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1 Introduction
The Carleman inequality [2]

[o.¢] [o.¢]
E (ﬂltlz"'ﬂn)l/n <e E Ay
n=1 n=1

whenevera, > 0,n=1,2,3,...,with 0 < Y7, a, < 00, has attracted the attention of many
authors in the recent past [1, 3-10].
In [7], Yang proved

o0 : o0 6 b
;(alaz ceay) < e; (1 - ; ” +k1)k>a,,

with by =1/2, by =1/24, by =1/48, by = 73/5,760, bs = 11/1,280, b = 1,945/580,608, and
Yang conjectured that if

1 x_ ad by
<1+a_c> —e(l—k_1 (x+1)k>’ x>0, 1.1)

then b, >0,k=1,2,3,....
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Later, this conjecture was proved by Yang [8], Gylletberg and Yan [11], and Chen [9],
respectively. As an application, Yang proved for any positive integer m

;((llﬂz an)lm < eZ( Z o+ 1)k> (1.2)

whenevera,, >0,n=1,2,3,...,and 0 < fo’:l a, < oo, with by = % and

1 1 - by
bn+1=— - -~ 71
n+l\n+2 k=1n+2—k

In the final part of his paper, Yang [8] remarked that in order to obtain better results, the
right-hand side of (1.1) could be replaced by e[l — Y7, (d,/(x + €)")], where ¢ € (0,1] and
d, = d,(e), but information about the values of ¢ are not provided.

Recently, Mortici and Hu [1] proved that ¢ = 11/12 provides the faster series

and therefore the following inequality is better than (1.2):

Z(&llﬂg ceay) < ez Z —k a,. (1.3)
n=1 o (n+ 1)

The proof of this conclusion is based on the following theorem [12], which is a powerful
tool for measuring the speed of convergence.

Theorem If (w,),>1 is convergent to zero and

lim n*(w, — wys1) = L€ R,

n—00
with k > 1, then there exists the limit

l
- k-1 _
fim reon= 2

The purpose of this paper is to establish some inequalities which explain Mortici’s conclu-
sion in a quantitative way. But our proof is not based on the theorem.

Our main result is the following theorem.
Theorem 1 Let

¥ = b =\ dk
1+ - =e|ll- 1- ,
(+) ( Zl) ( Z(—))

m

" bk dk
ou(x) = kX:I: L7 aF and S, (x) = Z m

k=1 ‘12
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(1) If m > 6 is even, then S,,(x) > 0, (x) for all x > 0.
(2) If m>7isodd, then S,,(x) > 0,,,(x) for all x > 1.

2 Lemmas
In order to prove our main results we need the following lemmas, and throughout this
paper we set

g(s) = lsf‘(l — ) sin(rs),
T

s, ) 1 s\ 1 [12s-1\""!
S,X) = e -— .
1-s+x\1+x s+x \ 11 +12x

Here 0 <s<1,x>0,and m > 1 is an integer.

Lemmal Forx >0, let

1\* ad by
(1+;> :e(l—§(1+x)k).

Then
br>0, k=1,2,..., (2.1)
1
by = X (2.2)
1 1 a—_—
bn+1:— - / o B Vl=1,2,...,
n+l\n+2 j=1n+2—]
1
eby = / g(s)sk_2 ds, k=1,2,.... (2.3)
0
Proof For (2.1) and (2.2), see [7]. For (2.3), see [13]. O

Remark 1 By (2.3) of Lemma 1, we have

1 1
/ g(s)(s)"2ds = / gs)A-s)"2ds=eb, (n=2,3,...).
0 0
Example
e e

1 1
[ewrds=eb= [ eoras=en=

11 |
A;g(s)ds:/o Eg(s)ds

1

:/ (1 +s+s2+---)g(s)ds
0

:ean :ean—ebl
n=2 n=1

1 e e
=ell--)-=-==-1.
e 2 2
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Lemma 2 Forx >0, let

) - 2ats)
1+-) =e|ll1- — .
< x ;%wc)k

Then
1
dl = 5;
-1 n+l 1 12s —1 n-1
dpi1 = L 1+/ g(s)Lds , n=12,...,
127-1e 0 s

d,>0, n=4,5,...,
b,>d,, n=23,....
Proof For (2.4), see [1].

Now, we prove (2.5). If # is an odd, then d,;,; is obviously positive.
If 1 is an even, then we have for all # > 4

/ﬁ £ (1-12s)"'ds < /ﬁ g(_S)(l - 125)° ds,
; 0

N N

S\

/ 1 é@(1 —12s)"'ds <0,
S

12

1 1
/ 94 _1a5ytds < / 11297 as.
i b

From (2.7), (2.8), (2.9), and Remark 1, we get

N N

1 1 1
/ {0 (1-125)"1ds < / (— - 36 +432s — 1,728s2>g(s) ds
0 0

% 2
+ /1 (1,728s* — 4325 + 30) ds

12

3 1
§<E_1>——e+9e—21.9e+6‘/ g(s)ds
2 2 0

e
=-1-13.9e+ — < -1.
4

(2.4)

2.7)

(2.8)

(2.9)

Thus from this and (2.4), we have d,,,; > 0. This proves (2.5). The proof of (2.6) is similar

to (2.5).
Remark 2 By Lemma 2, it is not obvious that S,,,(x) > 6,,,(x).

