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Abstract

In this paper, a kind of new type Bézier operators is introduced. The Korovkin type
approximation theorem of these operators is investigated. The rates of convergence
of these operators are studied by means of modulus of continuity. Then, by using the
Ditzian-Totik modulus of smoothness, a direct theorem concerned with an
approximation for these operators is also obtained.
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1 Introduction

In view of the Bézier basis function, which was introduced by Bézier [1], in 1983, Chang
[2] defined the generalized Bernstein-Bézier polynomials for any > 0, and a function f
defined on [0,1] as follows:

- k
Bn,a(f;x) = Zf(;)[ Z,/((x) _]Z,kﬂ(x)]’ (1)
k=0

where /,,,1(%) = 0, and J,, k(%) = 7 Ppix), k= 0,1,...,1, Pyi(x) = (7)x'(1 = 2)". Ji (%) is
the Bézier basis function of degree #.

Obviously, when « = 1, B, 4 (f; x) become the well-known Bernstein polynomials B, (f; x),
and for any x € [0,1], we have 1 = J,o(x) > Ju1(®) > -+ > Ju (%) = &7, Jux(®) = Jupa(x) =
Py i(x).

During the last ten years, the Bézier basis function was extensively used for constructing
various generalizations of many classical approximation processes. Some Bézier type op-
erators, which are based on the Bézier basis function, have been introduced and studied
(e.g., see [3-9]).

In 2012, Ren [10] introduced Bernstein type operators as follows:

1

X

Ln(f; x) =f(0)Pn,0 (x) + Pn,k(x)Bn,k(f) +f(1)Pn,n(x)r (2)
k=1
where f € C[0,1], x € [0,1], Pyi(x) = (:)xk(l - %)k k =0,,..,n and B,(f) =

1k ) . .
m Jo 1@ - )" R () dt, k =1,...,n -1, B(-,-) is the beta function.
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The moments of the operators L,(f;x) were obtained as follows (see [10]).

Remark 1 For L,(#;x),j=0,1,2, we have

(i) L.1;x)=1
(11) Ln(t§x) =X;

nmn-1) , n+l

i) L, (t%x) = x5+ X.
(i) "( ) n2+1 n?+1
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In the present paper, we will study the Bézier variant of the Bernstein type operators

L,(f;x), which have been given by (2). We introduce a new type of Bézier operators as

follows:

n-1
Lua(f52) = f(0)Q5 () + Y QEw)Bui(f) + F Q) (w),

k=1

3)

where f € C[0,1], x € [0,1], @ > 0, Q) = J%, (%) — J% 1 (®), Jumn (%) = O, Jnk(x> =

Sk Pui®), k= 0,1,...,m, Pyilx) = (})¥'(1 — %)™, and Bi(f) = mfo

t)" =R dt, k =1,...,n -1, B(-,-) is the beta function.

It is clear that L, ,(f;x) are linear and positive on C[0,1]. When « =1, L, (f;x) become

the operators L,(f; x).

The goal of this paper is to study the approximation properties of these operators with

the help of the Korovkin type approximation theorem. We also estimate the rates of con-

vergence of these operators by using a modulus of continuity. Then we obtain the direct

theorem concerned with an approximation for these operators by means of the Ditzian-

Totik modulus of smoothness.

In the paper, for f € C[0,1], we denote |f]| = max{|f(x)|:x € [0,1]}. w(f,8) (§ > 0) de-

notes the usual modulus of continuity of f € C[0,1].

2 Some lemmas

Now, we give some lemmas, which are necessary to prove our results.

Lemma 1 (see [2]) Let @ > 0. We have

1 n
(i) lim — Z]fl‘k(x) =x uniformly on [0,1];
n—oo ] i

(ii) 11m — Zk nx@®) = — uniformly on [0,1].

