q

N∑
i=

gi(t)V
(
φi(t)

)
+

L∑
j=

bj(t)
∫ t

t

cj(θ )V
(
wj(θ )

)
dθ

≤ p
p – q

N∑
i=

gi(t)Y
q
p

 (t) +
L∑

j=

bj(t)
∫ t

t

cj(θ )Y
q
p


(
wj(θ )

)
dθ

≤
(

p
p – q

N∑
i=

gi(t) +
L∑

j=

bj(t)c
j (t)

)(
Y(t) +

L∑
j=

∫ t

t

Y
q
p


(
wj(θ )

)
dθ

)
. ()

Let

Y(t) = Y(t) +
L∑

j=

∫ t

t

Y
q
p


(
wj(θ )

)
dθ .
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Then Y(t) ≤ Y(t), and differentiating Y(t) implies

dY(t)
dt

=
dY(t)

dt
+

L∑
j=

Y
q
p


(
wj(t)

)

≤
(

p
p – q

N∑
i=

gi(t) +
L∑

j=

bj(t)c
j (t)

)
Y(t) + LY

q
p

 (t). ()

Let

Q(t) =
p

p – q

N∑
i=

gi(t) +
L∑

j=

bj(t)c
j (t).

Considering dY(t)
dt = Q(t)Y(t) + LY

q
p

 (t), we obtain Y
–q
p

 (t) dY(t)
dt = Q(t)Y

– q
p

 (t) + L. Denote

R(t) = Y
p–q

p
 (t), we have Y(t) = R

p
p–q (t). Furthermore,

⎧⎨
⎩

dR(t)
dt = (Q(t)R(t) + L)( – q

p ),

R(t) = a
p–q

p
 (T).

()

Then we get

R(t) = exp

[(
 –

q
p

)∫ t

t

Q(s) ds
]

×
[

a
p–q

p
 (T) + L

(
 –

q
p

)∫ t

t

exp

(
–

∫ s

t

(
p – q

p

)
Q(τ ) dτ

)
ds

]
. ()

Then

Y(t) = a(T) exp

(∫ t

t

Q(s) ds
)

×
[

 + L
(

 –
q
p

)
a

p
p–q
 (T)

∫ t

t

exp

(
–

∫ s

t

(
 –

q
p

)
Q(τ ) dτ

)
ds

] p
p–q

. ()

By comparison of the differential inequality, we have Y(t) ≤ Y(t). Moreover, V
p
q (t) ≤

Y(t) implies V (t) ≤ Y
q
p

 (t), and this inequality is equivalent to

V (t) ≤
[

a(T) exp

(∫ t

t

Q(s) ds
)] q

p

×
[

 + L
(

 –
q
p

)
a

p
p–q
 (T)

∫ t

t

exp

(
–

∫ s

t

(
 –

q
p

)
Q(τ ) dτ

)
ds

] q
p–q

. ()

Letting t = T , where T is a positive constant chosen arbitrarily, we get

V (T) ≤
[

a(T) exp

(∫ T

t

Q(s) ds
)] q

p

×
[

 + L
(

 –
q
p

)
a

p
p–q
 (T)

∫ T

t

exp

(
–

∫ s

t

(
 –

q
p

)
Q(τ ) dτ

)
ds

] q
p–q

. ()
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Obviously,

V (t) ≤
[

a(t) exp

(∫ t

t

Q(s) ds
)] q

p

×
[

 + L
(

 –
q
p

)
a

p
p–q
 (t)

∫ t

t

exp

(
–

∫ s

t

(
 –

q
p

)
Q(τ ) dτ

)
ds

] q
p–q

= τ(t). ()

For all t ∈ I, we can obtain the following estimation by () and ():

V
p
q (t) ≤ a(t) +

p
p – q

N∑
i=

∫ t

t

gi(s)V
(
φi(s)

)
ds

+
L∑

j=

∫ t

t

bj(s)
∫ s

t

cj(θ )V
(
wj(θ )

)
dθ ds + βV (t – )

≤ a(t) +
p

p – q

N∑
i=

∫ t

t

gi(s)τ
(
φi(s)

)
ds +

L∑
j=

∫ t

t

bj(s)
∫ s

t

cj(θ )τ
(
wj(θ )