Lemma 3 Let m > 3 be an integer, we have

1
(1) 4 fo f(s) (125—1)" ' ds > 0.

-S

Proof The proof is similar to the proof of (2.5).

d

(2.10)
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Lemma 4 Letx >0, and m > 6 be an integer. Then we have for all é <s< %
h(s,x) > 0. (2.11)
1
Proof Noting that % > 1 for all x > 0, the inequality (2.11) is equivalent to
-1

(S—ﬁ)(l"'x) > S+x
( s(8 +x) ><1—s+x' (2.12)

To prove (2.12), we define /; (s, x) as
1 11
h=In(1-s+x)—In(s +x) + 51n<s— E) +5In(1 + x) —5lns—51n(ﬁ +x). (2.13)

Easy computations reveal that

1 10
m(30)-sm(3) <o (214)
2 1

8h1(S,0)
—_— >

0, 2.15
” (2.15)
ol (s,
169 (2.16)
ox
Thus from (2.14), (2.15), and (2.16), we have
1
h(s,x) < hy(s,0) < h1<§,0> <0,
which implies
h(s,x) > 0. O

Lemma5 Letx > 0,and m > 2 be an integer, then h(s,x) is a monotonic increasing function

of s on [%, 1]. If m is an odd, then h(s,x) is a monotonic increasing function of s on [0, %].

Proof It suffices to show that

8h(s,x)> m—1 ( s >m—2

Ah(s,x)
F]

=~ > 0. Partial differentiation yields

0s T (l+x)A-s+x)\1+x
m—1 125 -1\ 217)
(11 + 12x)(s + x) \ 11 + 12x ' '

If% < s <1, then forall x >0 and m > 2, we have

m-—1 m-—1
> »
Q+w)I-s+x) (A1+12x)(s+x)
s 12s-1

> .
1+x 11+12x
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Thus

oh(s,x)
as

> 0.

If m is an odd, then for 0 < s < ﬁ, we have
(125 -1)"2 <0.

From this and (2.17), we get

oh(s,x)
as

> 0.

This completes the proof of Lemma 5.

Lemma 6 Let m > 3 be an integer, then we have for all x > 1

h(%,x) > |h(0,x)‘.

Proof Because of x > 1, (2.18) is equivalent to

-1
5+1+2x : —5””1>1+i.
2+ 2x 2x

The equality (2.19) follows immediately from

1+2 3 3
(m —1)5""2 i >(m—-1)5"22 5 2.
2+ 2x 4 2

3 Proof of Theorem 1

Proof By Lemma 1 and Lemma 2, we get for m > 2
) 1eizx Z/ 7 (1ix>kd8
= 2(le+x) +/01‘% g(ﬁ)kds
) 2(1e+x) " /01 o +x)%ﬁ)rx—S) (1 ) (ﬁ)M) *

e ' e L g s\
_2(1+x)+/(; (1+x)(x+s)ds_[0 (1+x)(1—s+x)<1+x) s,

e ! g(s) (-1)m-t
20 +qx) /0 wrs)d+x)  (Q1+12%)7(1 + %)

1 g(s) 12s—1\"*!
_/(; (1+x)(x+s)<11+12x> ds

1 g(s) 1251 \""
" /0 (11 + 12x)(1 + x)(1 - 5) <11 + 12x> ds.

S (x) =

(2.18)

(2.19)
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To prove our result, we consider

— 1 m-1 ! g(S) m—1
Sm(%) — oy (x) = m ((—1) + /0 1—(125 -1) )

1! 1 s\ 1 [12s-1\""
+— | g(s) — - — ds
1+x /g 1-s+x\1+x x+s\11+12x

= 1 m-1 ! g(s) m-1
) m<(‘” +f0 1 12s-1) )

1

g(s)h(s,x)ds.

1+x /o

By Lemma 3, it suffices to show that

/1g(s)h(s, x)ds > 0.
0

Let first m1 > 6 be even. From Lemma 4 and Lemma 5, for all x > 0, we have

1 & 3 1
/ g(s)h(s,x)ds = / g(s)h(s,x)ds + / g(s)h(s,x)ds + / g(s)h(s,x)ds > 0.
o 0 A :

Here we used the fact that if m is an even and 0 <s <1/12, then /(s,x) > 0 for any x > 0.

Now let m1 > 7 be odd. From Lemma 4, Lemma 5, and Lemma 6 for all x > 1 we have

1 1 1

folg(s)h(s,x) ds = /012 g(s)h(s,x)ds + ‘/j g(s)h(s,x)ds +/l g(s)h(s,x)ds

12 2

: } !
2/0 g(s)h(O,x)ds+/112 g(s)h(s,x)ds+/i g(s)h(%,x) ds

> (h(O,x) + h(%,x)) /012 gls)ds + /j g(s)h(s,x)ds > 0.

12

This completes the proof of Theorem 1. d

Remark 3 By using computer simulation, we find S,,(x) > 0,,,(x) for allx > 0 and all m > 1,

but we leave as an open problem the rigorous proof of this fact.

4 Conclusions
In this paper, we have established some inequalities which explain Mortici’s result in a
quantitative way. The authors believe that the present analysis will lead to a significant

contribution toward the study of the Carleman inequality.
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