Lemma?2 Let o >0. We have
(1) Ln,a (1;36) =1
(i) lim L,u(t;x) =x uniformly on [0,1];
n— 00

(i) lim L, (tz;x) =x> uniformly on [0,1].
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Proof By simple calculation, we obtain B, (1) = 1, B,.x(¢) = %, B,i(t?) = n2+1 (K + ).
(i) Since >}, Q(,,Df,z(x) =1,by (3) we can get L, (1;x) = 1.
(ii) By (3), we have

n-1 k
Lua(t:) = 3 Q) — + Qi)

k=1

= a0 Ja @]+ + [ 0~y W] 4,0
LS e
n P nk )

thus, by Lemma 1(i), we have lim,,_, oo Ly, (£; ) = x uniformly on [0, 1].
(iii) By (3), we have

k
2, _ 2 ()
Lua(E9) = ZQM(x (1) + 0t
 — "
= m Z 2k -1 + ]nk(x)
k=1
n 1 n
= — |: Zk < x) —n- Z],‘jfk(x) + = Z]ff,k(x):|,
n*+1 n
3 k=1
thus, by Lemma 1, we have lim,,_, o L, (£%;%) = x? uniformly on [0,1]. O

Lemma 3 (see [11]) Forx € [0,1], k=0,1,...,n, we have

aPn,k(x)¢ o> 1;

pPrix), O<ac<l

Lemma 4 (see [12]) ForO<a <1, 8 >0, we have

Z |k — nx|ﬂPnk(x) <m+1)¥A )“ng,

[

where the constant As only depends on s.

Lemma 5 For o > 1, we have

i) Loa(-2%2) <25

2 n
(il) Lua(lt—xl;x) < [

Proof (i) By (3), Lemma 3 and Remark 1, we obtain

L}’I,Ot ((t - x)Z; x)

-1
=x2Q) (x) + Z QU (x)Bu ((t — 2)%) + (1 - %) Q) (x)

k=1
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n-1
<a |:x2Pn,0 ) + Y Pag@)Byi (£ — %)) + (1 - x)ZPn,n(x)}
k=1

= oan((t - x)z;x)

_(m+Da

1 x(1-x), (4)

,and for any n € N, one can get % < 2, so we have

since maxp<y<1 %(1 — x) = i

Ly ((t —%)%%) < % :

N

(ii) In view of L, 4(1;x) = 1, by the Cauchy-Schwarz inequality, we have

Lo (It = %1;%6) < /Lo (L%)y/ Luo ((t — %)% %),

thus, we get

1
Lo (It = x];x) 5@\/; O

Lemma 6 For 0 <« <1, we have

(1) LVI,O( ((t - x)Z;x) < Mozn_a;

(i) Lo (It - xl5x) < /My 172
Here the constant M, only depends on .

Proof (i) By (3) and Lemma 3, we obtain

L}’I,Ot ((t - x)Z; x)
n-1

=2 Q) + Y QB -2) + (-7 )
k=1

n-1

<&Ppo@) + ) P @Bu((E - %)) + (1-%)°P (%)
k=1

- 1 k k
= ngk(x)[n2 1 <k2 + Z) - 2x; +x2:|

k=0
Ly 1§ k k
Tl Z(k_ )Py () + 21l Zﬁ,k(@(; - 2x; +x2>
k=0 Py
=0+ 1.

By Lemma 4, we have [; < ”}Z’—E)(n +1)%(A2)* <2(A2)*n%, where the constant A 2

only depends on «.
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Using the Holder inequality, we have ) 7y, P4 (x) < (n + DY 5o Puk(x)]*, and |§ -
2x§ +x%| <4, so we have

o
4 n
I < + 1) P
r < o+ D) [; n,k(x)]

4
== 1(n+1)1_°‘§41f1_"‘.
n*+

Denote M, =2(A2)* + 4, then we can get
Ln,a ((t - x)Z;JC) =< Mania‘

(ii) Since

L (1t = 1;%) < /Lo (%) Ly ((E - %)% %),

thus, we get

L,,,(,(|t—x|;x) <M, n g, O

Lemma 7 Forf € C[0,1], x € [0,1] and o > 0, we have

Lo (f52)| < IF1-

Proof By (3) and Lemma 2(i), we have

|Ln,a(f;x)| =< ”f”Ln,a(l,x) = ”f” O

3 Main results
First of all we give the following convergence theorem for the sequence {L,,(f;x)}.

Theorem 1 Let o > 0. Then the sequence {L,(f;x)} converges to f uniformly on [0,1] for
any f € C[0,1].