)
dθ ds

+ βτ(t) +
p

p – q

N∑
i=

∫ t

t

gi(s)V
(
φi(s)

)
ds

+
L∑

j=

∫ t

t

bj(s)
∫ s

t

cj(θ )V
(
wj(θ )

)
dθ ds

= a(t) +
p

p – q

N∑
i=

∫ t

t

gi(s)V
(
φi(s)

)
ds

+
L∑

j=

∫ t

t

bj(s)
∫ s

t

cj(θ )V
(
wj(θ )

)
dθ ds. ()

Since it has the same style as (), we can use the same ways to obtain the estimation as
(). Therefore

V (t) ≤
[

a(t) exp

(∫ t

t

Q(s) ds
)] q

p

×
[

 + L
(

 –
q
p

)
a

p
p–q
 (t)

∫ t

t

exp

(
–

∫ s

t

(
 –

q
p

)
Q(τ ) dτ

)
ds

] q
p–q

. ()

Let τ(t) denote the function of the right-hand side of (), which is a positive and non-
decreasing function on I. Using mathematical induction, ∀k ∈ Z, when ∀t ∈ Ik , the esti-
mation is obtained. We have

V (t) ≤
[

ak–(t) exp

(∫ t

tk–

Q(s) ds
)] q

p

×
[

 + L
(

 –
q
p

)
a

p
p–q
k– (t)

∫ t

tk–

exp

(
–

∫ s

tk–

(
 –

q
p

)
Q(τ ) dτ

)
ds

] q
p–q

. ()

This completes the proof. �



Zheng et al. Journal of Inequalities and Applications  (2016) 2016:7 Page 8 of 14

We consider the inequality () now.

Theorem . Suppose φi(t), wj(t), a(t), p, q are defined as those in Theorem .. gi(t, s),
bj(t, s), cj(t, s) are nondecreasing functions with their two variables. q(t), q(t) are contin-
uous and nondecreasing functions on [t,∞) and positive on [t,∞) and u(t) is a piece-
wise continuous nonnegative function on [t,∞) with only the first discontinuous points ti,
i = , , . . . , and satisfying (). Then, for all t ∈ Ik ,

u(t) ≤ Rq–

k (t), ()

where

Rk(t) =
[

ak–(t)q(t) exp

(∫ t

tk–

(
Q̃(s) + B̃(s)

)
ds

)] q
p

×
[

 +
(

 –
q
p

)∫ t

tk–

exp

(∫ s

tk–

(
q
p

– 
)(

Q̃(τ ) + B̃(τ )
)

dτ

)
ds

] q
p–q

,

ak–(t) = a(t)q(t)

{
 +

k∑
i=

∫ tk

tk–

gi(t, s)
[

Ri(φi(s))
a(s)

]
ds

+
L∑

j=

∫ tk

tk–

[
bj(t, s)
a(s)

](∫ s

tk–

cj(s, θ )Rj
(
wj(θ )

)
dθ

)
ds +

k∑
i=

βi
Ri(ti – )
a(ti – )

}
,

Q̃(t) =
N∑

i=

gi(t, s)
[q(φi(t))a(φi(t))]

q
p

a(t)
,

B̃(t) =
L∑

j=

bj(t, s)cj(t, s)
[q(wj(t))a(wj(t))]

q
p

a(t)
.

()

Proof Let v = uq, so the inequality () is equivalent to

v
p
q (t) ≤ a(t) + q(t)

N∑
i=

∫ t

t

gi(t, s)v
(
φi(s)

)
ds

+
L∑

j=

∫ t

t

bj(t, s)
∫ s

t

cj(s, θ )v
(
wj(θ )

)
dθ ds + q(t)

∑
t<ti<t

βiv(ti – ). ()

Note that w(t) = v
p
q (t), then from (), we get

w(t)
a(t)

≤  + q(t)
N∑

i=

∫ t

t

gi(t, s)
[

v(φi(s))
a(s)

]
ds

+
L∑

j=

∫ t

t

[
bj(t, s)
a(s)

]∫ s

t

cj(s, θ )v
(
wj(θ )

)
dθ ds

+ q(t)
∑

t<ti<t
βi

v(ti – )
a(ti – )

. ()
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Moreover, with the assumption that q(t) = max{q(t), q(t)} + , we see

w(t)
a(t)

≤ q(t)