Proof Since L,,(f;x) is bounded and positive on C[0,1], and by Lemma 2, we have
limy, o0 | Lo (eji) — ¢ll = 0 for e(¢) = #, j = 0,1,2. So, according to the well-known
Bohman-Korovkin theorem ([13], p.40, Theorem 1.9), we see that the sequence {L,,, (f;x)}
converges to f uniformly on [0,1] for any f € C[0,1]. a

Next we estimate the rates of convergence of the sequence {L,,} by means of the mod-

ulus of continuity.

Theorem 2 Let f € C[0,1], x € [0,1]. Then
(i) when o =1, we have |Luo(f;-) = f1 < A+ /Doo(f, 72); )
(i) when 0 <a <1, we have ||L,o(f;) —fll < 1 + VMy)o(f,n"2).
Here the constant M, only depends on «.
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Proof (i) When « > 1, by Lemma 2(i), we have
’Ln,a (f; x) _f(x)|

n-1
< [f(0) - f@| Q@ + D Qu@Buk([f(®) ~f@)]) + [f V) - f ()| Q)

k=1

n-1
<o(f,10-) Q@ + > QB ((f, £ - 21)) + o (f, 11 - x1) Q) (x)

k=1

< (1++/ml0 —xl)w(f, %)Qfﬁ% %)

St o (e )

+(1+/n1 —xl)w(f, L)Q%(x)

Jn

< w(f, %) + x/ﬁw(f, %)Lm(lt—xl;x),

so, by Lemma 5(ii), we obtain |L,, (f;x) — f(x)| < (1 + \/g)w(f, %). The desired result fol-
lows immediately.
(if) When 0 < « < 1, by Lemma 2(i), we have

’Ln,a (f;x) _f(x)’

n-1
<o(f,10-) Q@ + Y QUU@Bui((f, 1t - 21)) + o (f, 1L - x1) Q) (x)

(1+n2|0 xl)a)(fn 2) (x)+ZQ () By ( 1+n2|t x)o(f,n 2)
+(1+ n7|1 —xl)o(f, nﬁ)ng,),(x)
=a)(f,n_%)+n%w(f,n_%)Ln,a(|t—x|;x)»

s0, by Lemma 6(ii), we obtain |L,,(f;x) — f(x)| < (1 + VMy)o(f, n~%). The desired result
follows immediately. g

Theorem 3 Letf € C'[0,1], x € [0,1]. Then
(i) when a > 1, we have

/ , 1
sl =G oo ) B

(ii) when 0 <a <1, we have

Lo (f30) = f@)] < |[f' | VM + o(f',n72) (1 + /Mo)y/Mn,

where the constant M, only depends on o.
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Proof Let f € C'[0,1]. For any ¢,x € [0,1], § > 0, we have

If@®) = f(x) —f )t )| <

/ 1)~ f ()
<o(f', |t —x[)|t - x|
<o(f,8)(lt—x| + 87t - %)),

hence, by the Cauchy-Schwarz inequality, we have

| L (F(8) = £ () = f ()& — %)) |
< &(f',8) (L (It = x1;%) + 8 Lo (£ — %)% %) )
< a)(f/; 8) (\/ Ln,a (Lx)
#8576 = 0%52)) L (£ — %),

So we get

|Ln,a (f; x) —f(QC)|
= 212 = #15%)

o (f8) (1+ 57 Ly (¢ = 00%2))  Lua (6 - 2)25).