{
 +

N∑
i=

∫ t

t

gi(t, s)
[

v(φi(s))
a(s)

]
ds

+
L∑

j=

∫ t

t

[
bj(t, s)
a(s)

]∫ s

t

cj(s, θ )v
(
wj(θ )

)
dθ ds +

∑
t<ti<t

βi
v(ti – )

a(ti – )

}
. ()

Let

�(t) =  +
N∑

i=

∫ t

t

gi(t, s)
[

v(φi(s))
a(s)

]
ds

+
L∑

j=

∫ t

t

[
bj(t, s)
a(s)

]∫ s

t

cj(s, θ )v
(
wj(θ )

)
dθ ds +

∑
t<ti<t

βi
v(ti – )

a(ti – )
. ()

Then �(t) is a positive and nondecreasing function on I with �(t) =  and

w(t)
a(t)

≤ q(t)�(t), w(t) ≤ q(t)�(t)a(t), ()

so v(t) ≤ (q(t)�(t)a(t))
q
p . Applying () to (), we obtain

�(t) ≤  +
N∑

i=

∫ t

t

gi(t, s)
[q(φi(s))a(φi(s))]

q
p

a(s)
�

q
p (s) ds

+
L∑

j=

∫ t

t

[
bj(t, s)
a(s)

](∫ s

t

cj(s, θ )
[
q
(
wj(θ )

)
a

(
wj(θ )

)] q
p �

q
p (θ ) dθ

)
ds

+
∑

t<ti<t
βi

[q(ti – )a(ti – )�(ti – )]
q
p

a(ti – )
. ()

Let Ii = [ti–, ti), first, we consider the condition under which, for all t in [t, t), we have

�(t) ≤  +
N∑

i=

∫ t

t

gi(t, s)
[q(φi(s))a(φi(s))]

q
p

a(s)
�

q
p (s) ds

+
L∑

j=

∫ t

t

[
bj(t, s)
a(s)

](∫ s

t

cj(s, θ )
[
q
(
wj(θ )

)
a

(
wj(θ )

)] q
p �

q
p (θ ) dθ

)
ds. ()

For all t ∈ [t, T), where T ∈ I, we get

�(t) ≤  +
N∑

i=

∫ t

t

gi(T , s)
[q(φi(s))a(φi(s))]

q
p

a(s)
�

q
p (s) ds

+
L∑

j=

∫ t

t

[
bj(T , s)
a(s)

](∫ s

t

cj(s, θ )
[
q
(
wj(θ )

)
a

(
wj(θ )

)] q
p �

q
p (θ ) dθ

)
ds. ()
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Let �(t) denote the function on the right-hand side of (), which is a positive and nonde-
creasing function on I with �(t) = , and �(t) ≤ �(t). For all t ∈ [t, T), differentiating
�(t),

d�(t)
dt

≤
N∑

i=

gi(T , t)
[q(φi(t))a(φi(t))]

q
p

a(t)
�

q
p (t)

+
L∑

j=

[
bj(T , t)
a(t)

]∫ t

t

cj(s, θ )
[
q
(
wj(θ )

)
a

(
wj(θ )

)] q
p �

q
p (θ ) dθ . ()

Let

Q(t) =
N∑

i=

gi(T , t)
[q(φi(t))a(φi(t))]

q
p

a(t)
,

B(t) =
L∑

j=

bj(T , t)cj(T , t)
[q(wj(t))a(wj(t))]

q
p

a(t)
.

Since cj, q, a are nondecreasing functions, we can estimate () further to obtain

d�(t)
dt

≤ Q(t)�
q
p (t) + B(t)

∫ t

t

�
q
p (θ ) dθ . ()

Moreover, we can get

d�(t)
dt

≤ (
Q(t) + B(t)

)(
�

q
p
 (t) +

∫ t

t

�
q
p
 (θ ) dθ

)

≤ (
Q(t) + B(t)

)(
�(t) +

∫ t

t

�
q
p (θ ) dθ

)
. ()

Let �(t) = �(t)+
∫ t

t
�

q
p
 (θ ) dθ . We see that �(t) satisfies �(t) ≤ �(t), and differentiating

�(t), we can obtain

d�(t)
dt

=
d�(t)

dt
+ �

q
p (t)

≤ (
Q(t) + B(t)