(i) When o > 1, taking § = ﬁ in (5), by Lemma 5 and inequality (5), we obtain the
desired result.

(i) When 0 <« < 1, taking 8 = w7 in (5), by Lemma 6 and inequality (5), we obtain the
desired result.

O

Finally we study the direct theorem concerned with an approximation for the sequence

{L,+} by means of the Ditzian-Totik modulus of smoothness. For the next theorem we
shall use some notations.

For f € C[0,1], p(x) = v/x(1 —%),0 <X <1,x€[0,1], let

A P
i (f,£) = sup sup '/<x+h¢ (x)>—f<x—h(p (x))’
O<h=t b o) 2 2

be the Ditzian-Totik modulus of first order, and let

Kptf.0)= inf {If =gl +¢oe ] ©

be the corresponding K-functional, where W, = {f|f € ACioc[0,1], [|[@*f'|| < 00, ||f']| < 00}
It is well known that (see [14])

wa (f, t) < thﬂ(f’ 1), (7)

for some absolute constant C > 0.

Now we state our next main result.
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Theorem 4 Letf € C[0,1], @ > 1, p(x) = v/x(1 — x), x € [0,1], 0 < A < 1. Then there exists
an absolute constant C > 0 such that

(%) )

Lalf52) — ()] < Corys (f, —

Proof Let g € W), by Lemma 2(i) and Lemma 7, we have

’Ln,a(f;x) _f(x)’
= ‘Ln,a(f_g;x)‘ + lf(x) _g(x)‘ + ‘Ln,a(gix) _g(x)|
<2|f —gll + | Lna(gix) — g)]. (8)

Since g(t) = f;g’(u) du + g(x), L, ,(1;x) =1, so, we have

Lo ( [ l¢w) du;x)

t
< ||¢)\g/||Ln,a< / ¢ (u) du

’Ln,a(g;x) _g(x)} <

x) ©)

By the Holder inequality, we get

/xt 0™ (u) du

also, in view of 1 < /u + v/1-u<2,0 <u <1, we have

(=)
< 2(|Vi- VAl + WVI=5- V1)

A

< |t — x|, (10)

[ 7=
x A u(l—u) "

=

[ =
x u(l—u)u

<2 G R )

1 1
2t-x|| =+ —
<ole-sl( Sz + =)
<4t — x| (%), (11)
thus, by (10) and (11), we obtain
t
[ e <o eie-s, (12)

also, by (9) and (12), we have

|La(g:%) - )| < C|le"g | Lne (07 ()| — x[;x)

= Clle*g ¢ ) Lna (It - x]; ). (13)
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In view of (4) and Lemma 2(i), by the Cauchy-Schwarz inequality, we have

Ln,ot(|t - x|;x) <+ Ln,a(l;x) Ln,oz ((t - x)2;x)

(n+1a
T 0
@(x)
<C—r=F, 14
=5 (14)
50, by (13) and (14), we obtain
1-A
Laalgin) - )| = Clog | =2, (15)
thus, by (8) and (15), we have
1-A
Laalfio) ~f0)] <21 -l +Clo'e | <2 16)
Then, in view of (16), (6), and (7), we obtain
1-A 1-2
o) @ (x)
’Ln,a(f;x) —f(x)’ < CK(/;/\ (f, 7) < Cw(p}» (f; 7 ’
where C is a positive constant, in different places the value of C may be different. O

4 Conclusions

In this paper, a new kind of type Bézier operators is introduced. The Korovkin type approx-
imation theorem of these operators is investigated. The rates of convergence of these oper-
ators are studied by means of the modulus of continuity. Then, by using the Ditzian-Totik
modulus of smoothness, a direct theorem concerned with an approximation for these op-
erators is obtained. Further, we can also study the inverse theorem and an equivalent the-

orem concerned with an approximation for these operators.
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