)
�(t) + �

q
p (t). ()

Consider
{

d�(t)
dt = (Q(t) + B(t))�(t) + �

q
p
 (t),

�(t) = .
()

Since () is a Bernoulli equation, we compute it to obtain

�(t) = exp

(∫ t

t

(
Q(s) + B(s)

)
ds

)

×
[

 +
(

 –
q
p

)∫ t

t

exp

(∫ s

t

–
(

 –
q
p

)(
Q(τ ) + B(τ )

)
dτ

)
ds

] p
p–q

. ()
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Then by comparison of the differential inequality, we have �(t) ≤ �(t). Therefore,

v(t) ≤
(

a(t)q(t) exp

(∫ t

t

(
Q(s) + B(s)

)
ds

)) q
p

×
[

 +
(

 –
q
p

)∫ t

t

exp

(∫ s

t

–
(

 –
q
p

)(
Q(τ ) + B(τ )

)
dτ

)
ds

] q
p–q

. ()

By taking t = T in the above inequality, and noticing the definitions of Q̃(t) and B̃(t), we
get

v(t) ≤
[

a(t)q(t) exp

(∫ t

t

(
Q̃(s) + B̃(s)

)
ds

)] q
p

×
[

 +
∫ t

t

(
 –

q
p

)
exp

(∫ t

t

–
(

 –
q
p

)(
Q̃(s) + B̃(s)

)
ds

)] q
p–q

. ()

Let R(t) denote the function on the right-hand side of (). When t ∈ I, we obtain

v
p
q (t) ≤ a(t)q(t)

{
 +

N∑
i=

∫ t

t

gi(t, s)
[

R(φi(s))
a(s)

]
ds

+
L∑

j=

∫ t

t

[
bj(t, s)
a(s)

](∫ s

t

cj(s, θ )R
(
wj(θ )

)
dθ

)
ds +

k∑
i=

βi
Ri(ti – )
a(ti – )

}

+ a(t)q(t)

{ N∑
i=

∫ t

t

gi(t, s)
[

v(φi(s))
a(s)

]
ds

+
L∑

j=

∫ t

t

[
bj(t, s)
a(s)

](∫ s

t

cj(s, θ )v
(
wj(θ )

)
dθ

)
ds

}
. ()

Let

a(t) = a(t)q(t)

{
 +

N∑
i=

∫ t

t

gi(t, s)
[

R(φi(s))
a(s)

]
ds

+
L∑

j=

∫ t

t

[
bj(t, s)
a(s)

](∫ s

t

cj(s, θ )R
(
wj(θ )

)
dθ

)
ds

+
k∑

i=

βi
Ri(ti – )
a(ti – )

}
. ()

Obviously, a(t) ≥ a(t). Since q(t) ≥ , we can go further to obtain

v
p
q (t) ≤ a(t)q(t)

{
 +

N∑
i=

∫ t

t

gi(t, s)
[

v(φi(s))
a(s)

]
ds

+
L∑

j=

∫ t

t

[
bj(t, s)
a(s)

](∫ s

t

cj(s, θ )v
(
wj(θ )

)
dθ

)
ds

}
. ()
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Since () has the same style as (), we can use the same solution to deal with it, finally
the estimation of the unknown function in the inequality () is obtained. We have

v(t) ≤
(

ak–(t)q(t) exp

(∫ t

tk–

(
Q̃(s) + B̃(s) ds

))) q
p

×
[

 +
(

 –
q
p

)∫ t

tk–

exp

(
–
(

 –
q
p

)∫ s

tk–

(
Q̃(τ ) + B̃(τ )

)
dτ

)
ds

] q
p–q

. ()

Let Rk(t) denote the function on the right-hand side, and

ak–(t) = a(t)q(t)

{
 +

k∑
i=

∫ tk

tk–

gi(t, s)
[

Ri(φi(s))
a(s)

]
ds

+
L∑

j=

∫ tk

tk–

[
bj(t, s)
a(s)

](∫ s

tk–

cj(s, θ )Rj
(
wj(θ )

)
dθ

)
ds +

k∑
i=

βi
Ri(ti – )
a(ti – )

}
. ()

So we obtain

u(t) ≤ Rq–

k (t).

This proves Theorem .. �

3 Applications
In this section we will apply our Theorem . and Theorem . to discuss the following
differential-integral equation and retarded differential equation for discontinuous func-
tions, respectively. We present the following propositions.

Proposition . Consider the following equation:
{

dx(t)
dt = H(t, x(φ(t)), . . . , x(φN (t)),

∫ t
 K(s, x(w(s))) ds, . . . ,

∫ t
 K(s, x(wL(s))) ds),

x() = x, ∀t ∈ I = [,∞),
()

where the function K is in C(R × R, R+) and φi(t) ≤ t, wj(t) ≤ t, for t > , H satisfies the
following condition:

∣∣∣∣H
(

t, u, u, . . . , uN ,
∫ t


K(s, v) ds, . . . ,

∫ t


K(s, vL) ds

)∣∣∣∣

≤
N∑

i=

gi(t)ui +
L∑

j=

bj(t)
∫ t


cj(θ )vj dθ , ()

where gi(t), bj(t), cj(t), wj(t) are defined as in Theorem .. If
∫ t

t

Q(s) ds < ∞,
∫ t

t

Y (s) exp

(
–

∫ s

t

Q(τ ) dτ

)
ds < ∞.

Then all the solutions of equation () exist on I and for all t in I = [,∞), and they satisfy
the following estimate:

∣∣x(t)
∣∣ ≤ x + exp

(∫ t

t

Q(s) ds
)(∫ t

t

Y (s) exp

(
–

∫ s

t

Q(τ ) dτ

)
ds

)
. ()



Zheng et al. Journal of Inequalities and Applications  (2016) 2016:7 Page 13 of 14

Proof Integrating both sides of equation () from  to t, we get

x(t) = x +
∫ t


H

(
s, x

(
φ(s)

)
, . . . , x

(
φN (s)

)
,
∫ s


K

(
τ , x

(
w(τ )

))
dτ , . . . ,

∫ s


K

(
τ , x

(
wL(τ )

))
dτ

)
ds. ()

Using the conditions () and (), we can obtain

∣∣x(t)
∣∣ ≤ x +

N∑
i=

∫ t

t

gi(s)x
(
φi(s)

)
ds +

L∑
j=

∫ t

t

bj(s)
∫ s

t

cj(θ )x
(
wj(θ )

)
dθ ds. ()

Applying Theorem . to (), we can obtain the estimate. �

Proposition . Consider the impulsive differential system
⎧⎪⎨
⎪⎩

dxp(t)
dt = H(t, x(φ(t)), . . . , x(φN (t)),

∫ t
 K(s, x(w(s))) ds, . . . ,

∫ t
 K(s, x(wL(s))) ds),

	(x)|t=t = βixq(ti – ),
x() = c, ∀t ∈ I = [,∞),

()

where φi(t), wj(t) are defined as in Theorem . and the function K is in C(R × R, R+).
Furthermore, H satisfies

∣∣∣∣H
(

t, x
(
φ(t)

)
, . . . , x

(
φN (t)

)
,
∫ t


K

(
s, x

(
w(s)

))
ds, . . . ,

∫ t


K

(
s, x

(
wL(s)

))
ds

)∣∣∣∣

≤
N∑

i=

gi(t)xq(φi(t)
)

+
L∑

j=

bj(s)
∫ s


cj(t)xq(wj(t)

)
dt. ()

Then all the solutions of equation () exist on I and satisfy |x(t)| ≤ τk(t) for all t ∈ Ik , where
τk(t) is defined as in Theorem ..

Proof Integrating () we obtain

∣∣xp(t)
∣∣ ≤ cp +

∫ t


H

(
s, x

(
φ(s)

)
, . . . , x

(
φN (s)

)
,
∫ s


K

(
τ , x

(
w(τ )

))
dτ , . . . ,

∫ s


K

(
τ , x

(
wL(τ )

))
dτ

)
ds

+
∑

t<ti<t
βiuq(ti – ), ∀t ∈ I. ()

Furthermore, we get

∣∣xp(t)
∣∣ ≤ cp +

N∑
i=

∫ t


gi(s)xq(φi(s)

)
ds

+
L∑

j=

∫ t


bj(s)

∫ s


cj(θ )xq(wj(θ )

)
dθ ds +

∑
t<ti<t

βiuq(ti – ). ()

Then we use Theorem . to obtain the estimation. �
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